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» The basic theory is EA (Elementary Arithmetic) with
language Lexp = {0, S, +, -, exp, <}

On an abstract
approach

Cordén—Franco,
Lara—Martin

Uniform and Local
Reflection



Reflection principles

» The basic theory is EA (Elementary Arithmetic) with
language Lexp = {0, S, +, -, exp, <}

» For each theory T, elementary presented, we consider
formulas

On an abstract
approach

Cordén—Franco,
Lara—Martin

Uniform and Local
Reflection



Reflection principles
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» For each theory T, elementary presented, we consider
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Reflection principles

» The basic theory is EA (Elementary Arithmetic) with
language Lexp = {0, S, +, -, exp, <}

» For each theory T, elementary presented, we consider
formulas

» Prfr(y,x) expresing "y is (codes) a proof of x in T"
» Op(x) =3y Prir(y,x)
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» The basic theory is EA (Elementary Arithmetic) with Lara-Martin
language Lexp = {0, S, +, -, exp, <}

» For each theory T, elementary presented, we consider i et e
formulas

» Prfr(y,x) expresing "y is (codes) a proof of x in T"
> Or(x) =3y Prr(y,x)

» Local Reflection for T is the following scheme, Rfn(T),
Or("e) — o

for each sentence ¢.
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» The basic theory is EA (Elementary Arithmetic) with Lara-Martin
language Lexp = {0, S, +, -, exp, <}
» For each theory T, elementary presented, we consider e el (o=
formulas

» Prfr(y,x) expresing "y is (codes) a proof of x in T"
> Or(x) =3y Prr(y,x)

» Local Reflection for T is the following scheme, Rfn(T),
Or("e) — o

for each sentence ¢.

» Uniform Reflection for T is the following scheme,
REN(T),

Vxy .. Vxp (O7(Te(x1, ... %)) = @(x1, ..., Xn))

for each formula p(xi, ..., xn).



Partial Reflection

Partial Reflection: Reflection scheme restricted to a class of
formulas .

» Partial Local Reflection, Rfng(T) is given by
Or(Te) = ¢

for every ¢ € ¥ N Sent
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Partial Reflection

Partial Reflection: Reflection scheme restricted to a class of
formulas .

» Partial Local Reflection, Rfng(T) is given by
Or(Te) = ¢

for every ¢ € ¥ N Sent
» Partial Uniform Reflection, RFNx(T) is given by

VXl .. .VXn (DT('_QO()'Q, . 75(")1) — (p(X]_, - ,Xn))

for all p(X) € .
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Relativized reflection principles

» For each n > 1 and each theory T, elementary
presented, we consider the formulas
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» Prf7(y, x) expressing Reflection
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» For each n > 1 and each theory T, elementary Lara-Martin

presented, we consider the formulas

Uniform and Local

» Prf7(y, x) expressing Reflection
“y is (codes) a proof of x in T + Thp,(N)"

> [n]7(x) = Jy Prf7(y,x)
» Relativized Local Reflection for T is the scheme,
Rfn"(T),
[nl7 (") = ¢

for each sentence ¢.



Relativized reflection principles

>

v
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For each n > 1 and each theory T, elementary
presented, we consider the formulas

Prf%(y, x) expressing
“y is (codes) a proof of x in T + Thp,(N)”

[n]7(x) = Iy PrfT(y, x)
Relativized Local Reflection for T is the scheme,
Rfn"(T),
[n]7("e™) =
for each sentence ¢.

Relativized Uniform Reflection for T, REN"(T) is
defined in a similar way.
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» Metareflection Rule, RR"(T):
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» M,—RR"(T) is the rule RR(T) with the restriction that
@ is a l,,—sentence.
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» M,—RR"(T) is the rule RR(T) with the restriction that
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> If T is an elementary presented extension of EA, then
for every m> 1,

T =[T,Np1-RR"(T)]m

where T¢ = T and T/ ; = T+ (n)7, T, and
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» M,—RR"(T) is the rule RR(T) with the restriction that
@ is a l,,—sentence.

> If T is an elementary presented extension of EA, then
for every m> 1,

T =[T,Np1-RR"(T)]m

where T¢ = T and T/ ; = T+ (n)7, T, and

» [U,N,4+1-RR(T)] is the closure of U under first order
logic and unnested applications of M,;1-RR(T)],
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» M,—RR"(T) is the rule RR(T) with the restriction that
@ is a l,,—sentence.

> If T is an elementary presented extension of EA, then
for every m> 1,

T =[T,Np1-RR"(T)]m

where T¢ = T and T/ ; = T+ (n)7, T, and
» [U,N,4+1-RR(T)] is the closure of U under first order
logic and unnested applications of M,;1-RR(T)],
» [T,N,1-RR(T)]1 = [T, N, 1-RR(T)],
[T,Z1-IR]ks1 = [[ T, Z1-IR]x, Z1-IR].



Conservation properties of reflection principles

> (Beklemishev) If U is a N, p—axiomatized extension of
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Conservation properties of reflection principles

> (Beklemishev) If U is a N, p—axiomatized extension of
EA then
» U+ RFNx,.,(T) is M,11—conservative over
U+ My —RR™(T).
» U+ RFNx,,(T) is X,1p—conservative over
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Conservation properties of reflection principles o

» (Beklemishev) If U is a M, ,—axiomatized extension of e
EA then

» U+ RFNx,.,(T) is M,11—conservative over Uniform and Local

Reflection

U+ N,1—-RR(T).
» U+ RFNx,,(T) is X,1p—conservative over
U+ angn+1(T).

» (Goryachev, Beklemishev) Let ¢1,...,¢mn a finite set of
sentences. Then for every ¢ € M1,

T+ans’;1(T)+---+anf;m(T) Fy = TlEHW

(hence [T,Mp+1-RR"(T)|m F ¥).



> ,.1—Closed models

> ¥ ,11—closed models provide a simple and clear method
to obtain conservation results.
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> ¥ ,11—closed models provide a simple and clear method
to obtain conservation results.

» Definition. Let T be a theory. We say that A= T is a
Y py1—closed model of T if for each B =T,

A<pB = A=<,11B
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to obtain conservation results.

» Definition. Let T be a theory. We say that A= T is a
Y py1—closed model of T if for each B =T,

Existentially closed
models

A<pB = A=<,11B

> It generalizes the notion of an existentially closed model.

» Proposition. (Existence)
Let T be a I, p—axiomatizable theory and A =T
countable. Then there exists 8 = T such that 2 <, B
and B is ¥, 1—closed for T.



> ,.1—Closed models

>

¥ h+1—closed models provide a simple and clear method
to obtain conservation results.

Definition. Let T be a theory. We say that A =T is a
Y py1—closed model of T if for each B =T,

A<pB = A=<,11B

It generalizes the notion of an existentially closed model.

Proposition. (Existence)

Let T be a I, p—axiomatizable theory and A =T
countable. Then there exists 8 = T such that 2 <, B
and B is ¥, 1—closed for T.

Corollary. Every consistent and I, ,—axiomatizable
theory has a X, 1—closed model.
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The basics of the method
The basic device is the following result:

Theorem (Avigad,'02)

Let Ty be a I, ,—axiomatizable theory such that every
> ,+1—closed model for T1 is a model of To. Then T, is
M,4+1—conservative over Ty.
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The basics of the method SRS

Cordén—Franco,

The basic device is the following result: Lara-Martin

Theorem (Avigad,'02)

Let Ty be a I, ,—axiomatizable theory such that every
> ,+1—closed model for T1 is a model of To. Then T, is Existentially closed
M,4+1—conservative over Ty.

Other key ingredient in most applications:
Lemma
Let A be a X ,11—closed model for T. Let p(X) € Mpy1 and

3 € A such that A |= ¢(3). Then there exist 6(v,X) € I,
and b € A such that

AE=0(b,3) and TFO(v,X)— ¢(X)



Parsons’s Theorem (1)

Theorem (Parsons, '72)
131 is Ny—conservative over 1Ag + ¥ 1-IR.

On an abstract
approach

Cordén—Franco,
Lara—Martin

Uniform and Local
Reflection

Existentially closed
models
Parsons's theorem

Conditional axioms

Normal conditional
sentences

Induction
Local Reflection
Parameter free
induction



Parsons’s Theorem (1)

Theorem (Parsons, '72)
121 is Ny—conservative over 1Ay + X1-IR.

» Y ;—Induction Rule, ¥1—IR:

P(0) A VX (9(x) = o(x + 1))

Vx o(x)
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Parsons’s Theorem (1)

Theorem (Parsons, '72)

121 is Ny—conservative over 1Ay + X1-IR.
» Y ;—Induction Rule, ¥1—IR:
©(0) A VX (P(x) = ¢(x +1))
x o(x)

» Let T be a lNy—axiomatizable finite extension of 1X,
T =1%o+ Vx3yVu < x3v < yo(u, v) for some
o(x,y) € Ag. Then, for each m > 1,

[T.XZ1-IRlm = T4+YxJy(Fu(x)=y)Eo

where Fo(x) = (x +1)% + (uy)(o(x, y)),
Fi1(x) = Fre(x)<L.
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Parsons’ Theorem (II)

Theorem
Let 2 be a X1 o—closed model of T + ¥ ,11—IR. Then
A= 4.

Proof. Let ¢(x) € ¥,41 such that

A= p(0) A VX (p(x) = p(x +1))
Then there exist a € 2 and 6(u) € N, such that
T+ Tpp1—IR F 0(u) = (0) A Vx (p(x) = o(x + 1))
and A = 0(a). Put (x, u) := 0(u) — $(x), Then
T+ Zni1—IR F (0, u) AVx (0(x, u) = ¥(x + 1, u))

Hence, T + X, 1-IRF Vx4 (x, u). As a consequence
2 = Vx1(x, u). In particular, A = 6(a) — Vx ¢(x) and
it follows that 2 = Vx p(x).




Parsons’ Theorem (I1)

Theorem
Let 2 be a X1 o—closed model of T + X ,+1—IR. Then

A= 101
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Parsons’ Theorem (I1)

Theorem
Let 2 be a X1 o—closed model of T + X ,+1—IR. Then
A= 4.

Proof. Let ¢(x) € £,41 such that

A= 9(0) AVx (p(x) = ¢(x + 1))
Then there exist a € 2 and 6(u) € M, such that
T+ p-IR F 0(u) — 0(0) A Vx (p(x) — o(x + 1))
and 2 = 0(a). Put 9(x, u) := 6(u) — ¢(x), Then
T+ Tn1—IR F (0, u) AVx ((x, u) = (x4 1, u))

Hence, T + X,41-IRF Vx4(x, u). As a consequence
2A = Vx(x, u). In particular, 2 = 6(a) — Vx p(x) and
it follows that 2 = Vx ¢(x).
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Conditional axioms

Let L denote the language of First Order Arithmetic.
Definition

A set of L—formulas, E, is a set of conditional axioms if
each element of E is a formula of the form a(V) — 5(V).

Let 7 be an L—theory and E be a set of conditional axioms.
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Conditional axioms
Let L denote the language of First Order Arithmetic.
Definition
A set of L—formulas, E, is a set of conditional axioms if
each element of E is a formula of the form a(V) — 5(V).
Let 7 be an L—theory and E be a set of conditional axioms.

» T + E is obtained by adding to T the universal closure
of each formula in E.
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Conditional axioms

Let L denote the language of First Order Arithmetic.

Definition

A set of L—formulas, E, is a set of conditional axioms if
each element of E is a formula of the form a(V) — 5(V).

Let 7 be an L—theory and E be a set of conditional axioms.

» T + E is obtained by adding to T the universal closure

of each formula in E.
» Example: T + E = 1%y, for T = [Ap and

E={l,x(V): ¢(x,V) € X1}

where I, (V) is the induction scheme

©(0, V) AVx (o(x, V) = o(x + 1,V)) = Vx o(x, V)

«

B
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Conditional axioms (cont'd)

» We can associate to each set of conditional axioms, E,
two auxiliary sets of conditional axioms:
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» We can associate to each set of conditional axioms, E, Lara-Martin
two auxiliary sets of conditional axioms:

» E— = E N Sent, and
» UE = {Wa(V) = V/E(V): a(V) = B(V) € E}
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» We can associate to each set of conditional axioms, E, Lara-Martin
two auxiliary sets of conditional axioms:

» E— = E N Sent, and
» UE = {Wa(V) > VWa(V): aV) = B(V) € E}
» The theories T + UE and T + E~ are obtained by
adding to T the sentences in UE and E~ respectively.
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Conditional axioms (cont'd)

» We can associate to each set of conditional axioms, E,
two auxiliary sets of conditional axioms:

» E— = E N Sent, and
» UE = {Wa(V) = V/E(V): a(V) = B(V) € E}

» The theories T + UE and T + E~ are obtained by
adding to T the sentences in UE and E~ respectively.
» Example: For E = |A; we have:
E= {VX(QD(Xv ‘7) A ¢(X, ‘7)) - Ic,o,x(v) CpEX, Y E nl}
() B(V)

UE = {VV (¥x (p(x, V) <> ¥(x,V))) = VWV i, «(V): p € 1, ¥ €1}

E™ ={x(p(x) & ¥(x)) = lox = p(x) € X1, ¢(x) € Ny}
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Conditional axioms: Inference rules

We also define an inference rule, E-Rule, with instances

)
y

<{

af

(

for each a(V) — B(V) € E

<{

®

» [T, E-Rule] denotes the closure of T under first order
logic and unnested applications of E-Rule.
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We also define an inference rule, E-Rule, with instances Lara-Martin
(V)

for each a(V) — B(V) € E

<{

®

(V)

» [T, E-Rule] denotes the closure of T under first order

logic and unnested applications of E-Rule.

» T + E—Rule denotes the closure of T under first order Conditional axioms
logic and (nested) applications of E—Rule.
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Conditional axioms: Inference rules appronch
. . . . Cordén—Franco,
We also define an inference rule, E-Rule, with instances Lara-Martin
a(V)

for each a(V) — B(V) € E

<{

®

(

» [T, E-Rule] denotes the closure of T under first order
logic and unnested applications of E-Rule.

» T + E—-Rule denotes the closure of T under first order Conditional axioms
logic and (nested) applications of E—Rule.

» We denote by E~—Rule the inference rule associated to
the set of conditional axioms E~.

)’



Normal conditional axioms

Let us fix a countable first order language L.
> [1 will denote a fixed set of L—formulas such that:
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Normal conditional axioms

Let us fix a countable first order language L.

» [1 will denote a fixed set of [—formulas such that:

1.

It contains all atomic formulas and is closed under
subformulas.
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Normal conditional axioms

Let us fix a countable first order language L.
> [1 will denote a fixed set of L—formulas such that:
1. It contains all atomic formulas and is closed under
subformulas.
2. We assume that (modulo logical equivalence) I is
closed under disjunctions and conjunctions, and
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Normal conditional axioms

Let us fix a countable first order language L.
> [1 will denote a fixed set of L—formulas such that:

1. It contains all atomic formulas and is closed under

subformulas.

2. We assume that (modulo logical equivalence) I is
closed under disjunctions and conjunctions, and

3. (modulo logical equivalence) =M C 3N, (here =M is
{=¢: ¢ eN}and IMis {IX(X) :

p(X) € M}).
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Let us fix a countable first order language L. Lara-Martin

> [1 will denote a fixed set of L—formulas such that:
1. It contains all atomic formulas and is closed under
subformulas.
2. We assume that (modulo logical equivalence) I is
closed under disjunctions and conjunctions, and
3. (modulo logical equivalence) =M C 3N, (here =M is
{=p: ¢ €N} and AN is {Ixp(X) : ©(X) € N}). e
» We say that a formula «(V) — S(V) is a normal
conditional axiom w.r.t. Tl if
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Let us fix a countable first order language L. Lara-Martin

> [1 will denote a fixed set of L—formulas such that:
1. It contains all atomic formulas and is closed under
subformulas.
2. We assume that (modulo logical equivalence) I is
closed under disjunctions and conjunctions, and
3. (modulo logical equivalence) =M C 3N, (here =M is
{=p: ¢ €N} and AN is {Ixp(X) : ©(X) € N}). e
» We say that a formula «(V) — S(V) is a normal
conditional axiom w.r.t. Tl if
» V) € V-1, and
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Normal conditional axioms St
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Let us fix a countable first order language L. Lara-Martin

» [1 will denote a fixed set of L—formulas such that:
1. It contains all atomic formulas and is closed under
subformulas.
2. We assume that (modulo logical equivalence) I is
closed under disjunctions and conjunctions, and
3. (modulo logical equivalence) =M C 3N, (here =M is
{=¢: e} and IMis {IXp(X) : ©(X) € M}).
» We say that a formula «(V) — S(V) is a normal
conditional axiom w.r.t. 1 if
» V) € V-1, and
> B(V) € van.

Conditional axioms



The basic reduction

» For each set of formulas I, we introduce the rule

EM—Rule given by the instances

0(v,Z) = a(v)

0(v,2) = B(V)

for each a(V) — B(V) € E and 6(V,

Z) e

Mn.
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» For each set of formulas I1, we introduce the rule Lara-Martin
EM—Rule given by the instances
0(v,Z) — a(V)
6(v,2) — B(V)
for each a(V) — B(V) € E and 6(V,Z) € IN.

Lemma

Let T be a theory and E a set of conditional axioms such
that

Conditional axioms

Then T + E is V—=M—conservative over T + EN—Rule.



The baslc reductlon On an abstract

approach

» For each set of formulas I1, we introduce the rule rattartin
EM—Rule given by the instances
0(v,Z) — a(V)
6(v,2) — B(V)
for each a(V) — B(V) € E and 6(V,Z) € IN.
Lemma

Let T be a theory and E a set of conditional axioms such
that

(S1) For every a(V) — B(V) € E, «(V) € 3v-I.

Conditional axioms

Then T + E is V—=MN—conservative over T + EN—Rule.
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The baS|C redUCtlon approach

Cordén—Franco,

» For each set of formulas I1, we introduce the rule Lara-Martin
EM—Rule given by the instances

0(v,Z2) = a(V)
0(v,2) = (V)
for each a(V) — B(V) € E and 6(V,Z) € IN.

Lemma Conditional axioms
Let T be a theory and E a set of conditional axioms such
that

(S1) For every a(V) — B(V) € E, «(V) € 3v-I.
(S2) T + EM-Rule is ¥Y3N-axiomatizable.
Then T + E is V—=M—conservative over T + EN—Rule.
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» It holds that [U’ E—Ru|e] - [U, En—Ru|e]. Lara—Martin
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The basic reduction (cont'd) e
n Cordén—Franco,
> It holds that [U, E-Rule] C [U, EM-Rule]. i

» E is [N-reducible modulo T if for every theory U
extending T, it holds

[U, E"-Rule] = [U, E-Rule]

Conditional axioms



The basic reduction (cont'd)

» It holds that [U, E-Rule] C [U, EM-Rule].

» E is [N-reducible modulo T if for every theory U
extending T, it holds

[U, E"-Rule] = [U, E-Rule]

Theorem
Let T be a V3l—-axiomatizable theory and E a set of normal

conditional axioms w.r.t. [1. Assume that E is [N-reducible
modulo T. Then
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The basic reduction (cont'd)

» It holds that [U, E-Rule] C [U, EM-Rule].

» E is [N-reducible modulo T if for every theory U
extending T, it holds

[U, E"-Rule] = [U, E-Rule]

Theorem

Let T be a V3l—-axiomatizable theory and E a set of normal
conditional axioms w.r.t. Tl. Assume that E is [N-reducible
modulo T. Then

1. T + E is V=[l-conservative over T + E—Rule.
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The basic reduction (cont'd)

» It holds that [U, E-Rule] C [U, EM-Rule].

» E is [N-reducible modulo T if for every theory U
extending T, it holds

[U, E"-Rule] = [U, E-Rule]

Theorem
Let T be a V3l—-axiomatizable theory and E a set of normal
conditional axioms w.r.t. [1. Assume that E is N—reducible
modulo T. Then

1. T + E is V=[l-conservative over T + E—Rule.

2. T + E is 3V—ll-conservative over T + UE.

On an abstract
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The basic reduction (cont'd)

» It holds that [U, E-Rule] C [U, EM-Rule].
» E is [N-reducible modulo T if for every theory U

extending T, it holds

[U, E"-Rule] = [U, E-Rule]

Theorem
Let T be a V3l—-axiomatizable theory and E a set of normal
conditional axioms w.r.t. Tl. Assume that E is [N-reducible

modulo T. Then

1.
2.
3.

T + E is V—=[—conservative over T + E—Rule.
T + E is 3V—-l—-conservative over T + UE.

If every VaM—axiomatizable extension of T + E~ is
closed under E—Rule, then T + E is 3V—[l—conservative

over T + E—

On an abstract
approach
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Lara—Martin
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Examples

For ¥ ,,+1—induction:

> /X ,41 is a set of normal conditional axioms w.r.t. 1,11
and it is M4 1—reducible modulo /Ag. Hence, for every
MN,1o—axiomatizable theory T extending [Ay:

For A, 1—induction:
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Lara—Martin
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Examples

For ¥ ,,+1—induction:

> /X ,41 is a set of normal conditional axioms w.r.t. 1,11
and it is M4 1—reducible modulo /Ag. Hence, for every
MN,1o—axiomatizable theory T extending [Ay:

1 Thn, (T +15041) = T + SR,

For A, 1—induction:
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Examples

For ¥ ,,+1—induction:

> /X ,41 is a set of normal conditional axioms w.r.t. 1,11
and it is M4 1—reducible modulo /Ag. Hence, for every
MN,1o—axiomatizable theory T extending [Ay:

1 Thn, (T +15041) = T + SR,
2. Thy, (T +IXp)=T+IX .

For A, 1—induction:
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approach
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Lara—Martin
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. . Cordén—Franco,
For Zn+1—|nd uction: Lara—Martin

> /X ,41 is a set of normal conditional axioms w.r.t. 1,11
and it is M4 1—reducible modulo /Ag. Hence, for every
MN,1o—axiomatizable theory T extending [Ay:

1 Thn, (T +15041) = T + SR,
2. Thy, (T +IXp)=T+IX .

For A, 1—induction:

Conditional axioms

> /A,y is a set of normal conditional axioms w.r.t. 1,41
and it is My—reducible modulo /Ag. Hence, for every
IN,41o—axiomatizable theory T extending [Ay:



On an abstract
Exa m pleS approach
. . Cordén—Franco,
For Zn+1—|nd uction: Lara—Martin

> /X ,41 is a set of normal conditional axioms w.r.t. 1,11
and it is M4 1—reducible modulo /Ag. Hence, for every
MN,1o—axiomatizable theory T extending [Ay:

1 Thn, (T +15041) = T + SR,
2. Thy, (T +IXp)=T+IX .

For A, 1—induction:

Conditional axioms

> /A,y is a set of normal conditional axioms w.r.t. 1,41
and it is My—reducible modulo /Ag. Hence, for every
IN,41o—axiomatizable theory T extending [Ay:

1. Thn, (T +1Ap1) = T + Apa-IR.



On an abstract
Exa m pleS approach
. . Cordén—Franco,
For Zn+1—|nd uction: Lara—Martin

> /X ,41 is a set of normal conditional axioms w.r.t. 1,11
and it is M4 1—reducible modulo /Ag. Hence, for every
MN,1o—axiomatizable theory T extending [Ay:

1 Thn, (T +15041) = T + SR,
2. Thy, (T +IXp)=T+IX .

For A, 1—induction:

Conditional axioms

> /A,y is a set of normal conditional axioms w.r.t. 1,41
and it is My—reducible modulo /Ag. Hence, for every
IN,41o—axiomatizable theory T extending [Ay:

1. Thn, (T +1An1) = T+ Appr-IR.
2 Thy, (T +18p1) =T+ UlDp.



The finite case

Theorem
Let F be a set of normal conditional sentences w.r.t. T1.
Then, for every Yal—axiomatizable theory T it holds that

Thy-n(T + F) C [T, F"-Rule]

where m is the number of elements of F.
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Lara—Martin
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The finite case

Theorem
Let F be a set of normal conditional sentences w.r.t. T1.
Then, for every Yal—axiomatizable theory T it holds that

Thy-n(T + F) C [T, F"-Rule]
where m is the number of elements of F.

Corollary

Let E be a set of normal conditional sentences w.r.t. T1.
Assume that E is N—-reducible modulo T. Then for every
finite set of sentences F C E with m elements, it holds that

Thy-n(T + F) C [T, E-Rule] .
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The finite case (proof)

Lemma
Let E = {41,...,%m} a finite set of closed conditional
axioms w.r.t. 1. Then

T + EN-Rule = [T, E"-Rule] ,
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The finite case (proof) s
Cordén—Franco,

Lemma Lara—Martin

Let E = {41,...,%m} a finite set of closed conditional
axioms w.r.t. T1. Then

T + EN-Rule = [T, E"-Rule] ,

» If ¢ is a sentence of the form a — 3, with a € V-1
and B € VAll, we define the rule

Normal conditional
sentences

O(u) = «

n_ :
1 '—Rule : TOEYA

(6(u) € ).



= On an abstrac

The finite case (proof) s
Cordén—Franco,

Lemma Lara—Martin

Let E = {41,...,%m} a finite set of closed conditional
axioms w.r.t. T1. Then

T + EN-Rule = [T, E"-Rule] ,

» If ¢ is a sentence of the form a — 3, with a € V-1
and B € VAll, we define the rule

Normal conditional
sentences

O(u) = «

n_ :
1 '—Rule : TOEYA

(6(u) € ).

» T +¢"-Rule = [T, y-Rule].



On an abstract

The finite case (proof) ek

Cordén—Franco,

Lemma Lara—Martin
Let E = {41,...,%m} a finite set of closed conditional
axioms w.r.t. T1. Then

T + EN-Rule = [T, E"-Rule] ,

» If ¢ is a sentence of the form a — 3, with a € V-1
and B € VAll, we define the rule

Normal conditional
sentences

O(u) = «

n_ :
' '—Rule : TOEYA

(0(u) € ).
» T +¢"-Rule = [T, y-Rule].

» It holds that for each sentence ¢ € V—I1, a proof of ¢
in T 4+ E"-Rule only requires one application of each
rule ¢;'-Rule.



Kaye's Theorem

Theorem
For every theory T extension of IX,, m > 1 and

v1(x),...

aSDm(X) € z;—i—l'

Thl—ln+2(T+ Is01 + e

1p) € [T, Znp1=IRlm
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Kaye's Theorem

Theorem
For every

v1(x),...

theory T extension of IX,, m > 1 and
aSDm(X) € z;—i—l'

Thnn+2(T + I§01 +eee ltpm) - [T7 znJrl_l’L-‘)]m

> X

1 is a set of normal conditional sentences w.r.t.

I—I,,H :
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Kaye's Theorem

Theorem
For every theory T extension of IX,, m > 1 and

901(X)7 ce aSDm(X) € 2;4_1,

Th”n+2(T + I§01 +eee ltpm) - [T, znJrl_l’L-‘)]m

» /¥, is a set of normal conditional sentences w.r.t.
I"I,,H :
» I3, is [, 1—reducible modulo /%,.
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Ai—Induction

» UIA; is a set of normal conditional axioms w.r.t. ;.

On an abstract
approach

Cordén—Franco,
Lara—Martin

Induction



Ai—Induction

» UIA; is a set of normal conditional axioms w.r.t. ;.
» UlIAq is NMi—-reducible modulo /%¥y.
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Ai—Induction

» UIA; is a set of normal conditional axioms w.r.t. ;.
» UlIAq is NMi—-reducible modulo /%¥y.
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. On an abstract
A]_—IndUCthn approach
Cordén—Franco,

» UIA; is a set of normal conditional axioms w.r.t. ;. Lara-Martin
» UlIAq is NMi—-reducible modulo /%¥y.

Theorem
Let T a lN3-axiomatizable extension of 1Xy. Let
901(X> U), R SDm(Xa U) € er ¢1(X7 U), cee @bm(X, U) € I_I]_,

and 6 € Ty such that
T+ Ul 1,01 T +Ulsom,¢m'_0

then [T7 Al_/R]m 6. Induction



Local reflection

» Let T an elementary presented theory. For each
sentence o, the local relativized reflection principle
for o wrt T, Rfn](T) is equivalent to the sentence

=0 — (n)7(—0)
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Local reflection

» Let T an elementary presented theory. For each
sentence o, the local relativized reflection principle
for o wrt T, Rfn](T) is equivalent to the sentence

=0 — (n)7(—0)

» Rfng .. (T) can be axiomatized by a set of normal
conditional sentences w.r.t. I1,, and
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Local reflection

» Let T an elementary presented theory. For each
sentence o, the local relativized reflection principle
for o wrt T, Rfn](T) is equivalent to the sentence

=0 — (n)7(—0)

» Rfng .. (T) can be axiomatized by a set of normal
conditional sentences w.r.t. I1,, and

> In addition, Rfng  (T) is M,-reducible modulo EA.
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GOI’yaCheV,S theorem On an abstract

approach

Cordén—Franco,

Theorem Lara-Martin
Let T be an elementary presented extension of EA and

©1,---,Pm a finite set of X1—sentences. Then for every
My-axiomatized extension of EA v € Ty,

U+Rfn, (T)+ - +Rfn, (T)Fv = [U,M—RR(T)|m 1

Local Reflection



GOI’yaCheV,S theorem On an abstract

approach

Cordén—Franco,

Theorem Fara-Martin
Let T be an elementary presented extension of EA and

©1,---,Pm a finite set of X1—sentences. Then for every

My-axiomatized extension of EA v € Ty,

U+Rfn, (T)+ - +Rfn, (T)Fv = [U,M—RR(T)|m 1
» This provides a weak version of Goryachev's theorem.

Local Reflection



On an abstract

Goryachev's theorem St

Cordén—Franco,

Theorem Fara-Martin
Let T be an elementary presented extension of EA and

©1,---,Pm a finite set of X1—sentences. Then for every

My-axiomatized extension of EA v € Ty,

U+Rfn, (T)+ - +Rfn, (T)Fv = [U,M—RR(T)|m 1

» This provides a weak version of Goryachev's theorem.

» The full result can be obtained from a result by L.
Beklemishev: For each sentence 3 € I3, and sentences Local Reflection
©1,-..,%m such that

T+ Rfng, (T)+---+Rfn, (T)F
there exist sentences o1,...,0m € X1 such that

T+ Rfng, (T)+ -+ Rfn,, (T)F



Induction up to > ;—definable elements O ronen
Cordén—Franco,
» We denote by /(X1,K;) the theory given by /Ay Lara-Martin

together with the induction scheme

p(0) AVx (p(x) = p(x + 1)) =
Vxi, x2 (6(x1) A d(x2) = x1 = x2) = Vx (6(x) = ¢(x))

where p(x) € ¥1 and §(x) € X .

Parameter free
induction



On an abstract

Induction up to 2;1—definable elements S

Cordén—Franco,

» We denote by /(X1,K;) the theory given by /Ay Lara-Martin
together with the induction scheme

p(0) AVx (p(x) = p(x + 1)) =
Vxi, x2 (6(x1) A d(x2) = x1 = x2) = Vx (6(x) = ¢(x))

where p(x) € ¥1 and §(x) € X .
» (X1, K1)-IR denotes the following inference rule:

p(0) A VX (p(x) = p(x + 1))
Vx1, x2 (0(x1) A d(x2) = x1 = x2) = ¥x (6(x) = ¢(x))

Parameter free
induction

where p(x) € X1 and §(x) € X7 .
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Cordén—Franco,

> [(Xq1, K1) is set of normal conditional axioms w.r.t. ;. Lara-Martin
1, K1 1
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Induction up to X;—definable elements (I1) spprosch

Cordén—Franco,

» [/(X1,K1) is set of normal conditional axioms w.r.t. ;. Lara-Martin
» [(X1,K1) is My—reducible modulo /%¥y.
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Induction up to X;—definable elements (I1) spprosch

Cordén—Franco,

» [/(X1,K1) is set of normal conditional axioms w.r.t. ;. Lara-Martin
» [(X1,K1) is My—reducible modulo /%¥y.
» N7 =1(X7, K1)

Parameter free
induction



. - On an abstrac
Induction up to X;—definable elements (II) et
Cordén—Franco,

» [/(X1,K1) is set of normal conditional axioms w.r.t. ;. Lara-Martin

v

(X1, K1) is My—reducible modulo /Xg.
mn; =1(x7,K1)
Let us denote by I —IRg the rule

v

v

W (ip(x) = olx + 1)) .
o0) S Vxgly o PIEm

Parameter free
induction



Induction up to Xj—definable elements (1)

v

1(X1, K1) is set of normal conditional axioms w.r.t. ;.
(X1, K1) is My—reducible modulo /Xg.

ny =1(x7,K1)

Let us denote by I —IRg the rule

v

v

v

Vx (¢(x) = ¢(x +1))
¢(0) — ¥x p(x)

, p(x) € Ny

v

For every lNy—axiomatizable theory T extending /X,

[T,(X;,K1)-IR] = [T, N;=IRo]
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Induction up to ¥;—definable elements (III) spprosch

Cordén—Franco,
Lara—Martin

Theorem
Let T be a B(X1)-axiomatizable extension of IAg. Then.
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Induction up to Xj—definable elements (I11)

Theorem
Let T be a B(X1)-axiomatizable extension of IAg. Then.

1. T+1(X1,K1) is My—conservative over T + (X1, K1)-IR.
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Induction up to Xj—definable elements (I11)

Theorem
Let T be a B(X1)-axiomatizable extension of IAg. Then.

1. T+1(X1,K1) is My—conservative over T + (X1, K1)-IR.

2. T+ (X1,K1)-IR is £y—conservative over
T+ (X, K1)-IR.

On an abstract
approach

Cordén—Franco,
Lara—Martin

Parameter free
induction



Induction up to Xj—definable elements (I11)

Theorem
Let T be a B(X1)-axiomatizable extension of IAg. Then.

1. T+ 1(X1,K1) is Ny—conservative over T + (X1, K1)-IR.
2. T+ (X1,K1)-IR is Xa—conservative over

T+ (X, K1)-IR.
3. T4+ (X, K1)-IR=[T,(X],K1)-IR].
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Induction up to Xj—definable elements (I11)

Theorem
Let T be a B(X1)-axiomatizable extension of IAg. Then.

1. T+ 1(X1,K1) is Ny—conservative over T + (X1, K1)-IR.
2. T+ (X1,K1)-IR is £y—conservative over
T+ (X7, K1)-IR.
3. T4+ (X, K1)-IR=[T,(X],K1)-IR].
4. T + I(X1,K4) is B(X1) conservative over
T+ 1(X7,K4).
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Induction up to Xj—definable elements (I11)

Theorem
Let T be a B(X1)-axiomatizable extension of IAg. Then.

1. T+ 1(X1,K1) is Ny—conservative over T + (X1, K1)-IR.
2. T+ (X1,K1)-IR is £y—conservative over
T+ (X7, K1)-IR.
3. T4+ (X, K1)-IR=[T,(X],K1)-IR].
4. T + I(X1,K4) is B(X1) conservative over
T+ 1(X7,K4).

Corollary
IN] is My—conservative over 1Ly + (X1, K1)—IR.
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Parameter free [1;-Induction
> Let p1(x),...,om(x) € ] and ¢ € My such that
[Do+lpy -+ o,

Then [IAg, (£1,K1)~IR)]m I 0.
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Parameter free [1;-Induction

> Let p1(x),...,om(x) € ] and ¢ € My such that

1D + lgy + -+ Iy

Then [IAg, (£1,K1)~IR)]m I 0.

> If o € B(Zl) then [IAO, (B(Zl

)77

’Cl)_IR)]m H w
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Parameter free [1;-Induction

> Let ¢1(x),...

,om(x) € Ny and ¢ € MMy such that

1D + lgy + -+ Iy

Then [I Ao, (X1, K1)—-IR)]m F 9.
> If o € B(Zl) then [IA[), (B(Z
> If ¢ € My, then there exist sentences 71,...,7, € Iy

and 01, - -

.,0r € X1 such that

1),

’Cl)_IR)]m H w

On an abstract
approach

Cordén—Franco,
Lara—Martin

Parameter free
induction



Parameter free [1;-Induction

> Let p1(x),...,om(x) € ] and ¢ € My such that

1D + lgy + -+ Iy

Then [IAg, (£1,K1)~IR)]m I 0.

> If ¢ € B(X1) then [IAq, (B(Z1) ™, K1)-IR)]m b 2.

> If ¢ € Ny, then there exist sentences 71,
and 01,...,0, € X1 such that

LAY \/;:1(0",' /\7Tj).

coo,mr €114
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Parameter free [1;-Induction

> Let p1(x),...,om(x) € ] and ¢ € My such that

1D + lgy + -+ Iy

Then [IAg, (£1,K1)~IR)]m I 0.

» If ¢ € B(X1) then [IAg, (B(X1)7, K1)-IR)]m F .
> If ¢ € Ny, then there exist sentences 71,

coo,mr €114
and 01,...,0, € X1 such that
> /Aol‘\/}zl(a'j/\ﬂ'j).
» Foreachj=1,...,r, over IAg+ S;, m unnested

applications of 1, —IRq proves .
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Parameter free [1;-Induction
> Let p1(x),...,om(x) € ] and ¢ € My such that
[Do+lpy -+ o,

Then [IAg, (£1,K1)~IR)]m I 0.
> If ¢ € B(X1) then [IAq, (B(Z1) ™, K1)-IR)]m b 2.

> If ¢ € My, then there exist sentences 71,...,7, € Iy
and 01,...,0, € X1 such that
LAY \/;:1(0",' /\7Tj).
» Foreachj=1,...,r, over IAg+ S;, m unnested

applications of 1, —IRq proves .
» Foreach j=1,...,r, [IA¢+ Sj,1—=IR]m F .

On an abstract
approach

Cordén—Franco,
Lara—Martin
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