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� p.5/28



Requirement on our Base Theory BT2

As onvention, upper/lower ases for 2nd/1st order.1. The only non-�11-axiom is �10-CA:(9X)(8z)(z 2 X $ '(z)).2. For some �2 !� and �<�,BT2 ` (8X)�(!;<;X) j= PA[X℄�.

� p.5/28



Requirement on our Base Theory BT2

As onvention, upper/lower ases for 2nd/1st order.1. The only non-�11-axiom is �10-CA:(9X)(8z)(z 2 X $ '(z)).2. For some �2 !� and �<�,BT2 ` (8X)�(!;<;X) j= PA[X℄�.3. Finite seq.s for 1st order are oded in a �10 way:�2 Xn�, �o : Xn �X ! Xn+1�, �ev : :::� are �10-def..
� p.5/28



Requirement on our Base Theory BT2

As onvention, upper/lower ases for 2nd/1st order.1. The only non-�11-axiom is �10-CA:(9X)(8z)(z 2 X $ '(z)).2. For some �2 !� and �<�,BT2 ` (8X)�(!;<;X) j= PA[X℄�.3. Finite seq.s for 1st order are oded in a �10 way:�2 Xn�, �o : Xn �X ! Xn+1�, �ev : :::� are �10-def..4. There is a lass �00 of elementary formulae suh that� �00 ontains all quanti�er-free formulae;� pairs h-; -i are odable in a �00 way;� �00 is losed under (9y)(z = hx; yi ^ :::) et.;� there is a universal �01-formula (�0n def'd a.ly). � p.5/28



Instanes of BT2

In seond order number/set theory,� BT2 is ACA0 (for number);(for set) NBG (w/o GC) or NBGW (w/ pred. for GW);� �00 onsists of all bounded formulae;� h-; -i is Gödel's/Mostowski's pairing.

� p.6/28



Instanes of BT2

In seond order number/set theory,� BT2 is ACA0 (for number);(for set) NBG (w/o GC) or NBGW (w/ pred. for GW);� �00 onsists of all bounded formulae;� h-; -i is Gödel's/Mostowski's pairing.In n+3-th order number/set theory (in umulative setting)� Following �highest/lower=2nd/1st�,we an de�ne �n+20 -CA0 similarly, but...

� p.6/28



Instanes of BT2

In seond order number/set theory,� BT2 is ACA0 (for number);(for set) NBG (w/o GC) or NBGW (w/ pred. for GW);� �00 onsists of all bounded formulae;� h-; -i is Gödel's/Mostowski's pairing.In n+3-th order number/set theory (in umulative setting)� Following �highest/lower=2nd/1st�,we an de�ne �n+20 -CA0 similarly, but...� n+3-th orderW well-orders the n+2-th order domain,for normal form theorem and universal formula;
� p.6/28



Instanes of BT2

In seond order number/set theory,� BT2 is ACA0 (for number);(for set) NBG (w/o GC) or NBGW (w/ pred. for GW);� �00 onsists of all bounded formulae;� h-; -i is Gödel's/Mostowski's pairing.In n+3-th order number/set theory (in umulative setting)� Following �highest/lower=2nd/1st�,we an de�ne �n+20 -CA0 similarly, but...� n+3-th orderW well-orders the n+2-th order domain,for normal form theorem and universal formula;� �00 is taken as �n+10 ; � p.6/28



Instanes of BT2

In seond order number/set theory,� BT2 is ACA0 (for number);(for set) NBG (w/o GC) or NBGW (w/ pred. for GW);� �00 onsists of all bounded formulae;� h-; -i is Gödel's/Mostowski's pairing.In n+3-th order number/set theory (in umulative setting)� Following �highest/lower=2nd/1st�,we an de�ne �n+20 -CA0 similarly, but...� n+3-th orderW well-orders the n+2-th order domain,for normal form theorem and universal formula;� �00 is taken as �n+10 ;� pair: hxk+1; yk+1i = fhuk; vki j uk 2 xk+1&vk 2 yk+1g. � p.6/28



Formalization of Well-foundedness

Our hoie of formalization is:� WF(W ) � (8X)TI[2X℄(W ), where� TI['℄(W ) � (8x)((W )x � fy j '(y)g)! (8x)'(x);� (W )x = fy j hx; yi 2 Wg.

� p.7/28



Formalization of Well-foundedness

Our hoie of formalization is:� WF(W ) � (8X)TI[2X℄(W ), where� TI['℄(W ) � (8x)((W )x � fy j '(y)g)! (8x)'(x);� (W )x = fy j hx; yi 2 Wg.Thus GW(W ) �W is a global well order� is formulated as� WF(W ) ^ (8x; y)(hx; yi 2 W _ hy; xi 2 W _ x = y).
� p.7/28



Formalization of Well-foundedness

Our hoie of formalization is:� WF(W ) � (8X)TI[2X℄(W ), where� TI['℄(W ) � (8x)((W )x � fy j '(y)g)! (8x)'(x);� (W )x = fy j hx; yi 2 Wg.Thus GW(W ) �W is a global well order� is formulated as� WF(W ) ^ (8x; y)(hx; yi 2 W _ hy; xi 2 W _ x = y).With (suitable form of) hoie, WF(R) is equiv. to� non-existene of R-dereasing sequene of length !.
� p.7/28



Formalization of Well-foundedness

Our hoie of formalization is:� WF(W ) � (8X)TI[2X℄(W ), where� TI['℄(W ) � (8x)((W )x � fy j '(y)g)! (8x)'(x);� (W )x = fy j hx; yi 2 Wg.Thus GW(W ) �W is a global well order� is formulated as� WF(W ) ^ (8x; y)(hx; yi 2 W _ hy; xi 2 W _ x = y).So the right generalization of well-fddness might be:� non-existene of R-dereasing sequene of lengthW(for someW with GW(W )).

� p.7/28



Formalization of Well-foundedness

Our hoie of formalization is:� WF(W ) � (8X)TI[2X℄(W ), where� TI['℄(W ) � (8x)((W )x � fy j '(y)g)! (8x)'(x);� (W )x = fy j hx; yi 2 Wg.Thus GW(W ) �W is a global well order� is formulated as� WF(W ) ^ (8x; y)(hx; yi 2 W _ hy; xi 2 W _ x = y).So the right generalization of well-fddness might be:� non-existene of R-dereasing sequene of lengthW(for someW with GW(W )).But this does not allow reursion!� :WF(R) ^ (8 ~X)(9H)Hier['(-; ~X)℄(H;R)! ?! � p.7/28



II. General Results in General BT2
� p.8/28



General Results in BT2

By the same proof as in SONT, we have:� BT2 +�1n+1-CA ` ConBT2(�1n-CA) by partial CE & Truth;

� BT2 +GW(W ) `WO(!n(W )) for n 2 ! by jump;� BT2 +�1n+1-Red ` �1n-TR; BT2 +�1n-FP ` �1n-TR;� BT2 +�1n+1-CA ` �1n-LFP.Moreover, we an also show� BT2 +�01-LFP ` �10-FP $ �10-LFP.� -Red 8x('(x)_ (x))! 9X8x(: (x)! x2X ! '(x));� -TR WF(R)! (9H)Hier['℄(H;R);� -FP 9F8x(x 2 F $ '(x; F+));� -LFP 9F (F is least �x.p.t. of X 7! fx j '(x;X+)g).

� p.9/28



General Results in BT2

By the same proof as in SONT, we have:� BT2 +�1n+1-CA ` ConBT2(�1n-CA) by partial CE & Truth;� BT2 +GW(W ) `WO(!n(W )) for n 2 ! by jump;

� BT2 +�1n+1-Red ` �1n-TR; BT2 +�1n-FP ` �1n-TR;� BT2 +�1n+1-CA ` �1n-LFP.Moreover, we an also show� BT2 +�01-LFP ` �10-FP $ �10-LFP.� -Red 8x('(x)_ (x))! 9X8x(: (x)! x2X ! '(x));� -TR WF(R)! (9H)Hier['℄(H;R);� -FP 9F8x(x 2 F $ '(x; F+));� -LFP 9F (F is least �x.p.t. of X 7! fx j '(x;X+)g).

� p.9/28



General Results in BT2

By the same proof as in SONT, we have:� BT2 +�1n+1-CA ` ConBT2(�1n-CA) by partial CE & Truth;� BT2 +GW(W ) `WO(!n(W )) for n 2 ! by jump;� BT2 +�1n+1-Red ` �1n-TR; BT2 +�1n-FP ` �1n-TR;

� BT2 +�1n+1-CA ` �1n-LFP.Moreover, we an also show� BT2 +�01-LFP ` �10-FP $ �10-LFP.

� -Red 8x('(x)_ (x))! 9X8x(: (x)! x2X ! '(x));� -TR WF(R)! (9H)Hier['℄(H;R);� -FP 9F8x(x 2 F $ '(x; F+));

� -LFP 9F (F is least �x.p.t. of X 7! fx j '(x;X+)g).

� p.9/28



General Results in BT2

By the same proof as in SONT, we have:� BT2 +�1n+1-CA ` ConBT2(�1n-CA) by partial CE & Truth;� BT2 +GW(W ) `WO(!n(W )) for n 2 ! by jump;� BT2 +�1n+1-Red ` �1n-TR; BT2 +�1n-FP ` �1n-TR;� BT2 +�1n+1-CA ` �1n-LFP.

Moreover, we an also show� BT2 +�01-LFP ` �10-FP $ �10-LFP.

� -Red 8x('(x)_ (x))! 9X8x(: (x)! x2X ! '(x));� -TR WF(R)! (9H)Hier['℄(H;R);� -FP 9F8x(x 2 F $ '(x; F+));� -LFP 9F (F is least �x.p.t. of X 7! fx j '(x;X+)g). � p.9/28



General Results in BT2

By the same proof as in SONT, we have:� BT2 +�1n+1-CA ` ConBT2(�1n-CA) by partial CE & Truth;� BT2 +GW(W ) `WO(!n(W )) for n 2 ! by jump;� BT2 +�1n+1-Red ` �1n-TR; BT2 +�1n-FP ` �1n-TR;� BT2 +�1n+1-CA ` �1n-LFP.Moreover, we an also show� BT2 +�01-LFP ` �10-FP$ �10-LFP.� -Red 8x('(x)_ (x))! 9X8x(: (x)! x2X ! '(x));� -TR WF(R)! (9H)Hier['℄(H;R);� -FP 9F8x(x 2 F $ '(x; F+));� -LFP 9F (F is least �x.p.t. of X 7! fx j '(x;X+)g). � p.9/28



Results spei� to !The following do NOT generally hold:� BT2W (= BT2 +GW(W )) 6`WO("W );

� BT2 ` �11-Red $ �10-TR; BT2 ` �10-FP $ �10-TR;� BT2 ` �11-CA $ �10-LFP;� BT2 +�01-LFP ` �10-LFP.

� p.10/28



Results spei� to !The following do NOT generally hold:� BT2W (= BT2 +GW(W )) 6`WO("W );� BT2 ` �11-Red $ �10-TR; BT2 ` �10-FP $ �10-TR;

� BT2 ` �11-CA $ �10-LFP;� BT2 +�01-LFP ` �10-LFP.

� p.10/28



Results spei� to !The following do NOT generally hold:� BT2W (= BT2 +GW(W )) 6`WO("W );� BT2 ` �11-Red $ �10-TR; BT2 ` �10-FP $ �10-TR;� BT2 ` �11-CA$ �10-LFP;

� BT2 +�01-LFP ` �10-LFP.

� p.10/28



Results spei� to !The following do NOT generally hold:� BT2W (= BT2 +GW(W )) 6`WO("W );� BT2 ` �11-Red $ �10-TR; BT2 ` �10-FP $ �10-TR;� BT2 ` �11-CA$ �10-LFP;� BT2 +�01-LFP ` �10-LFP.

� p.10/28



Results spei� to !The following do NOT generally hold:� BT2W (= BT2 +GW(W )) 6`WO("W );� BT2 ` �11-Red $ �10-TR; BT2 ` �10-FP $ �10-TR;� BT2 ` �11-CA$ �10-LFP;� BT2 +�01-LFP ` �10-LFP.Atually, in all the instanes we listed exept ACA0,� BT2W `WO("W ), WO(�W ) and more;� BT2 +�11-Red ` ConBT2(�10-FP);BT2 +�10-FP ` ConBT2(�10-TR);� BT2 ` �10-FP $ �10-LFP;� BT2 ` �01-LFP. � p.10/28



III. Our Formulation of Re�etion
� p.11/28



Additional Assumption for Re�etion PrinipleWe need additional assumption on BT2:� there is a formula x � y in the �rst order part, s.t.� �00 is the losure of qf-free under (Qx � y);
� p.12/28



Additional Assumption for Re�etion PrinipleWe need additional assumption on BT2:� there is a formula x � y in the �rst order part, s.t.� �00 is the losure of qf-free under (Qx � y);In the instanes of BT2, as x � y we an take:� x-th digit of the binary expression of y is 1 in SONT;� x 2 y in SOST;� (9uk)(xk+1 = (yk+1)u) _ x 2 y in the higher order((Qxk+1 � yk+1)'(x; y) is (Quk)'((y)u; x)::: et.).
� p.12/28



Additional Assumption for Re�etion PrinipleWe need additional assumption on BT2:� there is a formula x � y in the �rst order part, s.t.� �00 is the losure of qf-free under (Qx � y);In the instanes of BT2, as x � y we an take:� x-th digit of the binary expression of y is 1 in SONT;� x 2 y in SOST;� (9uk)(xk+1 = (yk+1)u) _ x 2 y in the higher order((Qxk+1 � yk+1)'(x; y) is (Quk)'((y)u; x)::: et.).For transitive a (i.e., z � y � a! z � a),� 'a denotes ' with all q.f. Qx replaed by Qx � a(but QX unhanged). � p.12/28



Additional Assumption for Re�etion PrinipleWe need additional assumption on BT2:� there is a formula x � y in the �rst order part, s.t.� �00 is the losure of qf-free under (Qx � y);In the instanes of BT2, as x � y we an take:� x-th digit of the binary expression of y is 1 in SONT;� x 2 y in SOST;� (9uk)(xk+1 = (yk+1)u) _ x 2 y in the higher order((Qxk+1 � yk+1)'(x; y) is (Quk)'((y)u; x)::: et.).For transitive a (i.e., z � y � a! z � a),� 'a denotes ' with all q.f. Qx replaed by Qx � a(but QX unhanged).Note: 'a(X) is equiv. to 'a(X \ a) (if �X \ a� exists). � p.12/28



Re�etion PrinipleNow, our re�etion priniple is formulated as:�10-Ref (8x)(9a)[a: trans. ^ x � a ^ (8z � a)('(z)$ 'a(z))^(8X)(9x)(8u)(u � x$ u � a ^ x 2 X)℄ for ' 2 �10.
� p.13/28



Re�etion PrinipleNow, our re�etion priniple is formulated as:�10-Ref (8x)(9a)[a: trans. ^ x � a ^ (8z � a)('(z)$ 'a(z))^(8X)(9x)(8u)(u � x$ u � a ^ x 2 X)℄ for ' 2 �10.The last lause is redundant for all the instanes:� ACA0 proves �10-bCA: (9x)(8u < y)(u � x $ '(u));� NBG ontains separation sheme;

� p.13/28



Re�etion PrinipleNow, our re�etion priniple is formulated as:�10-Ref (8x)(9a)[a: trans. ^ x � a ^ (8z � a)('(z)$ 'a(z))^(8X)(9x)(8u)(u � x$ u � a ^ x 2 X)℄ for ' 2 �10.The last lause is redundant for all the instanes:� ACA0 proves �10-bCA: (9x)(8u < y)(u � x $ '(u));� NBG ontains separation sheme;� The subsystem �n+20 -CA0 of full n+3-th order NT/STontains the omprehension for �n+20 -formula (i.e., w/on+3-th order qf.s) yielding (� n+2)-th order objets.
� p.13/28



Re�etion PrinipleNow, our re�etion priniple is formulated as:�10-Ref (8x)(9a)[a: trans. ^ x � a ^ (8z � a)('(z)$ 'a(z))^(8X)(9x)(8u)(u � x$ u � a ^ x 2 X)℄ for ' 2 �10.The last lause is redundant for all the instanes:� ACA0 proves �10-bCA: (9x)(8u < y)(u � x $ '(u));� NBG ontains separation sheme;� The subsystem �n+20 -CA0 of full n+3-th order NT/STontains the omprehension for �n+20 -formula (i.e., w/on+3-th order qf.s) yielding (� n+2)-th order objets.Then the last lause implies:� (QX)'a(X) is equiv. to (Qx)'a(fu j u � xg); and so� (�11-CA)a holds! � p.13/28



Re�etion in Instanes

In seond order number theory,� even �01-re�etion does not hold, e.g., (9y)(y > x):(8x)(9y)(y > x) implies (8x<a)(9y<a)(y > x)!
� p.14/28



Re�etion in Instanes

In seond order number theory,� even �01-re�etion does not hold, e.g., (9y)(y > x):(8x)(9y)(y > x) implies (8x<a)(9y<a)(y > x)!In seond order set theory,� if we assume either GW or Reg, �10-Ref holds.
� p.14/28



Re�etion in Instanes

In seond order number theory,� even �01-re�etion does not hold, e.g., (9y)(y > x):(8x)(9y)(y > x) implies (8x<a)(9y<a)(y > x)!In seond order set theory,� if we assume either GW or Reg, �10-Ref holds.In higher order number/set theory,� if we assume GW, �10-Ref holds (by Skolemization).
� p.14/28



Re�etion in Instanes

In seond order number theory,� even �01-re�etion does not hold, e.g., (9y)(y > x):(8x)(9y)(y > x) implies (8x<a)(9y<a)(y > x)!In seond order set theory,� if we assume either GW or Reg, �10-Ref holds.In higher order number/set theory,� if we assume GW, �10-Ref holds (by Skolemization).This is from the following �ontologial� differene:w/o 1st order in�nity: SONT (in�nity exists only as SO);with 1st order in�nity: SOST, HONT, HOST (it exists as FO).
� p.14/28



Re�etion in Instanes

In seond order number theory,� even �01-re�etion does not hold, e.g., (9y)(y > x):(8x)(9y)(y > x) implies (8x<a)(9y<a)(y > x)!In seond order set theory,� if we assume either GW or Reg, �10-Ref holds.In higher order number/set theory,� if we assume GW, �10-Ref holds (by Skolemization).This is from the following �ontologial� differene:w/o 1st order in�nity: SONT (in�nity exists only as SO);with 1st order in�nity: SOST, HONT, HOST (it exists as FO).This is why SONT is exeptional among SO systems. � p.14/28



IV. Impats of Re�etion

� p.15/28



Impats of Re�etionFor any BT2 with BT2 ` �10-Ref,� BT2 +�11-Red ` ConBT2(�10-FP);BT2 +�10-FP ` ConBT2(�10-TR);� BT2 ` �10-FP $ �10-LFP; BT2 ` �01-LFP.
� p.16/28



Impats of Re�etionFor any BT2 with BT2 ` �10-Ref,� BT2 +�11-Red ` ConBT2(�10-FP);BT2 +�10-FP ` ConBT2(�10-TR);� BT2 ` �10-FP $ �10-LFP; BT2 ` �01-LFP.� BT2W `WO(�W ) for any �known� PT-ord. not. �.
� p.16/28



Impats of Re�etionFor any BT2 with BT2 ` �10-Ref,� BT2 +�11-Red ` ConBT2(�10-FP);BT2 +�10-FP ` ConBT2(�10-TR);� BT2 ` �10-FP $ �10-LFP; BT2 ` �01-LFP.� BT2W `WO(�W ) for any �known� PT-ord. not. �.Thus, for suh BT2, the following do NOT hold:� "W = supf�2 �10 j BT2W `WO(�)g;� BT2 ` �11-Red $ �10-TR; BT2 ` �10-FP$ �10-TR;� BT2 ` �11-CA$ �10-LFP; BT2 +�01-LFP ` �10-LFP,
� p.16/28



Impats of Re�etionFor any BT2 with BT2 ` �10-Ref,� BT2 +�11-Red ` ConBT2(�10-FP);BT2 +�10-FP ` ConBT2(�10-TR);� BT2 ` �10-FP $ �10-LFP; BT2 ` �01-LFP.� BT2W `WO(�W ) for any �known� PT-ord. not. �.Thus, for suh BT2, the following do NOT hold:� "W = supf�2 �10 j BT2W `WO(�)g;� BT2 ` �11-Red $ �10-TR; BT2 ` �10-FP$ �10-TR;� BT2 ` �11-CA$ �10-LFP; BT2 +�01-LFP ` �10-LFP,whih are known to hold for BT2 = ACA0. � p.16/28
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VI. Futher Task and Conlusion
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Further TaskWe have seen several aspets of exeptionality of !:� in relations among extensions of BT2;� in �onventional� ordinal analysis;� and in the robustness of prediativity.� (All are onsequenes of re�etion-freeness.)However, re�etion depends on �ontroversial� axiom:� in SOST, either Regularity or GW seems neessary;� in HONT and HOST, it heavily depends on GW;� Naturally asked: Can we depend on suh axioms?We an, to some extent, avoid suh �ontroversies� by:equionsisteny (or proof-theoreti equivalene)b/w the systems with and without these axioms. � p.27/28
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Summary
We have seen several impats of re�etion:� differentiates relations among extensions of BT2;� espeially, makes ID1 and ID1 be equivalent;� makes �onventional� ordinal analysis meaningless;� seems to destroy the robustness of prediativity(AP, AP of AP, AP of AP of AP, ... are not equivalent).

Thank you for your attention!
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