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Abstract

This paper contains a proof-theoretic account of unification in transitive
reflexive modal logics, which means that the reasoning is syntactic and
uses as little semantics as possible. New proofs of theorems on unifica-
tion types are presented and these results are extended to negationless
fragments. In particular, a syntactic proof of Ghilardi’s result that S4
has finitary unification is provided. In this approach the relation between
classical valuations, projective unifiers and admissible rules is clarified.
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1 Introduction

When restricted to propositional logic, unification theory is concerned with the
problem whether a given formula can become derivable under a substitution. In
general, a unification problem asks for the unifier of a pair of terms, or collection
of pairs of terms, which in the context of a logic is a substitution under which two
formulas become equivalent in the logic. This, however, can be reformulated as
the problem of finding a substitution under which a formula becomes derivable.
Such substitutions are called the unifiers of a formula.

In classical propositional logic every consistent formula has a unifier, because
every satisfying valuation corresponds to a ground unifier that replaces the
atoms in the formula by T or L. A substitution is a mazimal unifier (mu) of
a formula if among the unifiers of the formula it is maximal in the following
ordering:

T < 0 =, In(T =L T0),

and it is a most general unifier (mgu) if it is also unique modulo =, which is the
intersection of < and >. Here = is the equivalence relation on substitutions
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associated with the logic: o = 7 if and only if o(p) <> 7(p) is derivable for all
atoms p. If 7 < o we say that 7 is less general than o.

Mgus generate all unifiers of a formula, which is the reason that they play
an important role in unification theory. In classical propositional logic every
unifiable formula has a mgu, but this no longer holds for intermediate and modal
logics, as was first observed by Ghilardi [8, 9]. For modal logics, which will be
the logics this paper is concerned with, the formula Op VvV O—p is an example of
a formula that has two unifiers such that neither one is less general than the
other, namely og(p) = T and o1(p) = L. Thus this formula has no mgu. But,
as Ghilardi showed in [9], for many transitive modal logics, something almost as
good holds: instead of unitary unification these logics have finitary unification,
which is defined as follows.

A complete set of unifiers for a formula is a set of unifiers such that every unifier
of the formula is less general than a unifier in the set. It is minimal if no two
unifiers in the set are comparable with respect to <. A logic has unification type

[¢]

unitary if every unifiable formula has a mgu,

[¢]

finitary if every unifiable formula has a finite complete set of mus,

[¢]

infinitary if every unifiable formula has a (in)finite complete set of mus,

[¢]

nullary if none of the above.

The classes are meant to be disjunct. For example, in a logic of unification type
infinitary there exists at least one formula that has no finite complete set of
mus. As was mentioned above, classical logic has unitary unification type, and
several transitive modal logics, including the well-known logics K4, S4, and GL,
have finitary unification. For example, in the example above {og, 01} is a finite
complete set of mus for Op vV O-p in K4, S4, as well as GL.

In this paper we extend these results to the negationless fragment of S4. How-
ever, our aim is not so much to extend Ghilardi’s results to this fragment, an
extension that is not terribly interesting and might have been obtained from
existing work on S4 anyway, but rather to give a proof-theoretic analysis of
unification in transitive modal logics.

Let us first describe how Ghilardi proves that S4 and several other modal logics
have finitary unification. In [9] it is shown that if A satisfies a certain semantical
property (the extension property), it has a mgu. Then it is proved that for every
formula A there exists a finite set of formulas with the extension property,
forming the projective approximation I14 of A, such that every unifier of A is
less general than one of the mgus of the formulas in II4. These two theorems
then establish the finitary unification of S4.

Ghilardi uses semantics in the form of Kripke models to prove these theorems (in
fact, his results stem from a categorical approach to unification in logic). Our
Theorems 1 and 3 and Lemma 8 can be viewed as proof-theoretic analogues of
these theorems. They provide a syntactic closure condition on formulas which



is sufficient for having a mgu. And they show that in S4 and its negationless
fragment, there is for every formula A a finite set of formulas that satisfy the
closure condition and such that every unifier of A is less general than one of the
mgus of the formulas in that set. Observe that this indeed proves that these
logics have finitary unification (Corollary 2).

Besides providing a proof-theoretic treatment of unification, another aim is to
clarify the relation between unifiers and valuations. The mgus that play an
important role in unification in modal logic often are projective, where a unifier
o of a formula A is called projective if A F o(p) + p for all atoms p, that is,
if A implies that the substitution is the identity. The projective unifiers that
Ghilardi introduced in [9] are compositions of substitutions of the form

_ Anp ifpéegl
Ul(p):def{ A—p ifpel,

where I is a set of atoms. It is not difficult to see that o is a projective unifier
of A in classical propositional logic whenever A is valid under the valuation

0 ifpel
vr(p) dﬁf{ 1 ifiil.

One could view Theorem 1 below as an analogue of this fact for modal logic.

At the end of the paper we apply these results to admissible rules, which are the
rules under which a logic is closed. Jefdbek proved in [19] that the modal rules
V° (definition in Section 6) form a basis for the admissible rules of any extension
of S4 in which they are admissible. In Theorem 4 we show that this result can
be obtained via syntactic methods as well and extend it to the negationless
fragment of S4.

The restriction in this paper to reflexive logics is, we think, not essential for a
proof-theoretic treatment of unification, but it seems to simplify the reasoning
at some points, and we therefore leave the general case (fragments of K4) for
future work.

Finally, let us briefly discuss other work on unification and admissible rules in
modal logic. We restrict ourselves to the results that are relevant for this paper,
and will therefore not discuss intermediate logics or multimodal logics. Rybakov
was the first to prove the decidability of admissibility for various modal logics,
including S4. Chagrov constructed a decidable modal logic which admissibility
problem is undecidable [2], and Wolter and Zakharyaschev did the same for the
unification problem [28]. As mentioned above, Ghilardi introduced the notion of
projectivity for formulas and unifiers, proved that various modal and interme-
diate logics have finitary unification and showed that projective approximations
can be found effectively [9]. The latter also holds for the irreducible projective
approximations from [14] that we use in this paper. Ghilardi also provided an
elegant algorithm for deciding admissibility of several modal logics. Jefabek in
[19] gave a basis for the admissible rules of various modal logics, including S4.
In [20] he showed that the admissibility problem of S4 and various other logics



is coNEXP-complete. Temhoff and Metcalfe in [14, 15] developed proof systems
for admissibility for K4, S4, and GL.

Dzik in several papers studied the lattice of transitive reflexive modal logics.
In [6] he showed that one can split the lattice in two parts in such a way that
one part, those logics that contain S4.2, contains all extensions of S4 that have
unitary unification, and that the other part contains all extensions of S4 that
have finitary unification. Dzik and Wojtylak showed in [7] that every logic
containing S4 has projective unification if and only if it contains S4.3, where a
logic has projective unification if every unifiable formula has a projective unifier.
In the same paper they also showed that among the extensions of S4.3 those
that are extensions of S4.1 are exactly those that are structurally complete.
The above provides but a short description of some of the literature on unifica-
tion in modal logic. For further references, see [1].

The inspiration for this paper is the proof-theoretic approach to unification in
intuitionistic logic as developed by Roziere in [26]. In [16] we have extended
these results to intermediate logics. I thank Emil Jefdbek, George Metcalfe,
and Paul Roziere for helpful remarks along the way, and an anonymous referee
for many comments that helped improve the paper.

2 The logics

The logics we consider are normal transitive modal logics that contain S4, as well
as the negationless fragments of such logics, which means those fragments that
do not contain L and — but do contain all other connectives. The results in this
paper are proved for the full logics, but the extension to the negationless frag-
ments is straightforward: inspection of the proofs shows that only implication
and conjunction are explicitly used.

P = {p1,p2,...} is the set of propositional variables (also called atoms) and
p,q,r,s denote arbitrary elements of P. In the case that L is part of the lan-
guage, p,q,r,s range over PU{L}. A, B,C denote formulas. F(p1,...,pn) is
the set of formulas in which only atoms in {p1,...,p,} occur. We use I', A to
denote finite sets of formulas. Sequents are expressions I' = A, thus pairs of
finite sets of formulas. In the case that 1 and negation do not belong to the
language, we require that A is not empty. S ranges over sequents. A sequent
is irreducible if it only contains atoms, boxed atoms (Op for an atom p), and
L. A formula is irredicuble if it is of the form I(S) for an irreducible sequent S.
S, G, H range over finite sets of sequents.

‘Pg denotes the set of atoms that occur in G, and if L is present and occurs in
G, Pg also contains L. ng is the minimal n for which all atoms in G are among
Piy---sPn-

We need the following notation, where v stands for variable, b for box, i for
interior, a for assumption, and ¢ for conclusion:

M=,{plpel} e = {0Op | Op €T} r = {p|Opel)}



TC=A)=,T T=A°=,A
Skt =, (Sk)l ke€{a,c} le{a,c,v,b,i}.

For example, S? is the set of boxed atoms in the antecedent of S. Sequents are
interpreted as formulas in the usual way: I(S) = (A S* — \/ S¢). For notational
convenience we sometimes write S for I(S), for example in S, which thus
should be read as = A S* — \/ S¢. Also expressions like “S is derivable” are
short for “I(S) is derivable”. The following sets play an important role in what
follows.

Bg = | (5" 15€G} x¢{=.,{p|GFI(Bs=p)}

Sets of sequents are interpreted as conjunctions and we sometimes use the non-
calligraphic version of a letter to denote the corresponding boxed formula:

1G) = \ 1(5) G =, DI

Seg

When we speak of the unifiability of G, we mean the unifiability of G. Note that
reflexivity implies that - G — I(G).

We assume that the logics are given by consequence relations. In the setting of
rules it is convenient to consider multi-conclusion finitary structural consequence
relations, which are relations - between finite sets of formulas satisfying

reflexivity Ak A,

weakening ifT'HA, then TV, T'F A, A,

transitivity if TH A, Aand TV, A+ A/, then IV, T+ A, A/,
structurality if ' B A, then o' F oA for all substitutions o.

A finitary single-conclusion consequence relation is a relation between finite sets
of formulas and formulas satisfying the single-conclusion variants of the four
properties above. Thus for single-conclusion consequence relations the conclu-
sion of a rule cannot be empty.

The theorems of (the logic given by) a consequence relation - are those A for
which () F A, which we denote by + A, holds. There are many consequence
relations that correspond to a single set of theorems. Here we do not require
much of the consequence relation, except that A | OA holds for all A, and if
AT — A holds in the logic, then ' k| A holds for the consequence relation F.
A (multi-conclusion) rule is an expression of the form I'/A. It is derivable in a
logic given by consequence relation | if I' | A for some A € A, and admissible,
written I' v | A, if for all substitutions o, if T consists of theorems of L, then oA
contains a theorem of L. Note that a logic has the modal disjunction property
(FL DAV OB implies | A or k- B) if and only if {OpV Og}/{p, ¢} is admissible.
Given a set of rules R, F* is the smallest finitary structural multi-conclusion
consequence relation that extends F in which all rules in R are derivable. For
more on consequence relations in this setting, see [18].



3 Proof sketch

Given a formula A and a subset I of the atoms in A, consider the valuation vy
and substitution 04! given in the introduction:

. 1 ifpel _ A—p ifpel
”I(p):dff{o itpe I U?(p):‘“f{A/\p ifp .

It is not difficult to see that if S consists of atoms, then for A = I(S), if
vr(A) = 1, then F 0 (A). Also, A | 07(B) > B for all B. Therefore, in
case vy satisfies A, o4 is a most general unifier of A in L. For if | 7A, then as
TAFL70(B) <> 7B, also | T04}(B) > 7B. That is, 7 < o

Because the logics contain (the negationless fragment of) S4, the above argu-
ments extends in the following way to irreducible sequents S: if v7(S%’ U S =
Se) =1, then af(s) is a most general unifier of I(.5).

One of the key observations in the results below, Corollary 1, states that a set
G of irreducible sequents closed under the rules V° is projective. The projective
unifier of the formula G, where G = OI(G), is a composition of substitutions
of the form of, for some I. The main part of the proof of Corollary 1 is to
show that such a composition is a unifier for the formula, because the argument
above implies that if so, it is a most general one.

The proof that a certain composition o = o, ...01 of substitutions of the form
o is a unifier for G is based on the following simple observation. Writing &; for
On -..0; to prove oG, one has to show that k7157 = 7155 for all S; € G.

For this it suffices to show that for some i, > 1 and for all Sy € G:
L7159 = 1(54,55). (1)

This would namely imply that - 7,5¢® = &;,1(G) and thus that | 7,57 =
7i,G. And as the o; are such that - G — 0,—1...01G, an application of 7,
gives k| 7;,G = 1G. Thus k7,57 = G, which implies | 7,5¢* = 7,5,
as S1 € G. And thus | 715§ = 7157.

Repeating this argument shows that to prove (1) it suffices to show that for
some i3 > i9 and for all S3 € G:

bS89, 54,52 = I(5,,S3). (2)

Continuing this argument, one sees that in order to prove k| oG it suffices
to show that for all possible sequences Sy, ..., S, of sequents from G and all
numbers 1 < i5 < i3 < --- < 14, there is an j > i,, such that for all S € G:

FLE1SY, 54,550, ..., 5, S = 1(7;8). (3)

Reasoning as above in the simpler case, one sees that if for S = {S1,...,5;}, I
would be such that o; = ¢ and vy satisfies I(S® U S = S U (S N X%)),
then (3) holds. This explains the notion of strong satisfiability introduced below,
which requires that vy satifsies I(S®US* = SVU(S“NEE)) forall S € S CG.



The proof of Corollary 1 therefore consists of two parts: Lemma 8 stating that
closure under the rules V° implies strong satisfiability and Theorem 1 stating
that strong satisfiability implies projectivity. The rest of the paper shows how
to apply Corollary 1 to prove that certain (fragments of) logics have finitary
unification type and V° as a basis for admissibility.

4 Substitutions and valuations

The discussion above serves as a background for the definitions given below.
In this and the next section we consider an arbitrary finite set G of irreducible
sequents, and corresponding boxed formula G = OI(G). Without loss of gen-
erality we assume the set of atoms that occur in G to be Pg = {p1,...,Png}-
Most definitions are relative to G but for simplicity we do not always indicate
this in our notation. Observe that G derives OG and I(G) by transitivity and
reflexivity.

We fix an arbitrary enumeration Ji, ..., Jong of all subsets of Pg and I ranges
over arbitrary subsets of Pg. Valuation of the form v; have been defined at the
beginning of Section 3. We extend these to valuations for sequents S relative to
a set of sequents S C G: S is strongly satisfiable with respect to S if

51(S | S) Zuyvr (S USY = S U(STNEY)) = 1.

The empty sequent is interpreted as 1 and thus has no satisfying valuation.
The valuations are extended to sets of sequents in the usual way: 0;(S' | S) =1
if and only if 9;(S | §) =1 for all S € §'. We write 0;(S) for 9;(S | S). G is
strongly satisfiable if for all S C G there is an I such that 9;(S) = 1.

o and 7 range over substitutions that assign propositional formulas in the lan-
guage of L to atoms, and ¢ is the identity substitution. As usual, 7T' = {74 |
A €T} and 78 = (75 = 75°). The substitutions that we consider have finite
domains, where dom (o) denotes the domain of 0. We use the following notation:

0T =4y /\ (U(p) < T(p))'

pedom(o)Udom(r)
Observe that o <+ 7 is a propositional formula, and that
o < 7 implies - cA < TA.
Given a set of atoms I, the substitutions o;, @ and og are defined as

_ G—p ifpel
Ul(p):d“f{G/\p ifp 1.

= _ — =[g|+1
UzderJg~~~UJ1 ngdefO" | 5

where g is short for 2"9. Thus o is the composition of g(|G| + 1) substitutions.
The i-th substitution in og (reading from right to left) is denoted by o; and for



i < j, 0j...0;is denoted by o;;. We denote oy(|g|+1),i = Tg4(|G|+1) - - - O DY Ts.
For example, 03 = 0g12 = -+ = 0gg|42 = 0,, 01 = 0G, and Ty41 = 7191, We
denote by I; the set J; such that o; = o;,. Thus i = kg + j for some k. For
valuations we define:

Vi Zgep VI,

The rest of this section contains technical lemmas that we will need later on.
Lemma 1 Forallmandi< j: HFG — D(L o aj,i) and -7,G = 0;G.

Proof Observe that - G — OG holds because the logic is transitive. The first
equivalence in the first statement immediately follows from this. The second
equivalence follows from this and the fact that - O(B < C) — (A[B/p] <
A[C/p]) for any atom p.

The first statement implies that = G — o;_1;G, which implies - 7,G — 7;G.
0O

Lemma 2 For all S € G for which (S N 1) or (S U S*)\I is not empty,
H O'IS.

Proof We treat the case that S*\I is not empty, say it contains the atom p.
Thus Op belongs to S and since the logic is reflexive, S® implies p. p is under
oy replaced by G A p. Thus 0;5® implies G, and Lemma 1 and the fact that
S € G prove that it implies S¢, and ¢;.5¢ as well, which gives the result. O

For numbers i1, ...,;, sequents Sy, ...,S;, and formula A we define

F(il, e ,ij, 517 .. .,S]‘,A) = der I(Eileb,EizSgb, e ,E,S}lb = A) (4)

J

We write F'(i1,...,4;,51,...,5;,5) for F(i1,...,4;,51,...,5;,1(5)) when con-
venient. Recall that g is short for 279.

Lemma 3 For all S = {S51,...,5;} CGand 1 <iy,...,i; <h <g(|G] +1), if
”Dh(S) = ]., then FF(il,...,ij,Sl,...,Sj,I(UhS) /\I(EhS)) forall S € S.

Proof Suppose 95(S) = 1 and consider S € S. If (§* N I},) or (S U S¥)\ I},
is not empty, the previous lemma implies that 0,5 and thus 7,5 is derivable,
which implies what has to be shown. The case remains that Op € S¢ for some
p € X N1, Since G+ I(Bs = p), Bs = {S{*,..., 5%}, and p is under oy,
replaced by G — p, it follows that - I(7;, S{°, ... N SJ‘»‘b = opp) by Lemma 1.
Hence - I(11 5%, ..., TjS’]‘?b = o0p5). Writing 7, for oy, ;,, one readily sees that
also b I(m1 8%, ..., 784" = oup). Thus b I(7;,5¢°,...,5;,5" = Oopp) and
H I(Tleb,...,TjS?b = Oopp) as well. As Op € S, F I(Tleb,...,Tijb =
OopS). An application of G414 gives - F(i1,...,1;,51,...,5;,0195). O



5 Unifiers

In this section we show that strong satisfiability implies projectivity. The proof
of this fact is syntactic and does not use models. The definitions below are
relative to G, but we do not indicate this in our notation. Substitutions o
and o; have been defined in the previous section. For the intuition behind the
notions defined below we refer the reader to Section 3.

A sequence of m numbers followed by m sequents i1,...,%5,S1,..., Sy is ap-
propriate if m < |G|,

1= <g<ia <29 < < iy, <yg,

and the sequents are distinct and belong to G. It is G-sufficient if for all num-
bers j such that mg < j < (m + 1)g and 0;({S1,...,Sm}) = 1, the formula
F(i1,...,im,S1,.-.,Sm,0;G) is derivable, where F is defined in (4).

Lemma 4 If G is strongly satisfiable, then for any number k£ > 0 and every
appropriate sequence iy, . . . , iy, S1, . . . , Oy, there exists a natural number A such
that kg < h < (k+1)g and 9,({S1,...,5m}) = L.

Proof As G is strongly satisfiable, thereisa 1 < j < g such that 9;({S1,...,Sm})
equals 1. Since v; = vig4;, the lemma follows. O

Lemma 5 If G is strongly satisfiable then for all m < |G|: if all appropriate
sequences of length 2m are G-sufficient, then so are all appropriate sequences
of length 2m — 2.

Proof Consider an appropriate i1, . .., %,—1,51,. .., 9m—1 and let j be such that
(m—1)g <j <mgand 9;({S1,...,Sm-1}) = 1. It suffices to show that for all
S eg:

}—F(il,...,im_l,Sl,...,Sm_l,EjS). (5)

If S € {S1,...,5nm-1}, then (5) follows from Lemma 3. If, on the other
hand, S & {S1,...,Sm—1}, then i1,...,4,-1,7,51,...,5m—1,5 is an appro-
priate sequence of length 2m. By Lemma 4 there exists a number A such that
mg < h < (m+1)g and 9,({S1,...,Sm-1,S5}) = 1. Therefore by G-sufficiency
= F(ilv cee 7im717j3 S17 LR Smfla S,EhG).
Since -7, G — 7;G and S € G, this implies that
= F(il, ey tm—1,7,51, -+ Sm—1, S,EjS).

Hence - F(i1,...,%m-1,51,...,5m—1,0;5), which is what we had to show. O

Lemma 6 If S € G and 1, S is G-sufficient, then - 75.



Proof By Lemma 4 there exists an 1 < ¢ < g such that 9;,({S}) = 1. Therefore
F Ad15* — 7;G. Since F 7;G — 71G by Lemma 1, this gives - A7,5* —
71G. As S € G, =715 follows, that is, - 0gS. ]

Lemma 7 Every appropriate sequence of length 2|G| is G-sufficient.

Proof Let |G| = m and consider an appropriate sequence i1, . ..,%m,S1,-.,Sm
and let j be such that mg < j < (m + 1)g and 0;({S1,...,Sn}) = 1. Because
m = |G| and the S; are distinct, {S1,...,S,} = G. Therefore by Lemma 3,
FFE(1, . tm, S, .., Sm, 0;5) for all S € G. This implies that the sequence is
G-sufficient. a
Theorem 1 If G is strongly satisfiable, then - 0 G.

Proof By Lemma 7 every appropriate sequence of length 2|G| is G-sufficient.

By repeated application of Lemma 5 it follows that 1, .S is G-sufficient for every
S € G. This implies F 0¢S by Lemma 6. Hence F 0¢G. o

6 Rules and satisfiability

In the following we use I'y 0A = A = A as an abbreviation for the sequence of

two sequents (I',0A4, A = A),(I' = A,0A,A),and O{Ay,..., A} = {A1,..., A}

for OA; = A,,...,04,, = A,. Furthermore, resolution proofs are sequent
derivations in which every sequent contains only atoms, and every inference is
a cut.

Jetdbek in [19] showed that the following rule is a basis for the admissible rules
of S4, and obtained similar results for other modal logics.

{or =T =0A}
{Or=p|pecA}

We provide another proof of this fact and extend it to the negationless fragment
of S4. We prove it by showing that closure under V° is a sufficient condition
for strong satisfiability. A set of irreducible sequents G is closed under V° if for
all instances of V° with irreducible hypothesis OI' = I" = A that only contains
atoms that belong to Pg, if G derives every (formula corresponding to a) sequent
in O =T = A, then there is a p € A such that G derives OI" = p.

Lemma 8 If G is a consistent set of irreducible sequents closed under V°, then
G is strongly satisfiable.

Proof Arguing by contraposition, suppose that for some S C G, 9;(S) = 0 for
all I. Thus there exists a resolution proof from the set of sequents

{S™ U ST = S U (SNSY) | S e S}

10



that ends in the empty sequent. For clarity we denote, in this proof, the sequents
in the resolution proof by C and call them clauses. We can assume that no atom
in a clause belongs both to the antecedent and the succedent. We are going to
associate with every clause C' in the refutation a sequent S¢ derivable from G
such that

S@uSECCr SPU(SENRg) CCv.

The antecedent of such a sequent can contain atoms, boxed atoms, and formulas
of the form p = Op, and the succedent consists of atoms and boxed atoms only.
For the initial clauses C, S¢ is the sequent to which C' corresponds. For a cut on
clauses C7 and C5 with corresponding sequents S7 and S, there are the following
four possibilities. Let C' be the clause resulting from the cut. First, if p € S{¥
and p € S3Y, then S¢ is the result of applying a cut to the sequents S; and
So with cutformula p. Second, if p € S¢* and p € S§%, then S¢ is the result of
applying a cut to the sequents S; and Se with cutformula Op. Third, if Op € S§
and p € 59, then because of reflexivity, G derives S| = (S§ = p, S{\{Op}), and
Sc is the result of a cut on S| and Se with cutformula p. In the remaining
fourth case, p € S{ and Op € S§, we put

Sc = S3\{Op} U ST U{Op = p} = ST\{p}US;.

Note that S¢ is derivable from G if S; and Sy are. Also note that for all Op = p
that occur in S, Op € Bg.

Now Sp is of the form OI' =T = OA, for which AN Eg is empty. If A is empty,
then G derives all sequents in OI' = I' =, which would make G inconsistent.
Therefore A is not empty. As G is closed under V° there exists a p € A such
that G derives (OT" = p). Hence p € AN Eg, contradicting A N Eg =0. |
Combining the previous lemma with Theorem 1 gives a necessary condition for
projectivity.

Corollary 1 If G is a consistent set of irreducible sequents closed under V°,
then G is projective.

Theorem 2 If V° is admissible in L and G is a consistent set of irreducible
sequents, then G is closed under V° if and only if G is projective if and only if
o¢ is a unifier of G if and only if G is strongly satisfiable.

Proof We prove the first equivalence. The direction from left to right is Corol-
lary 1. For the other direction, let o be a projective unifier of G and suppose
that G derives (OT' = T' = OA), meaning the conjunction of all the sequents of
the sequence (OT =T = OA). Thus ¢(O =T = OA) is derivable in L. Hence
so is o(OI" = p) for some p in A. Therefore G derives (OI' = p). m

7 Unification types

In this section we use the previous results to show that in S4 and its negationless
fragment, as well as in all their extensions, admissibility of V° implies finitary

11



unification. For S4 and its extensions this was first shown by Jefdbek in [19]
by semantic means. The use of projective formmulas in this setting goes back
to Ghilardi [9]. In our approach, that is also based on this key idea, we use a
method developed in [14, 15] that first reduces a formula to a set of irreducble
sequents and then to sets of irreducible sequents closed under V°. From the
previous paragraph we know that thus the formulas corresponding to the last
sets are projective. This then will prove the finitary unification of the logics, as
we will see below.

Recall that an irreducible formula is a formula of the form I(S), where S is
irreducible, and that F(p1,...,py) is the set of formulas in which only atoms in

{p1,...,pn} occur.

Lemma 9 For every n and every set of formulas I' C F(ps,...,pn), there exists
a finite set of irreducible formulas IT such that for every A C F(p1,...,pn):

1. O ~ A if and only if OIT ~ A
2. O FY°A if and only if OIT FV°A,

3. I' - A\ oIl for some o that is the identity on F(p1,...,pn)-

Proof It is easier to consider T" and II as sets of the form {I(S) | S € H} for
some set of sequents H. We start for T’ with H = {(= A) | A € T'}. We follow
the method of proof of a similar lemma in [4]. The length of a formula is the
number of symbols occurring in it. Let ml(H) be the multiset of the lengths of
the formulas in the sequents in H. We prove the lemma by induction on mi(#),
using the multiset ordering. At every step we construct a new set of sequents
H’ such that (1) and (2) hold and mi(H') < mi(H), untill H' is irreducible.
This will prove the lemma by taking {I(S) | S € H'} for II.

If mi(H) < 1, H consists of irreducible sequents, and we can take H for H'.
Therefore suppose ml(#) > 1 and consider a formula A in a sequent S € H
that has length greater than 1. Thus A is not an atom or a boxed atom. If
A= (BAC)and A € S we replace S by (S°\{A4}, B,C = 5¢), and if A € S°¢
we replace S by (5% = S°\{A}, B) and (S* = S°\{A},C). Similarly if A
is a disjunction or an implication. For H’ being the result of applying this
replacement, (1) and (2) clearly hold.

Suppose A = 0OB. If A € S¢ we choose a fresh atom p different from py,...,p,
and replace S by S; = (5% = S\{A},0p) and Sz = (p = B). If A € 5%,
S is replaced by S1 = (S*\{A},0p = S¢) and S2 = (B = p). In both cases
call the result H' and note we have OI(S1) A OI(S2) F OI(S) and therefore
OI(H') - OI(H). Note that there is a substitution o that is the identity on
Di,...,pn such that I(H) F I(cH'). Namely, all such substitutions for which
o(p) = B. This implies (3).

The direction from left to right of (1) and (2) holds as OI(H’) F OI(H). For
the other direction of (1), consider a unifier 7 of OI(#). This can be extended
to a unifier 7/ of 0S; and OS5 by putting 7/(p) = B. Thus  7/C for some
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C € A. As 7 equals 7 on A, b 7C follows, proving that OI(H) ~A. To
prove the direction from right to left of (2), assume that OI(H') FV°A. For
the substitution o defined in the previous paragraph OI(c?’) FY°A holds by
structurality and the fact that o is the identity on A. As I(H) + I(ocH’) and
the logic is reflexive, OI(#) FY"A follows. 0

The following lemma has essentially been proved in [14].

Lemma 10 For every set of irreducible formulas II there exist sets of irreducible
formulas IIy, ..., II,;, such that the ATI; are projective and for all :

A= ATHYA{IL, .. I, )

Proof As in the previous proof, it is easier to consider II and II; as sets of the
form {I(S) | S € H} for some set of sequents H, starting with H = {(= A) |
A € 11} for II. Define the following (rewrite) relation on finite sets of finite sets
of irreducible sequents in L4, where X and Y range over such sets:

XUu{gu{r=r=0A}}—»XU{GUu{Ol'=T = 0A,00' = p} |p e A}.

Slightly ambiguous, we also use — for the transitive closure of this relation. A
set of sequents G is in —-normal form if there is no H O G such that G — H.
As the number of atoms in H is finite and all sequents involved are irreducible
and contain no atoms than those in H, there are Hy,...,H, such that {H} —
{H1,...,H,} and the H; are in —-normal form. Observe that the latter means
that the H; are closed under V°, and thus that I(#,;) is projective by Corollary 1.
Let IT; = {I(S) | S € H;}. Thus AII; is projective. It is easy to see that they
satisfy the other properties in the lemma as well. O

Combining the previous two lemmas gives the following theorem.

Theorem 3 For every n and every set of formulas ' C F(p1,...,pn), there
exist sets of irreducible formulas IIy,...,II,, such that all ATI; are projective
and for every A C F(p1,...,DPn):

1. O FY°A if and only if OIL; FY°A for all i.

2. T FY{A\oly,..., \oll,,} for some o that is the identity on F(p1, . .., pn).

Proof Given T, construct Il and ¢ as in Lemma 9 and then sets of irreducible
formulas Iy, ...,II,, as in Lemma 10. Using that the logics are reflexive and
that A+ OA for all A, it is easy to see that (1) holds. For (2), observe that by
Lemma 10 and structurality we have oTI FV{ A oTl1, ..., Aoll,,}. AsT + A oll,
(2) follows. a

Corollary 2 If V° is admissible in L, then every formula has a finite complete
set of unifiers in L.
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Proof Given a formula A, let 11y, ..., I, be as in Theorem 3, where I' = {A},
and let o} be the projective unifier of AII;. Let o; be equal to o} on the atoms
in A and the identity everywhere else. We verify that {o1,...,0,} is a complete
set of unifiers for A. Therefore suppose that | 7A. Then for ¢ as in (2) of
Theorem 3, 7T FV {7011y, ..., 701l,,}. Thus - A 7oll; for at least one i < n by
the admissibility of V°. Hence 70 < o}. Thus 7 < 0. O
The previous corollary implies the following corollary, which for full S4 has been
proved by Ghilardi in [9].

Corollary 3 S4 and its negationless fragment have finitary unification.

8 Admissible rules

This last section of the paper contains some applications of the previous results
to admissible rules. A set of rules R is a basis for the admissible rules of a logic
L if

I ~MA & THRA.

Thus intuitively, R is a basis if all admissible rules can derived from those in R.

In intermediate logics all consistent formulas are unifiable, but this is no longer
the case in modal logic. This leads to the notion of passive admissible rules,
which are admissible rules for which the hypothesis (AT) has no unifier. 1/A
is a typical example of such a rule, and (I' = OI' =)/A is another example in
reflexive logics.

A logic is structurally complete if all single-conclusion admissible rules are deriv-
able, and almost structurally complete if all nonpassive single-conclusion admis-
sible rules are derivable [7]. A logic is hereditarily (almost) structurally complete
if all its extensions, including the logic itself, are (almost) structurally complete.
Jetdbek has proved the following theorem for full S4 [19]. Using the techniques
in this paper it can also be proved in the following way, also for the negationless
fragment.

Theorem 4 In any extension of S4 or its negationless fragment, the rules V°
form a basis for the admissible rules once they are admissible.

Proof Assume that V° is admissible and consider " | A. Then by Theorem 3
there are IIy,...,II, such that ATII; is projective and II; A for all ¢, and
O FY°A if and only if OIT; FY°A for all i. The projectivity of the II implies
that for all 4 there is an A; € A such that A IL; F A;, and therefore A OII; F A;.
Hence OII; - A, and thereby O FY°A. This proves that V° is a basis for
admissibility. ]

Corollary 4 V° is a basis for the admissible rules of 5S4 as well as for its nega-
tionless fragment.

14



Dzik and Wojtylak prove in [7] that any extension of S4 has projective unification
if and only if it contains S4.3, where S4.3 is the logic S4 extended by the principle
O(0A — OB) v O(OB — 0OA). This implies that S4.3 is hereditarily almost
structurally complete. Here we provide another proof of the last result and
extend it to fragments.

Theorem 5 54.3 and its negationless fragment are hereditarily almost struc-
turally complete.

Proof Let L be an extension of S4 or its negationless fragment. The fact that
S4.3 is complete with respect to transitive reflexive Kripke frames in which every
two nodes are compatible (zRy or yRx holds) is easily seen to imply that all
non passive instances of V° are derivable in L. Theorem 4 now shows that all
non passive admissible rules are derivable. O
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