Uniform interpolation and the existence

of sequent calculi

Rosalie Iemhoff

Utrecht University,
Janskerkhof 13, 3512 BL, the Netherlands,

r.iemhoffQuu.nl

September 27, 2018

Abstract

This paper presents a uniform and modular method to prove uniform interpola-
tion for several intermediate and intuitionistic modal logics. The proof-theoretic
method uses sequent calculi that are extensions of the terminating sequent cal-
culus G4ip for intuitionistic propostitional logic. It is shown that whenever
the rules in a calculus satisfy certain structural properties, the corresponding
logic has uniform interpolation. It follows that the intuitionistic versions of K
and KD (without the diamond operator), as well as several other intuitionistic
modal logics, have uniform interpolation. It also follows that no intermediate or
intuitionistic modal logic without uniform interpolation has a sequent calculus
satisfying those structural properties. Thereby establishing that except for the
seven intermediate logics that have uniform interpolation, no intermediate logic
has such a sequent calculus.
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1 Introduction

In (Pitts, 1992), Andrew Pitts established that intuitionistic propositional logic IPC has
uniform interpolation. His proof was the first syntactic or proof—theoretic proof of a result
of that kind. This paper shows that several intermediate and intuitionistic modal logics
have uniform interpolation by providing a direct connection, for a given logic, between the
property of having uniform interpolation and the existence of sequent calculi for the logic.
The method developed to prove these results is uniform, and, perhaps more importantly,
provides a way to prove negative results concerning proof systems: logics without uniform
interpolation cannot have sequent calculi of a certain form. The methods used in this paper
are proof—-theoretic, uniform and modular, and are inspired by Pitts’ proof-theoretic proof
from 1992.

Uniform interpolation is a strengthening of interpolation, and a logic L is said to satisfy or
have the property if the propositional quantifiers Jp and Vp are definable in the logic, where



dpy and Vpy are defined by requiring that they do not contain p and are such that for all
1 not containing p:

FLe—= Y & Fdpp =9 FLYy =20 & FyY— Vpp.

This implies that - ¢ — Jpp and F Vpp — . Therefore, Ip; ... Ip,p is an interpolant for
any derivable implication ¢ — v for which 1 does not contain any p; and all other atoms
in ¢ occur in . This shows that uniform interpolation implies interpolation. It also shows
that dp; ... dp,y is an interpolant that does not depend on the structure of the consequent
of an implication, just on the variables it contains. Likewise, Vp; ...3dp, is an interpolant
that does not depend on the structure of the antecedent of an implication. In the literature,
Jp is also called the post or right interpolant and Vp the pre or left interpolant.

Uniform interpolation as a property is stronger than interpolation, as there are modal logics,
for example S4 and K4, that do not satisfy the stronger property, but do have interpolation
(Ghilardi and Zawadowski, 1995; Bilkova, 2007).

In (Temhoff, 2018), a method has been developed to prove uniform interpolation for any
modal logic with a sequent calculus consisting of so—called centered and centered modal
rules’ This method provides a single framework via which to prove in a uniform way existing
and new results on uniform interpolation, such as the result from (Bilkovd, 2007) that K
has uniform interpolation and the new result that KD has uniform interpolation. But the
most important use of the method lies in its contraposition: it implies that no logic without
uniform interpolation has a sequent calculus consisting of centered and centered modal rules.
Since there are many modal logics without uniform interpolation, it follows that none of
these logics can have a calculus of this kind.

In this paper we extend the method of (Temhoff, 2018) to intermediate and intuitionistic
modal logics, where the latter are modal logics that contain IPC. This is not a straightforward
extension, since in contrast to CPC, already for IPC itself the proof of uniform interpolation
is highly nontrivial. The intricate proof in (Pitts, 1992) makes use of a terminating calculus
for IPC developed independently by Dyckhoff (1992) and Hudelmaier (1988, 1992, 1993)
and, much earlier in a somewhat different form, by Vorob’ev (1952, 1970). In Iemhoff
(2017) we have extended that calculus to terminating calculi for intuitionistic modal logics,
and these are the calculi we use in this paper. Our method is uniform in the sense that it
does not establish uniform interpolation based on a specific calculus, but based on certain
structural properties that the calculus has to satisfy. In this way one can prove uniform
interpolation for several logics at once, namely for all those that have calculi that satisfy
these requirements.

We show how via our method Pitts’ result can be obtained, that the method can be ex-
tended to other intermediate and intuitionistic modal logics, and show that the diamond—free
fragments of what in the literature are called iK and iKD?, have uniform interpolation.

1.1 Main aim

Rather than proving uniform interpolation for intermediate and intuitionistic modal logics,
the main aim of the paper is in fact the opposite: to prove that intermediate and intu-
itionistic modal logics without uniform interpolation do not have certain sequent calculi.
The idea is simple. We provide sufficient conditions such that whenever a calculus satisfies

n that paper we used the word focussed instead of centered.
2There is no complete consensus on terminology in the field of intuitionistic modal logic. Refer-
ences and alternative names will be provided in Section 8.



these conditions its logic has uniform interpolation. So that for a logic not having uniform
interpolation it can be concluded it does not have a calculus satisfying those constraints.
Thus this enterprise can be viewed as a possible approach to establish what, if any, sequent
calculi nonclassical logics can have. The calculi we are interested in here are calculi with
good properties, meaning without a cut rule and satisfying some form of the subformula
property. From the definition of centered and centered modal rules below it will be clear
that the calculi we consider have such properties.

Although in this paper we focus on sequent calculi, we conjecture that our method can be
adapted to certain other proof systems as well. The general idea being that a proof system
with certain structural properties (such as the subformula property or closure under weak-
ening) implies that the corresponding logic has certain regular properties (such as uniform
interpolation). The more general the requirements on the proof system, the stronger the
result. This works in both ways: If many logics have a proof system with certain structural
properties, then the method establishes that many logics satisfy the corresponding regular
properties, and if many logics do not satisfy certain regular properties, as in the case of uni-
form interpolation in intermediate logics, then the method shows that none of these many
logics can have a proof system with the corresponding structural properties.

In this paper the regular property is uniform interpolation, and the proof systems are ex-
tensions of G4ip and G4iKg by centered and centered modal rules, notions that are defined
below. Since there are only seven intermediate logics with uniform interpolation, our method
in particular shows (Corollary 5.0.2) that except for these seven logics, no intermediate logic
has a sequent calculus of that particular form.

1.2 Related work

In the literature there is quite some work on uniform interpolation for classical modal logics
and intermediate logics, but for intuitionistic modal logics far less is known. In this section
we discuss some results from these areas that are relevant to our results.

For several modal logics, uniform interpolation has been established in various ways. The
results on K and GL by Shavrukov (1993) and Visser (1996a,b) obtained around the same
time as Pitts’ result, used semantic techniques. This is in contrast to Pitts’ result for IPC,
which is syntactic in nature. A similar syntactic method was shown to apply to K, T, GL,
and S4Grz in (Bilkovd, 2006, 2007) and to substructural logics in (Alizadeh et al., 2014).
An algebraic or categorical approach can be found in the work of Ghilardi and Zawadowski
(1995, 2002) and van Gool et al. (2016). The former proved that S4, which has interpolation,
does not have uniform interpolation, a fact used by (Bilkovd, 2006) to show that neither
has K4. In (Maksimova, 1977) it has been shown that there are only seven propositional
intermediate logics with interpolation, and Ghilardi and Zawadowski (2002) showed that
there are exactly that many logics with uniform interpolation. In the algebraic setting, the
quantifiers Vp and Jp can be seen to be adjoints of a certain embedding operation.
Propositional quantification in modal and intuitionistic logic has been studied in various
contexts. Since there are several possible ways to define quantification, one has to be careful
in comparing the different approaches. In (Polacik, 1998) it is shown that the uniform
interpolants as defined above do not coincide with topological quantification. The paper
(Kremer, 1997), in which it is proved that a certain version of propositional quantified
intuitionistic logic is recursively isomorphic to full second order classical logic, is a good
source for references to the literature on the topic.

Several intuitionistic modal logics have been introduced in the literature. Often, they consist



of the modal axioms of well-known classical modal logics, but with intuitionistic logic as the
underlying propositional logic (Bellin et al., 2001; Bierman and de Paiva, 2000; Bozi¢ and
Dosen, 1984; DosSen, 1985; Simpson, 1994; Wolter and Zakharyaschev, 1999). Litak (2014)
provides a nice overview of the work of the Georgian School on intuitionistic modal logic,
in particular on fixed point theorems for such logics.
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2 Preliminaries

2.1 Language and sequents

The logics we consider are (modal) propositional logics, formulated in a language £ that
contains constants T and 1, propositional variables or atoms p, ¢, r,... and the connectives
A, V, -, —, and the modal operator (I in case of modal logics. F denotes the set of formulas
in £ and M is the set of all finite multisets of formulas in F. Given a set of atoms P, F(P)
denotes all formulas in £ in which all atoms belong to P. The language L4 is defined to
be the extension of £ with propositional quantifiers Vp and Jp for every atom p, and F is
the set of formulas in that language.

Sequents are expressions of the form I' = A, where I' and A are finite multisets of formulas
in Fgf, which are interpreted as I(I' = A) = (AT — \/ A). We say that a sequent is in £
when all its formulas belong to £. In this paper we only consider single-conclusion sequents,
meaning that the succedent A contains at most one formula. We denote finite multisets by
', A, 3. We denote by I' UTI the multiset that contains only formulas ¢ that belong to
I" or IT and the number of occurrences of ¢ in I' UII is the sum of the occurrences of ¢ in I
and in II. In a sequent, notation II,T" is short for I' UII. We also define (a for antecedent,
s for succedent):
T=A)=4T (T=A)°=,A.

Expression Sy C S denotes that S§ C S{ and S§ C 57, and Sy C S denotes: S§ C S{ and
S§ €S53, or S5 C S7 and S§ C S{. When sequents are used in the setting of formulas, we
often write S for I(S), such as in - \/, S;, which thus means - \/, I(S;). Multiplication of
sequents is defined as

S1 Sy =4 (ST USS = S7US3).

For a multiset ', OT" and BT denote the multisets {Op | ¢ € T'} and ' U AT, respectively.
Cy is short for ¢ A O, but if the expression occurs as an element of a sequent it stands for
©, Oy. For example, (', D¢ = A) should be read as (T, Oy, ¢ = A). For a sequent S, we
define

05 = ({Op | € 5%} = {Ow | ¥ € 5°)) B5 =, ({Bp | p € 57} > (B | ¥ € 5°)).

This implies that O(F' =) = (OT =) and O(= A) = (= OA), and similarly for &.

The set Fex is the smallest set of expressions that contains all formulas in the language £,
is closed under the connectives (and modal operator, if present), and if S is a sequent in £
and p an atom, then ¥pS and JpS belong to Fex. For example, when S is a sequent in £ and
¢ a propositional formula, then (¢ — IpS) belongs to Fex, as does O(p A VpS), but Ip3qS



does not. The interpretation of Fe into Fys is the identity on formulas in Fgf, commutes
with the connectives and the modal operator and interprets quantified sequents as

VpS =4 VpI(S)  IpS =4 3p(/\ 5.

We say that a sequent is in Lex when all its formulas belong to Fey.

2.2 Rules and instances

For a proper treatment of our proof systems we need to make a distinction between the
object—language and the meta—language, where the latter is the language in which the se-
quent calculi will be defined. £ consists of infinitely many formula symbols 3, ¥, X, @1, @a, - - - »
constants T and L, the connectives A,V, -, —, and the modal operator [ in the case of
modal logics. The set F of metaformulas in this language is defined as usual: the constants
and all formula symbols are meta—formulas, and if ¢ and 1) are meta—formulas, then so are
WA, eVh,  — 1 and ~@. M is an infinite set of symbols for meta—multisets, the elements
we denote by T',TI, A, . A meta—sequent S is an expression S = (X = Y), where X and Y
are finite multisets consisting of elements in F U M.

A substitution o is a map from F UM to F UM that maps constants to themselves, meta—
formula to formulas, that commutes with the connectives and modal operator, and that
maps meta-multisets to multisets of formulas. Thus o[F] C F and o[M] C M. Sub is the set
of all substitutions. Given finite multisets X and Y of elements in F UM, we write 0 X for
{cA|Ae X}, and o(X = Y) for (6 X = oY). Since in this paper only single-conclusion
sequents are considered, for a substitution o that is applied to X =Y, it is tacitly assumed
that in case Y consists of a meta—multiset symbol A, ¢ maps A to a multiset that contains
at most one formula.

2.3 Sequent calculi and rules

A sequent calculus is a set of rules, which are expressions of the form

9|

1 Sy ... g”:n
So (1)

for some meta-sequents So, S1,...,S,. It is a right rule if §3 contains a meta—formula and
a left rule if §8 does. Thus if Sp = (I = A) for meta—multisets T’ and A, then the rule
is neither left nor right. But if we assume, and we will do so in this paper, that no rule
in a calculus has a conclusion that consists of meta—multisets only, then this possibility
disappears and all rules are left or right (or both). A rule is called an aziom in case there
are no premisses. Thus axioms are considered to be special cases of rules.

For any substitution o, the inference

Ugl 0'?2 N Jgn

R
O’So ?

is an instance of R. Throughout this paper we denote rules by R and instances of rules by
R. Given a rule R, Ri,s denotes the set of instances of R.
An example of a rule could be B
I'=s—-——p
=9



Two possible instances of the rule are

¢.qr=p=-—p  F (i A)
an7r_>p:>p :Tl/\'rQ

with respective substitutions o1 and oy, where

o1(®) =p o1(T) ={q,q,r = p} 02(@) =11 A2 02(T) = 2.

When a rule comes with a side condition, such as the axiom

I''e =7 (pisan atom),

the side condition has to be interpreted as a restriction on the substitutions that correspond
to the instances of the rule. In the example, this would mean restricting the instances of
the axiom to those substitutions that map ¥ to an atom.

A sequent S is derivable in a sequent calculus G, written ¢ S, if there is a finite tree labelled
with sequents such that every leaf is an instances of an axiom in G, the root is the sequent
S and every node that is not a leaf is the conclusion of an instance of a rule in G and the
premisses of that instance are exactly the labels of the immediate successors of the node. A
sequent is free if it is not the conclusion of any instance of any rule.

2.3.1 Principal formulas and sequents

In the definitions and proofs below we often use a case distinction based on a sequent being
or not being principal for an instance of a rule, a notion that is defined as follows. Every
instance of any rule in this paper comes with the notion of principal formulas, which are
one or more formula occurrences singled out in the conclusion of the instance, and which
are defined per rule. A sequent S is principal for an instance R of a rule if the conclusion of
R is of the form S’ - S for some sequent S’ and all principal formulas of R occur in S. For
example, suppose R has conclusion (I, = A) and ¢ is the principal formula of R, then
any sequent of the form (I, p = A’), where (I' = A’) C (I' = A), is principal for R.

2.3.2 Convention

As is often done implicitly in papers on proof systems, to keep the notation light, from now
on the terminology for the object—language is also used for the meta—language: over scores
and the word “meta” are omitted, trusting that it will always be clear from the context (or
does not matter) which language we are concerned with. For example, an axiom such as
T,% = P, A will simply be written as ', ¢ = ¢, A.

2.4 Logics

Logics are considered to be given as consequence relations closed under substitution, where
F_ denotes the consequence relation for logic L. Thus k| is a relation between sets of
formulas and formulas, where I | ¢ means that formula ¢ follows in L from the set of
formulas I". If | ¢, then ¢ is a theorem of the logic.

An intermediate logic is a logic in the language of propositional logic such that its set of
theorems contains the theorems of IPC and is contained in the set of theorems of classical
propositional logic CPC. An intuitionistic modal logic is a logic in the language of modal



logic (the language of propositional logic plus the operator () such that its set of theorems
contains the theorems of IPC. Every logic in this paper is either an intermediate logic or an
intuitionistic modal logic.

In this paper all logics are defined via sequent calculi. Given a sequent calculus G and set
of sequents S U {S}, S k¢ S denotes that S is derivable in G from sequents S. The logic
corresponding to G, denoted Lg, is defined as the smallest consequence relation given by

{I(S")|S" €8}t I(S) =4 Ste S.

When a logic L has a sequent calculus with respect to which it is sound and complete, then
we assume that the consequence relation is such that for every instance Sj...S,/Sp of a
rule in the calculus, I(S1),...,I(Sy,) FL I(So) holds. Clearly, logics of the form Lg have this
property by definition. This requirement implies that in the case of logics with a sequent
calculus that contains a rule that expresses necessitation, like (= ¢)/(= Oy), the inference
@ FL O should hold for all ¢, a fact that we will often use.

By l—ﬂ%c we denote the smallest consequence relation containing R and such that o1, ..., @, }—ﬂgc
1 holds whenever (A ¢; — ) holds in IPC.

2.5 Reductive calculi

An order < on sequents is reductive if

o it is well-founded;
o all proper subsequents of a sequent come before that sequent;
o whenever all formulas in S occur boxed in S’, then S < §’;

o for all multisets I', A, formulas ¢ and atoms ¢: (I';o = A) < (I',q = ¢ = A).

A calculus is terminating with respect to an order < on sequents if
o it is finite;

o for all sequents S and all rules in the calculus there are at most finitely many instances
of the rule with conclusion S;

o in every instance of a rule in the calculus the premisses come before the conclusion in
the order <.

A calculus is reductive if it is terminating with respect to an order that is reductive.

A typical example of a rule that in general cannot belong to a reductive calculus is the cut
rule, as in most common orders on sequents the premisses of that rule do not come before
its conclusion. We will see that many standard cut-free calculi for modal logic are reductive.

Example 2.5.1 In all concrete examples in this paper we use the following reductive order
on formulas in & based on a weight function which is a combination of the weight functions
from Bilkovd (2007) and Dyckhoff (1992): ¢ < ¢ =4 w(p) < w(¢), where



We extend the weight to multisets as in (Dershowitz and Manna, 1979): A < T'"iff A is
the result of replacing one or more formulas in I" by zero or more formulas of lower weight.
Sequents inherit this ordering by defining:

So < S1 =4 SEUSS < STU S

In this paper, whenever a general result about reductive calculi is applied to a concrete
calculus, the reductive order that is used is the one in this example. Although most theorems
hold for any reductive order, it may be helpful to keep this concrete order in mind throughout
the paper.

Returning to general reductive orders, a reductive order < is extended to an order on
formulas in F as follows. First, we associate the following set of formulas with a formula
 in Fex: qf(p) denotes the multiset consisting of all occurrences of subformulas of the form
QpS in p, where Q € {3,V}. The order on multisets of the form qf(¢) again is in the style
of (Dershowitz and Manna, 1979): qf (@) <qf af (¢) iff f(¢) is the result of replacing one or
more formulas of the form @QpS in gf(¢)) by zero or more formulas of the form @’¢S” with
S’ < S, where Q,Q" € {3,V}. This order is well-defined since by definition such S and
S’ are sequents in £ and therefore can be compared via <. The order on F,, that is also
denoted by <, can now be defined: if p, ¥ € F, then ¢ < ¥ iff (= ¢) < (= ¢¥); if p € F and
& F, then ¢ < ¢ and not ¢ < 5 if v, € F, then ¢ < ¥ if qf (@) <qr qf (). When ¢ < 9,
we say that ¢ is of lower rank than . Clearly, if the order < on sequents is well-founded,
then so is the order < on F,.

3 Uniform interpolants

A logic has uniform interpolation if for any atom p and any set of atoms P not containing
p, the embedding of F(P) into F(P U {p}) has a right and a left adjoint: For any formula
¢ and any atom p there exist formulas x, and x; in the language of the logic, that do not
contain p and such that for all ¥ not containing p:

Fy—v o FY—x, Fo—=Yv < Fx— .
These formulas are usually denoted by Vpy and Jpep, respectively, and thus we have
Fy—p & FYyo>Vpp Fe—9Y < Fdpp—.

Given a formula ¢, its universal uniform interpolant with respect to py...py is Vp1 ... pne,
which is short for Vp; (Vpa(. .. (Vpne) ... ), and its existential uniform interpolant with respect
to Py ...Pp is Ip1 ... Pne, short for Ip;(3pa(... (Tpny) ...). The requirements above could
be replaced by the following four requirements.

FVpp - ¢ Fi— ¢ =FY— Vpoe. (V)

Feo—Tpp Fe—=9 =F3Ipp = )]

In classical logic one only needs one quantifier, as Jp can be defined as —Vp— and vice
versa. Although in the intuitionistic setting dp can also be defined in terms of Vp, namely
as Ipp = Vq(Vp(p — q) — q) for a ¢ not in ¢, having it as a separate quantifier is convenient
in the proof-theoretic approach presented here (we follow (Pitts, 1992), which also uses both
quantifiers).



3.1 Partitions

To define uniform interpolants in the setting of sequents, we introduce the notion of a
partition, which applies to sequents and to rules. The notion for sequents is treated in this
section and the one for rules later on.

Intuitively, if in the statement of uniform interpolation the implication is replaced by a
sequent arrow, then (1) = Vpyp), for ¢ not containing p, can be viewed as partitioning the
sequent S = (¢ = ¢) in two sequents S” = (¢ = ) and S* = ( = ¢), and applying
universal quantification to the second one. Likewise for dpp. The definition of a partition
is a generalization of that idea to arbitrary sequents.

A partition of a sequent S is an ordered pair (S”,S%) (i for interpolant, r for rest) such that
S =878 It is a p-partition if p does not occur in S”. For any sequent S and partition
(5%, 8") we use the abbreviation:

S™. (3pSi = WpSi) if S* # @ and ™ = @

S"- (IS :>VPS|®>Edf{ST.(§|pSi¢) if S* =@ or S™ # @.

A (p-)partition of an instance R = (S1...5,/S) of a rule is a (p-)partition of the sequents

in the rule. Given such a partition, (R", R*) and R* respectively denote the expressions

(S1,51) -~ (Sp.Sn)
(S6,50)

ST ... Spx

(R, RY) B

3.1.1 The interpolant properties

Recall from Section 2.1 that VpS and IpS are defined to be VpI(S) and Ip(A S*), respec-
tively. In particular, Vp(= ¢) is equivalent to Vpp and Ip(¢ =) to Ipp. As will be
shown in Lemma 3.1.1, (V) and (3) can be replaced by the following three requirements, the
interpolant properties.

(V1) For all p: 5%, ¥pS = S%;
(3r) For all p: - S* = FpS;
(V3) If S is derivable, for all p and all p-partitions (S”, S?): = S™ - (IpS* = VpS* | @).

Properties (V1) and (3r) are the independent (from partitions) interpolant properties, and
(V3) is the dependent interpolant property.

A partition (S”, S%) of S satisfies the interpolant properties if, in the case of the independent
property, S satisfies them (in which case we also say that S satisfies them), and in case of
the dependent property, it holds for that particular partition. A sequent satisfies a property
if every possible partition of the sequent satisfies it.

Lemma 3.1.1 If all sequents satisfy the interpolant properties, then L has uniform inter-
polation.

Proof (3) Consider S = (¢ = ). By (3r) we have - I(p = IpS), and since Ip(¢ =) = Ipy,
we have thereby shown ¢ — Jpy to be derivable.

Consider a ¢ not containing p such that = ¢ — . Let S = (p = ) and consider the
p-partition (S”,S%), where S* = (p =) and S™ = (= ). Hence Ipp = IpS* by definition
and S # @. As F (Ipp =) - (= ) by (V3), F Ipp — ¢ follows.

10



(V) Consider S = (= ¢). By (V1) we have - I(¥pS = ¢), and since Vp(= @) = Vpyp, we
have thereby shown Vpyp — ¢ to be derivable.

Consider a ¢ not containing p such that - ¢ — ¢. Let S = (b = ¢) and consider the
p-partition (S7,S%), where S* = (= ) and S™ = (¢p = ). Hence Vpp = VpS® by definition
and S™ = @. Thus F (¢ =) - (3pS* = VpS?) by (V3I), that is, - ¥, IpS? = Vpp. But
F (= 3pS?) by (3). Therefore 1) — Vpe. O

Fact 3.1.1 All free sequents satisfy the dependent interpolant properties.

3.2 Interpolant assignments

Let G be a sequent calculus. Recall that given a rule R, Rj,s denotes the set of instances
of R and Gj,s denotes the set of instances of rules in G. An interpolant assignment ¢ for G,
assigns, for every atom p and sequent S, :3pS = T and tVpS = L in case S is empty, and
in case S is not empty:

o for every R € Gj,s with conclusion S, to each of the expressions EI]ID%S and VﬁS a
formula in Fe, that is of lower rank than IpS (or, equivalently, of lower rank than

VpS), which are denoted by LH}@S and LV]@S , respectively, and

o for every R € G such that S is not principal for at least one instance of R, to each of
the expressions EI]%iS and V}%Qg a formula in Fe, that is of lower rank than 3pS, which
are denoted by LH%S and LV}:}}S , respectively.

We use the following abbreviations for certain formulas in Fey. Recall that p and ¢ range
over atoms.

VipS =y \/{LV}@S | R € Gins, S is the conclusion of R}
V7 pS =y \/{LV;}S’ | R € G, S is not principal for some instance of R}
ItpS =4 /\{LEI%)%S | R € Gins, S is the conclusion of R}
I™pS =4 /\{LEI;j}S | R € G, S is not principal for some instance of R}
VeipS =4 \{g€ S°|qanatomand ¢ #p,orqg=T}V

V{gAvp(e, S*\{qg = ¢} = 5)} | (4 = ¢) € 5% q # p}
39pS =4 NA{q€S5*|qanatomand g #p,or g= L} A

MNMa = (e, S\{g = ¢} = 5°) | (¢ = ¢) € 5, ¢ # p}.

Observe that there could be more than one instance of a single rule R that has S as a
conclusion, in which case every instance corresponds to a separate disjunct or conjunct
of the interpolant assignment. The definition above is well-defined for reductive calculi,
because in that case all sets over which the big conjunctions and disjunctions range are
finite.

We define a rewrite relation — on JFe, that is the smallest relation on Fey that preserves the
logical operators and satisfies:

VpS — YTpSVVY pSVVY¥pS IS — ITpSAIT pSAIUpS.
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Example 3.2.1 Suppose the calculus only contains the rule R for conjunction on the right:

' I'=9y
F'=pAy

Consider the sequent S = (= ¢1 A ¥1,p2 A 2). Let R; stand for the instance of R
with ¢; A 9; as the principal formula, and define sequents Sy, = (= ¢1,92 A 12) and
Sy, = (= 91, p2 A tPa), and similarly for S,,, and Sy,. By the above definition,

VpS — YRS V VB v v etpsS.

Using the order in Example 2.5.1, the standard interpolant assignment introduced below
satisfies (VIS = VpSy, AVpSy,. This implies that

VpS — (vpst,ﬁ /\VPswl) v (VpSLM /\VPsdlz) VL.

3.3 Reduction

The following lemma shows that every ¢ € Fey either belongs to F or reduces via — to a
unique ¥ € F. In the latter case, the 1 will be denoted by Jd¢. Slightly abusing notation,
we will mostly omit the §, especially in the setting of derivability. For example, under this
convention, - ¢ — L abbreviates - dp — L.

Lemma 3.3.1 In any reductive calculus, the relation — on Fe is confluent and strongly
normalizing.

Proof Let < be the extension to Fe of the order with respect to which the calculus is
reductive, as defined in Section 2.5, and recall that it is by definition well-founded. In
the terminology of (Baader and Nipkow, 1998) (Definition 4.2.2), — determines a rewrite
relation (the set V of variables, in their sense, is empty in our setting). From the definition of
interpolant assignments it follows that ¢ — 1 implies ¥ < ¢, and thus the rewrite relation
is terminating. Since no rules overlap, it has no critical pairs (Definition 6.2.1 of the same
volume), and therefore (Corollary 6.2.5) the rewrite relation is confluent. Since the relation
is also normalizing (as it is terminating), it follows that ~— is strongly normalizing, implying
that every term has a unique normal form. O

3.4 Explanation

As is clear from the definition above, for a sequent S and atom p, the uniform interpolants
VpS and JpS are a disjunction, respectively conjunction of formulas of lower rank than Jp.S,
also if S is free. The role of these expressions in a proof of the interpolant properties is as
follows. Clearly, if only the dependent properties have to be satisfied, then taking 1 for
dpS for all sequents S suffices. If only the independent properties have to be satisfied, then
assigning | to VpS and T to JpS suffices. The interplay between the independent and the
dependent properties is what makes the definition of the uniform interpolants difficult. It
it is based on the following observation.

For the dependent interpolant property, there are, for every derivable sequent S and p—
partition (S, S%), two cases given some derivation of S: for R being the last inference of
the derivation and an instance of a rule R, either S? is principal for R or it is not. Suppose
that in the first case one can show that for some instance R’ of R with conclusion S?,

12



- 57e,3F'5% = vB5*, and in the second case that - S7, 35S = VBS". Then the dependent
interpolant property, = (S7%,3pS* = VpS*), holds for (S, S*), as 3557 is a conjunct of
JpS* and V%ZSZ is a disjunct of ¥pS? in the first case, and 3;9551' is a conjunct of IpS* and
V}%QS" is a disjunct of ¥pS? in the second case. The same strategy can be used to show that

F S7e, 3pS? = S™ in case S° = @ or S # @. This is how the dependent interpolant
property will be proved.

The role of the disjuncts Vp and conjuncts 3%p lies in certain particular cases. For
example, given an instance of an axiom (¢ = ¢) and partition S” = (¢ =), S* = ( = q),
the sequent (¢, IpS* = VpS*) has to be derivable, and V%pS* and 3%pS* take care of that
case.

3.5 The inductive properties

In order to develop a modular method for proving uniform interpolation, we introduce
the following six properties of rules, where @ F ¢ should be read as - ¢. Recall that
(T = A) C (I" = A’) denotes that I' C IV and A C A’ (Section 2.1). Given an instance
R =(51...5,/50) of arule R, we define
I =4 {Sj-(WpS; =), (8§ = IpS;)[1<j<n}tuU
{8=Fp(S*=)|SCSpordSCSporSCS;forsomel<j<n}

@P

=

n

=y U{S]T . (EIpS; = VpS§ | 2) | (57, S;) a p—partition of S;}.

j=1
In J7, requirement 0.5 C Sy is only included in the case of modal logic. For ©F, note that it
contains the sequent 57 - (3p5’§ = VpS;f | @) for any possible p-partition (S7, S’;) of a premiss
S; of R. And that for S with empty succedent, S” - (IpS* =) derives S™ - (IpS? = VpS*).
The sets J5 and DF contain the sequents to which, in a proof of the interpolant properties
that uses induction along <, the induction hypothesis needs to be applied. In such a proof,
the assumption that the interpolant properties hold for all sequents below S implies that
the sequents in J, and D}, are derivable. Note that in the case that R is an instance of an
axiom, both sets are empty.

(IPP)Y, J°FS- (VﬁS =) for every instance R of R with conclusion S.

(IPN);Q If S is not principal for some instance of R, then the assumption that all sequents
below S satisfy the interpolant properties implies S - (VgS =).

(IPP)3 T8+ (S* = EIﬁS) for every instance R of R with conclusion S.

(IPN)?z If S is not principal for some instance of R, then the assumption that all sequents
below S satisfy the interpolant properties implies F (S* = EI]?S ).

(DPP)x For every sequent S that has a derivation of which the last inference is an instance
R of R, and for every p-partition (S™, S%) such that sequent S? is principal for R:
DpF ST (ISt = VpS' | ©).

(DPN)& For every sequent S that has a derivation of which the last inference is an instance
R of R, and for every p-partition (S”,S%) such that sequent S? is not principal
for R: if all sequents that are below S satisfy the interpolant properties, then
ST (3pSt = VpSt | 2).
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These six properties are called the inductive properties in this paper. “IP” stands for inde-
pendent property, “DP” for dependent property “P” and “N” for principal and not principal,
respectively.

An interpolant assignment is sound for a rule R in a calculus, if the six inductive properties
hold for R, where I is derivability in the calculus. It is sound for a calculus if it is sound for
all the rules of the calculus. Sometimes the following strengthening of (DPN)x holds:

(DPN);Q For every sequent S that has a derivation of which the last inference is an instance
R of R, for every p-partition (S",S%) such that sequent S is not principal for R:
DL ST (FpSt = VpSt | ©).

This is a strengthening of (DPN)g because under the assumption that all sequents lower
than S satisfy the interpolant properties, all sequents in the set ©F become derivable.

Remark 3.5.1 The following observation will be used to prove (DPP)g and (DPN)x.
Consider a sequent S with partition (S",S?), which has a derivation of which the last
inference is an instance R = (S;...S,/S) of R. To prove (DPP)g, thus in case S° is
principal for R, in order to prove

DF S (IS = VpS' | 2)
it suffices to show that . .
DL F ST (IS = VEST | @)
for some partition (R", R) of R with conclusion (8", S*) such that R’ is an instance of R.

The reason being that for such an R, EIII?Sw is a conjunct of IpS* and ngS’z a disjunct of
VpSt. Likewise, to prove (DPN)g, thus in case S* is not principal for R, to prove that

FS". (IS = VpS' | @)

it suffices to prove that B B
- ST (IS = pst | ).

3.6 Soundness

Lemma 3.6.1 If alogic L has a reductive calculus for which there exists a sound interpolant
assignment, then all sequents satisfy the interpolant properties.

Proof We use induction along the well-founded order < on sequents with respect to which
the calculus is reductive. Therefore assume that all sequents lower than S satisfy the
interpolant properties. We have to show that so does S. Note that all sequents in the sets
J% are derivable because they express interpolant properties of sequents that come before S
in the order.

(V1) We have to show that
1. F 8% VipS = S5,
2. S“,V]];”S = 5% for all instances R with conclusion S,
3. F S“,V}?S = 5° for all rules R such that some instance is not backwards applicable

to S.

14



2. follows from (IPP)% and 3. from (IPN)Y%. For 1., first consider its disjuncts of the form
q for some ¢ # p that belongs to S°. Then S% q = S° clearly holds. Second, consider
disjuncts of the form (¢ A Vp(T', o = A)), where S = (I',qg — ¢ = A) for some ¢ # p.
Let S = (I, = A). Since S’ < S, the assumption that all sequents lower than S
satisfy the interpolant properties implies that (T, ¢, ¥pS’ = A) is derivable. Thus so is
(Tyq = ¢, g AVpS' = A).

(3r) We have to show that

1. F 8% = J%psS,
2. 5= EI]];S for all instances R with conclusion S,

3. FS= 3}355 for all rules R such that some instance is not backwards applicable to S.

2. follows from (IPP)3 and 3. from (IPN)3. For 1., first consider conjuncts of the form
q, where ¢ € S® and q # p. Then F S% = ¢ clearly holds. The remaining conjuncts of
34pS are of the form (¢ — Ip(T',p = A)), where S = (I',q — ¢ = A) and ¢ # p. Let
S’ = (T, = A). Since S’ < S, the assumption that all sequents lower than S satisfy the
interpolant properties implies that (T, ¢ = 3pS’) is derivable. Thus (T',q¢ — ¢ = ¢ — Ip.S’)
is derivable.

(V3) Assume that S is derivable and let R = (S7...S5,/S) be the last inference of some
derivation of S. Suppose R is an instance of rule R. Consider an arbitrary p—partition
(8", 8% of S. Either S* is principal for R or it is not. Since all sequents in D are derivable,
FS™. (IpS" = VpS" | @) follows from (DPP)g or (DPN)x. O

Theorem 3.6.1 If a logic L has a reductive calculus for which there exists a sound inter-
polant assignment, then L has uniform interpolation.

Proof This follows from Lemmas 3.1.1 and 3.6.1. O

3.7 Modularity

Note that when a rule R in a calculus G satisfies (IPP)3, (IPP)%, (IPN)3,, (IPN)¥ for an
interpolant assignment, then it does so in all extensions of G under the same interpolant
assignment. In other words, the four properties are modular. This does not hold for the
dependent properties, because a sequent not derivable in the original calculus can become
derivable in the extension, and therefore has to be treated in a proof of (DPP)% or (DPN)x.
However, for all rules R treated in this paper, that is the rules of G4iKgp and all centered
(modal) rules, (DPP)x and (DPN)x are modular too: they hold not only in the main
calculus, G4iKg, but in any balanced extension of it.

4 Centered rules
In this section we introduce the class of one-sided unary thinnable rules and their standard

interpolant assignment, which is sound for these rules. Many well-known rules of sequent
calculi are of this form.
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4.1 Properties of rules

A rule R that is not an axiom is thinnable if it is of the form

S8 §-85 ... §-5,
S-S50

(2)

where Sy, S1, . ..,.S, are meta—sequents such that

o if % = @, then S = (I' = A) for two distinct meta—multisets I' and A that do not
occur in any of Sy, S1,..., Sy,

o if 8% # @, then S = (I’ = ) for a meta—multiset T' that does not occur in any of
S0,51,---,5n.

A thinnable rule (2) is unary if moreover:

o Sy consists of exactly one meta—formula, which is not an atom, and in the setting of
modal logic it is not boxed either,

o any variable in any of Sy,..., S, occurs in Sj.

Note that a thinnable unary rule is either a left rule or a right rule, and not both. A unary
thinnable rule (2) is one-sided if moreover:

o if R is a left rule, the succedents of all Sy, ..., S, are empty,

o if R is a right rule, the antecedents of all Sy, ...,.S, are empty.

A rule is centered if either it is a one-sided unary thinnable rule that is not an axiom, or it
is an axiom of the form (I',r = r), (I', L = A) or (I' = T), with ' a meta-multiset.3

In an instance R = (S-57...5-5,/5 - Sy) of R, the principal formula of R is the formula
in Sp. All other occurrences in R of the formula in Sy are not principal. Thus although we
speak of the principal formula, it is in fact an occurrence of a formula that is principal. In
axiom (I',r = r) both occurrences of r are principal and in (I', L = A) and (I' = T) the
indicated occurrence of L and T, respectively, are principal.

Example 4.1.1 Typical centered rules are the left and right rules of Gentzen calculi. The
right conjunction rule
I'=sep 'y

T ong

is clearly centered, as one can take (I' = ) for S, (= @A) for Sy and (= ¢) and (= ) for
S1 and Sy, respectively. Note that what we defined to be the principal formula of an instance
of RA coincides with what is usually called the principal formula of such an instance. An
example of a less standard rule that is centered is the rule

's-X—=>pVy
F'=(—X—= @) V(X—>1)

3In an earlier paper on uniform interpolation in classical modal logic (Iemhoff, 2018) unary
thinnable rules were called focussed. Because that name is already in use in the field of linear logic,
we have changed our terminology.
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A rule that is not centered is the right implication rule

o=
Fr'=sp—=9

as it is a right rule, but the antecedent of S; = (¢ = 1)) is not empty. This does not mean
that this rule blocks uniform interpolation, it just means that it is not covered by the general
treatment that we develop for centered rules, and it therefore has to be treated separately. A
similar phenomenon occurs for two implication rules in the calculus G4ip (Dyckhoff, 1992),
which are treated in Section 5.

4.2 Partition of centered rules

Given an instance R = (S -S81...8-5,/S - So) of a centered rule R and a p-partition of
R, where each S - S; is partitioned in ((S’ =557, (S - Sj)i), then this partition is standard if
either R" is equal to ‘ .
S-S ... S-S,
St 8,

and (S-5;)"=5"forall j =0,...,n, or R" is equal to

Ri

S-S5 ... 8-S,
S” - Sy

RT‘

and (S - S;)" =S for all j =0,...,n. The following lemma implies that centered rules are
modular.

Lemma 4.2.1 For any instance R = (S -51...58-85,/S - SO) of a centered rule R and any
p-partition ((S - So)", (S - Sp)*) of S-Sy, there exists exactly one standard p-partition of R
with conclusion ((S-Sp)", (S-Sp)?) such that either the principal formula belongs to S* and
R is an instance of R or the principal formula belongs to S™ and R” is an instance of R.

Proof Since there is only one principal formula, the one in Sy, there exists a p-partition
(S™, S%) of S such that either (S -Sp)" = 8" -8y and (S - Sp)t = S%, or (S-Sp)" = S-Sy
and (S -Sp)" = S5".

Given partition (S, S?), a partition of the premisses of R is defined as follows:

(S-8;)=8"8; (S-S;)"=8" if (S-Sp)" =55
(S-S5 =5" (S-8;)"=S8"-8; otherwise.

Note that the partition is well-defined, standard, and (S - S;)" and (S - S;)" indeed form a
partition of S-S;. That it is a p-partition of the premisses follows from the assumption that
all atoms in the S; must occur in Sp.

As R is centered, in the first case of the definition of the partition, R’ is an instance of R
and in the second case R" is, which completes the proof. O

Example 4.2.1 Consider the following instance R of the rule LV for disjunction on the

left:
Sl SQ_F,QD1=>A F,(,D2:>A

SO F,<p1\/<,02:>A
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Then for the partition (5§, S5) = ((I' = A), (¢1 V2 =)) of the conclusion Sy, the following
is the standard partition of the rule given this partition.

(pr=) (=) =~ T=4) T=A4)
(1 V2 =) T'=4)

If the partition of the conclusion is, for example, (5§, S5) = (T, o1V @2 =), (= A)), then
the standard partition of R with that particular partition of the conclusion is
(F7§01:>) (F7501:>) R (:>A) (:>A)
(L1 Vo2 =) (=A4)

i

4.3 Standard interpolant assignment for centered rules

For a centered rule R, the standard interpolant assignment ¢ is defined as follows. If R is
not an axiom, then for an instance

S1 S2 ... Sy
S

R
of R we define

R n R n
1IpS =4 Vi WS VDS =4 \i_(3pSi — pS;).
If R is an axiom, and R is an instance of it which consists of sequent S, then
Ry _ Ry _ a .
NS =4 TIPS =y /\{<p € S| ¢ does not contain p}.

For S such that some instance of R is not backwards applicable to S we define
LE;?}S =471 LV;?)zS =4 L.

Although in this case the assignments 3%5 and V%S do not depend on R and are moreover
trivial, this will no longer be the case for later rules. In order to provide a uniform approach

we chose to define the assignments 313725 and VZS}S for every rule R seperately also in this
case.

An interpolation assignment is standard if it is standard for all centered rules.

4.4 Soundness of the standard interpolant assignment

In this section we prove that the standard interpolant assignment for centered rules is sound,
by proving the six inductive properties (Section 3.5).

Lemma 4.4.1 For any centered rule R in a reductive calculus with a standard interpolant
assignment, (IPP)3, and (IPN)3, hold.

Proof That (IPN)3 holds is clear. We treat with (IPP)3. Consider sequents Sp, S1, ..., Sp

such that R = (S1...5,/S0) is an instance of R. We have to show that J}, - S§ = EI]])%SO.
The case that R is an axiom is immediate from the definition of interpolant assignments for
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centered axioms. Therefore assume it is not an axiom. We distinguish the cases that R is a
left rule and a right rule.

If R is a left rule, there are S} and S’ such that the succedents of the S! are empty and

Si ... S,_8-S ... 88,
So S’ Sh

and for all S the following is an instance of R:

S-S .8 8
S-S

This holds in particular for S = (5§* = \/}_, 3pS;). Since J% derives (S¢ = IpS;) and
P = VI, TpS;, 9B derives (S¢ = ISy) = ((S' - 8)* = ISy) = §- 8, for all
i=1,...,n. An application of R shows that Jj, - S - Sj, which implies the desired.

If R is a right rule, there are S} and S’ such that the antecedents of the S} are empty and

S ... S, S-S ... 88
So S"- S,
This implies that all S¢ are equal. And since (S® = IpS;) belongs to Jp, for alli = 1,...,n,
3% derives (S§ = IFS). O
Lemma 4.4.2 For any instance S ... .S, /Sy of a centered rule and any formulas ¢1, . .., @n:

{Sj-(pi=)1i=1,....n}Fisc So- (\ v =)
j=1

Proof Clearly, {S1,..., 5.} Figc So. Let S = (Aj=1¢; = ). Since R is centered, we have
{S-8S1,...,58Su} Figc S+ Sp. Since S; - (p; =) Fipe S; - S, the desired follows. O

Lemma 4.4.3 For any centered rule R in a reductive calculus with a standard interpolant
assignment, (IPP)% and (IPN)Y hold.

Proof That (IPN)% holds is clear. For (IPP)% we reason as follows. Let R = (S; ..., /So)
be an instance of a centered rule R. If R is an axiom, Sy is derivable and (IPP)Y clearly holds,

as centered axioms are closed under left weakening. If not, LV}@SO = A, (3pS; — ¥pS;).
Since for each j,

{Sj . (Vij :>), (S;l = HpS])} = Sj . (Hij — Vij :>),

we can use Lemma 4.4.2 to obtain the desired result. O

Lemma 4.4.4 For all formulas ¢1,...,p, and any partition (S”,S?) of the conclusion of
an instance R = (S7...5,/95) of a centered rule that is not an axiom and such that S* is
principal for R, for the standard partition of R:

(ST (= @) =1 ny Fie ST (= N ).
Jj=1
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Proof As S? contains the principal formula of R, S™ = 57, which immediately implies the
desired. 0

Lemma 4.4.5 For any centered rule R in a reductive calculus with a standard interpolant
assignment, (DPP)x holds.

Proof Consider a sequent S for which there exists a derivation of which the last inference
is an instance R = (Sy...5,/S) of R, and let (S”,S%) be a partition of S such that S* is
principal for R. We have to show that

DF S (IS = VpS | 2). (3)

If R is an axiom, then since S* contains the principal formulas of R, S* is an instance of it,
which we denote by R’. As the axiom is centered, N%i = T and thus F VpS?. Therefore
(3) clearly holds, at least in case that S™* is empty and S* is not. If this does not hold, which
means if S”* is not empty or S* is empty, then we have to prove that Dp - S” - (FpSt =).
Note that in both cases, S*° is empty. Hence R has to be the axiom L. For if it would be
one of the other centered axioms, then the fact that S? is an instance of it implies that S
is not empty. Thus S and S? are instances of L_L. Therefore S contains L. Hence 3%pS?,
which is a conjunct of IpS?, contains | as a conjunct. Therefore (3) holds. This completes
the case that R is an axiom.

If R is not an axiom, consider the standard p-partition (R", R?) of R with conclusion (S", S%).
Since S* contains the principal formula of R, Lemma 4.2.1 implies that R? is an instance of
R. Let the partition of the premisses S; be denoted by (57, S;) The definition of standard

partition implies that ST = S” for all j = 1,...,n. Therefore LHIEZSi = \/;.l:1 EpSJi- and
LV%S = /\?Zl(HpS; — VpS;) by the definition of the standard interpolant assignment for
centered rules.

We distinguish the case that S™ = @ and S® # & from the case that this does not hold. In
the first case, S7* = & holds for all premisses S; because S7 = 5", as observed in the previous
paragraph. Hence S”-(3pS} = VpS; | @) is in ©f. We show Dj, derives S”- (3pS} = VpS)).
For those j such that S; # @, this holds by the definition of S” - (3pS; = VpS; | @). And
if 5% = @, then by definition S” - (3pS} = VpSi | @) = (", IpS} =), and thus Dy, derives
(Sme, IpS; = X) for any formula X, in particular for X = VpSj. This proves that also in the
case S5 =@, D+ S” - (IpS) = VpS)).

The above shows that DF - (5™ = EIpS;: — VpSJi») for all j. An application of Lemma 4.4.4
shows that ©F F S”- (= V557, which implies Dp + S™. (3PSt = vBS?). From Remark 3.5.1
we conclude that this implies (3).

We turn to the case that S™ # @ or S° = &, where the former implies S7* # @ for all
J=1,...,n,a8 5" = 57, and the latter implies 57 = &, for all j = 1,...,n, by the definition
of centered rules. Using that S” - (3pS§ =) belongs to D}, we conclude that D, derives

S™.(3PS' =). Again, Remark 3.5.1 implies that (3) holds. O
Lemma 4.4.6 For the standard partition of any instance R = (S ...5,/Sy) of any cen-

tered rule R that is not an axiom and such that Sj is not principal for R: S = S for all
7 =1,...,n and for all sequents S,

{S7-S|j=1,...,n} Fpc S§ - S.
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Proof As S§ does not contain the principal formula of R, R" is an instance of R and Sj— =S}
forall j =1,...,n by Lemma 4.2.1. As R is centered, (S-S7,...,5-S}./S-5§) is an instance
of R, which implies that what we had to show. O

Lemma 4.4.7 For any centered rule R in a reductive calculus with a standard interpolant
assignment, (DPN)# holds.*

Proof Consider a sequent Sy for which there exists a derivation of which the last inference
is an instance R = (S7...S5,/S0) of R and let (S§, Si) be a partition of Sy such that Sj is
not principal for R. We have to show that

DF - Sy - (IS = YpSy | ). (4)

First consider the case that R is an axiom. If the axiom is of the form (I'y L = A) or
(I = T), then the fact that S¢ is not instance of it implies that S"* contains L or S"*
consists of T. In both cases (4) holds. Therefore consider the remaining case that the
axiom is of the form (I',q = ¢). Since S} is not instance of R, (¢ = ¢) cannot be a
subsequent of S§. If (¢ = q) is a subsequent of S§, then Sj - (IpS§ =) is derivable, and we
are done. If (¢ = q) is neither a subsequent of S§ nor of Sj, either ¢ € S§%, S = {q}, and
Sy =@, or g € Si* and S§* = {q}. Since S§ does not contain p we have that g # p. Hence
Hisc 6 - (3"pSh = V¥pS§) in the first case and g S§ - (3*pS; =) in the second. As
399 St is a conjunct of IpS and V¥pSY is a disjunct of VpS§, this implies (4).

The case that R is not an axiom remains. We have to show that Sj - (IpS§ = VpS¢ | @) is
derivable from ©%. By Lemma 4.4.6, the fact that S§ does not contain the principal formula
of R implies that for the standard partition of R: {S- S} [j=1,...,n} FRc S - Sh for any
S and S} = S; Thus EIpS;- = IpS¢ and VpSJi- = VpS§. Therefore, Si - (3pSi = VpS | @)
belongs to DF.

If S§* = @ and S§ # @, we have to show that Df, - Sf - (IpS§ = VpS{). By the observation
above for S = (IpS§ = VpSY), it suffices to show that o8 F 57 - S for all j. The assumption
on Sy implies that Si* = S}S # @ for all j. Thus S7° = @. Hence 57 - (3pSE = VpSi | @) =
Sr - (3pS§ = VpSi), which proves that D5 St 8.

If Si* # @ or S§ = @, we have to show that DF - S7 - (IpS§ = ). By the observation above,
for S = (IpS§ =), it suffices to show that D5 + S5 -S for all j. Since R is centered, R is of
the form

S ... S, S-8 ... 8.8,
So B S-S
where S{) consists of one formula and either S* = @ for all j = 0,...,n or S¥° = & for
all j = 0,...,n. Therefore, if S§ = &, then S7 = @ for all j. Hence S - (3pSi = VpS} |
@) = 87 - (3pS§ =) belongs to Df, and we are done. If S5 # @, then Si° = 5%° = &. We
distinguish the cases that R is a right and a left rule. If R is a right rule, none of the S}S
is empty. Thus the S;* are all not empty, and S7 - (IpSy = VpSy | @) = S} - (IpS =) for
all j, which is what we had to show. If, on the other hand, R is a left rule, then Si¥ = @,
which implies that S5* C S®. Hence S7* # @ by the definition of the standard partition,
and again S7 - (IpSj = VpS§ | @) = S} - (IpS§ =) for all j follows. O

Theorem 4.4.1 A logic L with a reductive calculus with a standard interpolant assignment
that is sound with respect to all rules that are not centered, has uniform interpolation.

*(DPN) is the strengthening of (DPN)x given in Section 3.5.
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Proof By Theorem 3.6.1 it suffices to prove that the interpolant assignment is sound. This
follows from 4.4.1, 4.4.3, 4.4.5, 4.4.7. O

Corollary 4.4.1 A logic L with a reductive calculus that consists of centered rules only,
has uniform interpolation.

Corollary 4.4.2 Any intermediate logic that does not have uniform interpolation cannot
have a reductive calculus consisting of centered rules.

We do not know whether there are examples of interesting logics that have calculi that consist
solely of centered rules. But in the next section we show that IPC has a calculus consisting
of centered and noncentered rules, for which there exists a sound interpolant assignment,
and this brings us to the class of logics that we set out to study: the intermediate and
intuitionistic modal logics.

5 Intuitionistic logic

As a first application of the method developed thus far we establish that intuitionistic
propositional logic has uniform interpolation, a fact first proved by Pitts (1992). We use
the same calculus as Pitts does in his article, the calculus G4ip developed independently by
Dyckhoff (1992) and Hudelmaier (1992, 1993) and given in Figure 1. The calculus has no
structural rules, but they are admissible in it, as is the cut rule. Recall that sequents are
assumed to have at most one formula in the succedent. Thus |A| < 1 for the A in Figure 1.
The interpolant assignments for the noncentered rules R—, Li—, Ly— of G4ip as defined in
the proof of Theorems 5.0.1 are called the standard interpolant assignments for these rules.

Theorem 5.0.1 For any extension of the calculus G4ip there exists for any of the rules of
G4ip a sound interpolant assignment that is standard for centered rules.

Proof As explained in Section 3.7, we have to extend the standard interpolant assignment
to the rules in the calculus that are not centered and show that the assignment is sound with
respect to the new rules, that is, that any new rule R satisfies the six inductive properties
(Section 3.5).

The three rules in question are R—, L;— and Ly—: for R— (Ly—) the requirement for
centered rules that in right (left) rules the antecedents (succedents) of the sequents should be
empty is violated, and in L;— the requirement that Sy consists of one formula is violated.

For all three rules the assignment LV]J)QS =4 L is as for centered rules, Section 4.3, and

(IPN)Y, is easily seen to hold. Assignments of the form LH%S , N]ID{S , LEI]ID%S are defined as
follows, where we first treat R—, then L;—, and then Ly—.

Suppose R = R—. For an instance R = (51/5) = (I, = 9)/(I' = ¢ — 1) of R define

LEI}%QS =4 | as for centered rules and furthermore

Lﬂ]]?%S =4 — IS NES =40 — VpSh if p does not occur in ¢
Laﬁs =41 Nﬁs =4 IpS1 — VpS1 if p occurs in .

Clearly, (IPN);’2 holds. We have to prove the remaining four properties.
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I'g=q At (¢q an atom) NL=A LL

' I'=9y o= A
Toong oy = A
I'= ¢; . Fpy=A T,yv=A

A R —0.1

I'= po V1 V(i=0,1) Tevy=A
L=

I'=sp—vy R—

Iq9y=A Lp—=(p—=7v)=>A

Li— (¢ an atom) 2

Igg—v=A oAy —-~v=A

F,<p—>7,w—>v=>AL_> Lw—=y)=e—=¢ 7T=A
ToVy —y=A 3 Dip—9Y) >y=A

L4*>

Figure 1: The Gentzen calculus G4ip. In all L-rules |A| < 1. In all rules except L1—
and the axioms, the formula displayed in the conclusion is the principal formula. In
Li— both formulas ¢ and ¢ — v in the conclusion are principal. In axiom At both
q’s are principal, and L is principal in L.
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(IPP)?z We have to show that J5 derives I' = 3]@5 . The case that p occurs in ¢ is trivial.
If p does not occur in ¢, then we use that Jj, contains (I',¢ = IpS1), and thus derives
(T = 3559).

(IPP)% We have to show that J5 derives (I',VpS = ¢ — ), for which we use that
(T, ¢, ¥pS1 = ) belongs to J. If p occurs in ¢, we use that J5 contains sequent (T, ¢ =
IpS1), and thus derives (T', ¢, IpS1 — VpS1 = ¢), and (T, IpS1 — VpS1 = ¢ — ) as well.
If p does not occur in ¢, then we use that Jf, derives (T, ¢, — VpSi = ¢), and thus also
T, = VpS1 = ¢ = ).

For (DPP)x and (DPN)<x, consider a derivation of S of which the last inference is an instance
R=(51/9)=(T,p=v)/(T' = ¢ — 1) of R, and let (5", S?) be a partition of S.

(DPP)x Suppose that S? is principal for R. Choose the p-partition (ST, S?) of S; for which
ST = S". It suffices to show that

Sy (IpSi = YpSi | @) F S (IpS’ = WpS' | @).

Since S’ contains the principal formula of R, S% consists of ¢ — 1, and thus S™ is empty.

Let R' be instance (S%/S%) of R. Hence 3113215” and VL}DWSz are a conjunct and a disjunct of
ISt and VpS?, respectively. Thus if suffices to show that

re 3pSi = VpSi - ST, IFST = VES'.
In case p does not occur in ¢, the above clearly holds. In the other case, note that the left side
derives (S7* = 3pS| — VpS}). Since ST = 57, it also derives (Smﬂ]j)zlsi = IpSi — VpSi),
which implies (5™, E!]@lSi = V%Si), which is what had to be shown.

(DPN)g Suppose that S? is not principal for R. Assume that all sequents lower than S
satisfy the interpolant properties. We have to show that

FS™. (3pSt = VpS'| 2).

Since S* does not contain the principal formula of R, S* is empty and S”* consists of ¢ — 1.
Hence p cannot occur in . Let (S7,S%) be the corresponding partition of S; such that
Si = S¢. Tt suffices to show S 3pS* = p — 1, which follows from S{a,‘EIpSi“, © =1,
which again follows from the assumption about sequents lower than S and S7 = 5°.

We turn to the case R = Ly —. For R = (51/5) = (I',¢, v = A)/(T',q,¢ = ¢ = A) an
instance of R, define

LV]I)%S =49 — VpS1 LEIIp%S =4qAN3IpS1 ifqg#p

WBS =4 ¥p Sy 3PS =4 WS if g=0p
R a

IS =y Na €5 | q#p}.

It is clear that (IPN)3 holds. We prove the remaining four inductive properties.

We treat (IPP)3 and leave (IPP) to the reader. To show J5 + T',q,q — 1 = 35’5, note
that (I',¢,v = 3pS1) belongs to J5,. Hence I, - T',q,q — ¥ = ¢ A IpSi, which is what we
had to show.

For (DPP)4 and (DPN)<, consider a derivation of S of which the last inference is an instance
R=(51/8)=(T,q,¢ = A)/(T,q,q — 1 = A) of R, and let (S", S%) be a partition of S.
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(DPP)x Suppose that S? is principal for R. Thus S* = (I, ¢, ¢ — 1 = ¥) for some multisets
I1,X. Choose the p-partition (S7,S%) of Sy for which S7 = S". Thus S = (I, ¢q,¢ = X).
It suffices to show that

Sy (3pS; = VpSi | @) S" - (IpSt = VpS' | @).

Let R’ denote the instance Sj/S* of R and note that IS¢ and YPS? are a conjunct and a
disjunct of IpS* and VpS?, respectively. Thus it suffices to show that

ST (3pSi = VpSi | @) F ST (3PS = ViST | ).

As R is an instance of L;—, the definition of 31]32251 and V];?Sz implies the above, both in
the case that ¢ = p and that ¢ # p.

(DPN)x Suppose that S is not principal for R. We have to show that under the assumption
that all sequents lower than S satisfy the interpolant properties we have:

FS™. (IS = VpS' | 2).

As S does not contain all principal formulas of R, at least one of ¢ and ¢ — 9 belongs to
S™*. As we consider a p—partition, g # p. We distinguish three cases.

If both ¢ and ¢ — 1 belong to S™¢, then S? = S and S" = (I'1,¢,¢ — ¥ = A;) and
ST =(T1,q,% = Ay) for certain multisets I'y, Ay. Clearly,

St - (3pSi = VpSi | 2)
S” - (3pSi = VpSi | 9)

is an application of R. The premiss is derivable because the interpolant properties hold for
S by assumption. Hence the conclusion is derivable too. Since S? = Si, this proves the
desired.

If ¢ — v belongs to S™ but ¢ does not, then S” = (I'y,q — ¥ = A;) and S* = (I'y, ¢ = Ay)
for certain multisets 'y, T'a, A1, Ag. Consider the partition of S; given by ST = (', ¢ = A)
and S = S% Let X be such that S" - (IpS* = VpS' | @) = S” - (IpS? = ¥). We have
to show that + S” - (IpS* = ¥). We have ST - (IpSi = VpSi | @) = ST - (TSt = )
because ST¥ = S”¢ and S§ = S*. By assumption, S - (IpS? = ) is derivable. Therefore
sequent (I'y,q,v = Ap) - (3pSi = X) is derivable too. An application of R proves that

S” . (3pSi,q = ¥) is derivable. Since ¢ € Si* and q # p, q is a conjunct of H%S{, which
is a conjunct of IpSi. Thus S” - (IpSi = X) is derivable. Together with Si = S?, this
establishes what we had to show.
If ¢ belongs to S™ but ¢ — ¥ does not, then for certain multisets 'y, ', A1, Ay we have
S" = (I'1,q = A1) and S = (T'a,q — 1 = Ay). Consider the partition of S; given by
"= 8" and St = ('3, = Ay). Let ¥ and X; be such that S™ - (IpS* = VpSt | @) =
S”-(IpS* = ¥) and ST - (IpSt = VpSi | @) = ST - (IpSt = ¥1), respectively. As 575 = S
and S5 = S*, we have ¥ = {VpS'} and ¥; = {¥pSi}, or £ = ¥; = A;. We have to show
that = S™ - (IpS? = X). By assumption, ST - (IpS? = %) is derivable. The definition of
J9p St shows that IpS? implies the formula ¢ — IpSi. Together with the fact that ¢ € S
and S” = ST, we obtain the derivability of S™ - (IpS? = ¥;). In the case that ¥; = %, we
are done. In the case that ¥ = {VpS'} and £; = {VpSi}, the definition of V*pS* shows
that ¢ A VpS: implies VpS?. As ¢ € S", it follows that S” - (IpS? = X) is derivable in this
case as well.
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We turn to the case that R = Ly—. For an instance

Sl 52 F,?/)—>’Y:>Q0—>'LZJ F>7:>A
S = T(p—=vY)=y=A

of R define

2
LV]}}S =y /\(HpSi%VpSi)
i=1

LEI]?S =y IS A (VpS1— IpSa)

T ifS* =0

Re _
(3PS =y
A{Gp(II=)|IIC S} if §*#w@.

Note that LH%S and LEIgS are well-defined since (I =) < S for all IT C S in case S*® # .
Since (IPN)% has been treated at the beginning of the proof, we have to prove the remaining
five inductive properties.
(IPP)3 We have to prove that J% derives (5%, VpS; = 3pSs), (S* = IpS1), and in case
S® # @ also (S* = Jp(Il =)) for all II C S* The latter follows from the fact that for
such II, (Il =) < S in case S® # @&, which implies that (II = 3p(II =)) belongs to J%,
which thus derives (S* = Jp(II =)). For the first two cases we use the obvious fact that
F A S — AS¢. That 35 derives (S = 3pSi) thus follows from the fact that (S = IpS1)
belongs to J%. For the other case, the fact that Jj, contains (S{,VpS; = S§) implies that it
derives S, VpS; = Sj. Since %, S5 = A\ SS and I, contains (S§ = IpSs), it follows that
3% (S, VpSt = IpSs).
(IPP)% We have to prove that J5 derives (S {3pS; — ¥pS; | i = 1,2} = S°). As the
previous case showed that Jf, derives (S* = IpS;) and (5%, VpSy = IpSs), it suffices
to prove that Jp F 5% VpS,VpSy = S°. Since Jp contains (S§,VpS; = S%) for j =
1,2 and = A S* — ASY, I derives S%,VpS: = S5. As S, S5 B ASS, IF also derives
S, VpS1,¥pSe = 53, that is, S, VpSi, VpSs = S°.
(IPN)3 We have to show that under the assumption that all sequents lower than S satisfy

the interpolant properties we have - S¢ = EI;??QS. If S* # @, then (Il =) < S for all IT C S°.
Therefore - II = Jp(II =) and thus F 5% = Ip(I1 =).

For (DPP)x and (DPN)x, consider a derivation of S of which the last inference is an instance
R = (S1 S2/9) of R, and let (S”,S%) be a partition of S.
(DPP)x Suppose S* is principal for R. We have to show that

DF S (IS = VpS | 2). (5)
Consider the following partition of R:

= (p =) »y=A% Si=T¢=vy=¢—=1) S5=(T"y= A
ST=8r=(T"= A") ST =(I"=).
As S5 # @ = S7%, ©F contains (I, IpSi = VpSt). Sequent SI - (IpSi = VpSi | @) belongs
to DF too. Let R’ be the instance (S} S%/S5%) of R.

First we treat the case that S* # @ and S = @. Thus we have to show that D}, derives
ST (ISt = VpS) = (I, IpS* = VpS?). As S” = SF and S™ = S sequent S” -
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(S5 = YpSi | @) is equal to (I, IS5 = ¥pS3). Thus both (I",3IpS} = ¥pS}) and
(", 3pSi = VpSs) belong to DF. Since VI];ZSi = (IpSi — VpSi) A (FpSi — VpSi) is a
disjunct of VpS*, we have that D% derives (I'" = VpS?), and therefore (I'", IpS* = VpS*).
Second, we treat the case that S°* = @ or S # @. Thus we have to show that D
derives S” - (IpS* = A") = (I'",IpS* = A"). Because S” = S5 and S™ = SI, we
have S” - (IS5 = VpS5 | @) = (I'",FpS5 = A"). Thus both (I'",3IpS] = VpS}) and
(", 3pSi = A") belong to DF. Because IpS* has conjunct 3%”, which has conjuncts IpS?
and VpS; — JpSi, we have that DF derives (I'",3pS* = A"), which is what we had to
show.

(DPN)x Suppose that S? is not principal for R. We show that under the assumption that
all sequents lower than S satisfy the interpolant properties, S™ - (IpS* = VpS® | @) is
derivable. Consider the following partition of R, where S" = (I'", (¢ — ¢) — v = A”") and
St = (T = A?):

S ="y = o) S5=("y=A7) Si=(=) 5=5 = = A,

First, we treat the case that S® # @ and S™ = @. Thus we have to show that sequent
ST - (IpSt = VpS?), which is equal to (I'", IpS* = VpS?), is derivable. As S™ = ST and
S% = S5, sequent S” - (IpSi = VpSi | @) is equal to (I, IpSE = VpSs). Since the sequents
(T" 4 — 7, 3pSt = ¢ — 1) and (I, v, IpSs = VpS}) are derivable by assumption, R can
be applied to them, showing the derivability of

I, (¢ — ) = v,3pSi, IpSh = WpSs.

As 8§ = S it follows that I, (¢ — ) — ~,IpSi, IpS* = VpS' is derivable. Thus it
suffices to show that 3pS* derives IpSi. In case A’ is empty, S} = S*, and we are done. In
case A’ is not empty, S° is not empty, and thus IpSi = Ip(I'* =) is a conjunct of 3;?)251',
which is a conjunct of IpS?. Thus also in this case Ip.S¢ derives IpSi. a

Note that for the above result one cannot use the propositional part of Gentzen’s LK or
other calculi that contain the Cut Rule, as it is not clear that such calculi are reductive.

Theorems 4.4.1 and 5.0.1 imply the following.
Corollary 5.0.1 (Pitts, 1992) Intuitionistic propositional logic has uniform interpolation.

Since IPC, Sm, LC, GSc, KC, Bd,, CPC are the only intermediate logics with uniform inter-
polation, the contraposition of Theorem 5.0.1 and Theorem 4.4.1 imply the following.

Corollary 5.0.2 If an intermediate logic is not equal to one of the seven logics IPC, Sm,
LC, GSc, KC, Bd,, CPC, then it does not have a reductive calculus that is an extension of
G4ip by centered rules.

6 Intuitionistic modal logic

In this and the next section we extend the method developed thus far to intuitionistic
modal logics by extending the class of rules to which Theorem 4.4.1 applies. To this end we
first develop a reductive calculus based on G4ip for the intuitionistic normal modal logic iK
without the diamond operator. Let G4iKg be the calculus G4ip but then for the language
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of propositional modal logic, extended by the following two rules, where II ranges over
multisets that do not contain bozxed formulas:

I'=soe =y IL,AD,¢ = A

ILOT = O¢ ~ % IL,O00O¢p > ¢ = A

Lg—

The principal formula in Rk is Op and in LO — it is Op — . Note that G4iKg again is
a reductive calculus in the order on sequents defined in Section 2.5. The following are two
well-known modal rules.
I'e= O = ¢
IO, Op = A Rp I, 0T = Oy

Ria

The calculus G3iKg consists of G3i (for the language of modal logic) plus the rule Rg, and
G3iKDg is G3iKg plus the rules Rp. The calculus G4iKDg is the extension of G4iKg by Rp.

Recall that we use the convention that

05 =({0¢|pes={0¢[¢c s} BS={B¢|pc s ={B¢|peS)).
This implies that O(I' =) = (OI' =) and O(= A) = (= OA), and similarly for &.
In (Iemhoff, 2017) it is shown that for X € {K,KD}, the calculi G3iXg and G4iXg are

equivalent. Section 8 discusses the other names under which these logics occur in the
literature.

Theorem 6.0.1 (Iemhoff, 2017) For X € {K,KD}: G4iXg is a reductive sequent calculus
(with respect to the order in Example 2.5.1) in which the cut rule and the structural rules
are admissible.

6.1 Interpolant assignment for Lp—

Before considering other modal rules, we extend the interpolant assignment to the new
implication rule Lo—. For this, we first define the standard partition of the rule. Given an

instance R of Lop—
S1 So I'=p H,DF,¢:>A

= 6
S ILOT, Op — ¢ = A ()

and a partition S = (S, S?) of the conclusion, the standard partition is defined as follows.

Si=T =) Si=1I,00 ¢ = AY) if §% = (IIY, O, Op — ¢ = AY)
Si=T'=) Si=5 if Op — ¢ ¢ S = (IIY, a0 = AY).
Given such a partition, R' and R" denote S Si/S% and ST S3/S", respectively. The

following lemma is easy to prove.

Lemma 6.1.1 For any instance (6) of R = Lg— and any partition (S”,S%) of S, for the
standard partition of R, R’ is an instance of R if the principal formula of R belongs to S?,
and R" is an instance of R otherwise.

For an instance R of (6) and for R denoting Lg—, the standard interpolant assignment is
defined as follows.

3PS =, OpSiA(OWS; — IpSa) AA{OPS =) | X C 5o}
WS =, OYpS) AVpS,

LVSS =4 1

3PS =, O3S,
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6.2 Soundness of the interpolant assignment for Lgp—

Lemma 6.2.1 (IPP)3 and (IPN)3 hold for R = Lg— in any extension of G4iKg.

Proof For (IPP)3, consider an instance R as in (6). For conjuncts of aﬁs of the form
O3p(¥ =) for some ¥ C S¢, note that (X = Ip(X =)) belongs to I, by definition, as
(OX =) C S. An application of Rx shows that T}, derives (OX = O3p(X =)), and thus
also (S = 03P (X =)).

For the conjunct O3pS; of EIES, note that J contains (I' = IpS;). An application of
Ry gives I, F (II, O, Op — ¢ = O3pSy). For the conjunct (OVpS; — IpSs) of 355,
note that J5 contains (T',VpS; = ¢) and (II,OT,¢ = IpS>). An application of Lg —
shows that J7, derives (II, OT, Oy — ¢, 0VpS; = IpS,). This implies that JT5, derives
(I, ar, O¢ — ¢ = OVpS; — IpSs).

For (IPN)?z7 assume that all sequents lower than S satisfy the interpolant properties. Thus
F I = dpS;. The presence of Ry implies that + II, O, Op — ¢ = O3pS;, and since

O3pS; = EI]%QS, we are done. O
Lemma 6.2.2 In any extension of G4iKg, (IPP)% and (IPN)Y hold for R = Lg—.

Proof It is easy to see that (IPN)% holds. For (IPP)Y%, consider an instance R as in (6)
and note that (I',VpSi = ¢) and (II, 0T, ¢, VpSs = A) belong to J. This implies that
(I, 3T, OVpSi, ¢, VpSs = A) is derivable from J5. The presence of Lo— and the fact that
VpSs is not a boxed formula, shows that (I, OT, Oy — ¢, OVpSy,VpSy = A) is derivable
from J5. This implies that (IPP)¥ holds. O

Lemma 6.2.3 In any extension of G4iKg, (DPP) holds for R = Lo—.

Proof Consider a sequent S with a derivation of which the last inference is an instance R
of R as in (6). Let (S",S%) be a p—partition of S such that S* is principal for R. Consider
the standard partition of R such that R' = S% S%/S* is an instance of R, which exists by
Lemma 6.1.1. We have to prove that D5 + S - (3pS* = VpS’ | @). We distinguish the
following two cases.

First, assume S”* is empty and S* is not. We have to show that ©F - S™ - (IpS* = VpS*).
Note that S5° is empty and S is not. Hence DF contains sequent S” - (3pSs = VpS3).
Since ST is empty while S§ is not, D% contains ST - (IpSi = VpSi) as well. This implies

that D derives sequent S” - (O3S}, IpS; = OVpS] A VpS3). As sequent IS derives
O3St A (OVpSE — IpSs) and vEsi = OVpSi A VpSs, it follows that DF derives sequent
S” . (3FS? = ¥PS?). Remark 3.5.1 then gives the desired conclusion.

Second, assume that S™* is not empty or S° is empty. Therefore we have to show that o+
S” - (3pS" =). As in the previous case, D derives S” - (O3pS; = OVpS). As it contains

S7-(3pSy =), it derives S™-(O3pSi, IpSh = ). As IS’ derives O3pSi A (OS] — 3pSi),
sequent S” - (3%151' =) is derivable from D},.
O

Lemma 6.2.4 In any extension of G4iKg, (DPN)% holds for R = Lg—.
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Proof Consider a sequent S with a derivation of which the last inference is an instance R
of R as in (6). Let (S",S*) be a p—partition of S such that S* is not principal for R. Thus

ST = (7,07, 0¢ — ¢ = A")  S§'= I, dr" = AY).

Assuming that all sequents below S in the ordering < satisfy the interpolant properties, we
have to show that - S™ - (IpS* = VpS* | &). Consider the standard partition of the rule,
which in this case means that

Si=M=) Si=8 S =(I"=¢) S=1"00"%=A").

We distinguish the case that S™ = @ and S° # @ both hold and that they do not both
hold.

In the first case, A" = @ and A # &, we have by assumption that
FI7,3pS) = ¢ FI7,007,¢, IS = ¥pSi.
R can be applied, and the fact that S* = S§ shows that

FII7, 07", O — 9, 03pSt, IpSt = VpS'.

Since OFp St = EI;?)QSZ' is a conjunct of IpS?, we have reached the desired conclusion. Case
A" # & and case A = & are analogous. O

7 Centered modal rules

In this section centered modal rules and their standard interpolant assignment are intro-
duced, and it is shown that this interpolant assignment is sound for these rules.

7.1 Definition of centered modal rules

A rule R is a centered modal rule if it is of the following form:

S. 08-S
S, S,-08; - 08,

where S, S1, 52 are meta-sequents and

o Sy consists of exactly one meta—formula,
o OS; denotes either Sy or 157,

o Sy is of the form (" =) or empty, for a distinct meta—multiset I that does not occur
in Sy and S,

o Sy is of the form (II = A) in case S§ is empty and of the form (I =) otherwise,
where IT and A range over distinct meta—multisets that do not contain boxed formulas
and that do not occur in Sy or S;.

A centered modal rule is a centered O-rule in case OS; = S, and a centered El-rule in
case OS] = [@S;. Thus Rg and Rp below are centered J-rules, and R4 is a centered
C-rule. Note that if S; is the empty sequent, the rule is both a (O-rule and a E-rule. The
requirement that sequents have at most one formula on the right implies that the multiset
0S5 U OS] U S5 consists of at most one formula.
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Given an instance of a centered modal rule as in (7), the lower sequent is S - 0.S7 - 05y
and denoted by Sj, the upper sequent S, is the premiss O.S7 - Sy of the rule. The formula in
05y is the principal formula of the instance.

A centered modal rule (7) is an r—rule if S§ # @, and an |-rule otherwise. It is an R-rule
if S7 is not empty, and an L-rule if S§ is not empty. An Lr-rule is a rule that is both
an L-rule and an r-rule, and an IC0-rule is a O-rule that is an |-rule, and likewise for all
other combinations. As we consider only sequent calculi with at most one formula in the
succedent, Rr-rules do not occur.

The rules Rg, Rp, R4 that were defined at the beginning of Section 6 are a centered modal
LrO-rule, LIO-rule, and Lr&-rule, respectively. The following is an example of an |-rule.

II,O-—p = A

In the following we mainly consider extensions of G4iKg that are balanced, where a calculus
is balanced if

o it is reductive;
o it does not contain |-rules that are not L—rules;

o contains Ry 4 whenever it contains some H-rule.

7.2 Standard interpolant assignment for centered modal rules

Lemma 7.2.1 For any instance R = (5,/S;) = (051 - So/Se - OS5 - IZ\SO) of a centered
modal rule R and any p-partition (S7,Sf) of S, there is a standard partition of R and
p-partition (S%, S") of S, such that either S? contains the principal formula, R is equal to
0S4 - Sy
Siosi.os, B
S -08% - 0S8

%

and S| =55 - OS] and S;, = OST, or S” contains the principal formula, R" is equal to

oSS
Sr-Os; .05,

and S; = S%- 085} and S = OS}. In the first case R’ is an instance of R and in the second
case R" is.

Proof Since Sy contains exactly one formula, for some partition (S7,S?) of S,, either

Sy =85 -087 - 08 and S} = Si - OS5, or vice versa (i and r interchanged). We leave it
to the reader to check that these partitions indeed satisfy the lemma. O

The standard interpolant assignment for an instance R of a centered modal rule R as in (7)
is defined as follows.

WS, =4 OVpS,

O3pS., if S5 £ o
O3pS, AO-vpS, ifS; =0o.
LV;?S =4 1

3PS =, OpS..

R
t3p'S; =ar
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7.3 Soundness of the standard interpolant assignment

Lemma 7.3.1 For any centered modal rule R in any balanced extension of G4iKg, (IPP)?2
and (IPN)3 hold.

Proof For (IPP)3 we have to show that J - S¢ = O3pS,,, and J5(S) - S* = O-¥pS, in
case S2 = @. For the first part, it suffices to show that for any instance S, /S of R and any
formula ¢:

Sy = kLS = O,

where we will be interested in the case that ¢ = 3pS,. In case R is a O-rule, we apply R
to the sequent (S = ¢) and obtain (S* = Oy). In case R is a E-rule we use R4 instead.
This proves J, + S* = O3pS,. To prove that also I, F S* = O-VpS, in case S5 = &,
note that S%,VpS, = S% belongs to J5, and since S§ = @, J% derives S¢ = —VpS,. An
application of R (or Rks if R is an [-rule) proves that J5(S) F S* = O-VpS,.

For (IPN)%, assume that all sequents lower than S satisfy the interpolant properties. We
have to show that - S* = O3pS,. Since (S = IpS,) is derivable by the assumption
on all sequents lower than S, an application of Rg (or R4 if R is an E-rule) proves that
FS% = 0O3pS,. O

Lemma 7.3.2 For any centered modal rule R in any balanced extension of G4iKg, (IPP)\;z
and (IPN)% hold.

Proof Property (IPN)Y follows immediately from the fact that LV]%QS = 1. For (IPP)%,
consider a sequent S that is the conclusion of an instance R = (5,/S) of R. This implies
that S, - (VpS, =) belongs to J7,. It suffices to show that S, - (VpS, =)+ S - (OVpS, =)
as VﬁS = OVpS,. In case R is a right O-rule, Rk can be applied to S, - (¥pS, =) to obtain
S - (OVpS, = ). In case R is a right E-rule, Rx4 can be used. If R is a left rule, it has to
be an Ll-rule because the calculus is balanced. Thus it can be applied to S, - (VpS, =) to
obtain S - (OVpS, = ). o

Lemma 7.3.3 For any centered modal rule R in any balanced extension of G4iKg, (DPP)x
holds.

Proof Consider a sequent S with a derivation of which the last inference is an instance
R =(5,/S) of R as in (6). Let (S",S%) be a p-partition of S such that S? is principal for
R.

Consider the standard partition of S, /S given the partition of S, and let (57, S¢) denote
the partition of S,,. We have to show that D derives S” - (IpS* = VpS’ | @). We treat the
case that R is a O-rule, the proof for a [-rule is analogous.

If R is a left rule, it is a Ll-rule and there are IT", II¢, ", T"* such that

ST =(I",0r" = A") S =", 00, 0p = A") Si =T"=) S, =T p=).
We distinguish the case that A" = @ and A # @ from the case that this does not hold. In
the first case, we have to show that D% derives (II", OI'", 3pS* = VpS?). Since S5 = @, DF
contains (I'", IpS% =), and thus derives (I'", IpS! = ¥pS’). An application of Rx proves
that D% derives (II", O™, O3pS?, = OVpS:). By Lemma 7.2.1, R is an instance of R, and

32



thus O3pS¢, is a conjunct of H}p%ZSi, which is a conjunct of IpS?, and OVpS! = V}]?Sl is a
disjunct of ¥pS?. This proves the desired.

In case A" # @ or A = &, we have to show that ©F derives (II",OI",3pS* = A").
Again we use that ©F contains (I'",3pS’ =), and conclude from this that D} derives
(I1", 07", 03pS%, = A") by an application of Rgx. Then the same reasoning as in the case
that A" is empty can be applied to obtain @ + (II", O, IpS? = AT).

If R is a right rule, there are II", II*, I'", I"¢ such that

ST=(II",00" =) §'= (00" = Op) S, =I"=) S, =I"= ),

and we have to show that - II", OT", 3pS* = VpS*. Since (I'", IpS}, = ¥pSi) belongs to DF,
an application of R shows that D% derives (II", OI'", O3pS, = OVpSy). By Lemma 7.2.1,

R is an instance of R, and thus O3pS! is a conjunct of EI%TS”‘, which is a conjunct of IpS?,
and OVpS! = VEStis a disjunct of VpS?, which implies what we had to show. O

Lemma 7.3.4 For any centered modal rule R in any balanced extension of G4iKg, (DPN)x
holds.

Proof Assume that S has a derivation of which the last inference is an instance
S 0S8 - Sy

S S, 08, -0S,

of a centered modal rule R. Assume that all sequents lower than S satisfy the interpolant
properties. Let (S”, S%) be a p-partition of S such that S is not principal for R and consider
the standard partition of S,,/S given the partition of S, where (S”, S¢) denotes the partition
of the upper sequent S,. We have to prove the derivability of S” - (IpS? = VpS? | @). If S
is empty, then S = S, and thus S” is derivable, and so is any weakening S” - S’. Therefore
assume S’ is not empty.

If S¢ is empty, then since ST - (IpSi = VpS! | @) is derivable by assumption and 3pS¢ is
equivalent to T and VpS? to L, S” is derivable. An application of R shows that so is S",
and thus also S” - (IpS* = VpS! | @).

If S! is not empty, we distinguish the cases that R is and is not an r-rule. First suppose
it is an r-rule. We treat the case that it is a [J-rule, the case that it is a [J-rule is similar.
Since S? does not contain the principal formula of R, there are IT", II*, T, T'* such that

ST =(II",00" = Oy) S'= (I, 00" =) SI=(I"=¢) S:=("=).
Thus we have to show that - IT", OT'", 3pS* = O¢. By assumption we have - I'", IpS? = ¢,
and an application of Ry gives = II", OI'", O3S}, = Ogp. Since O3pS;, is a conjunct of

EI}S){SZ‘, which is a conjunct of IpS?, this implies what we had to show.

Suppose that R is an |-rule, and thus an Ll-rule. Since S? does not contain the principal
formula of R, there are II", II*, I'", T'* such that

S" =", 00", 0p=A") S'= (I, 00" = AY) S =T",¢=) S, =(I"=).

u

Since S5 = @, (I, », IpS! =) holds by assumption on all sequents lower than S. Thus
an application of R proves that (II", OT", Oy, O3pSE = X) is derivable for any multiset 3
with |3| < 1. In particular, S” - (O3pS¢ =) is derivable in case A" # @ or A =g, and
S” - (O3pS:, = VpS?) is derivable otherwise. As O3pS? is a conjunct of 3]3;51', which is a
conjunct of IpS*, this proves - S” - (IpSt = VpS* | @). O
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8 Main theorems

Theorem 8.0.1 Any intuitionistic modal logic L with a balanced calculus that contains
G4iKg and has an interpolant assignment that is sound with respect to all rules that neither
are centered, nor modal centered, nor belong to G4iKg, has uniform interpolation.

Proof Consider the interpolant assignment that is standard for all centered (modal) rules
as well as the rules R—, L;—, Ly—, Lo—, and for all other rules is as given in the theorem.
By Theorem 3.6.1 it suffices to prove that this interpolant assignment is sound. This follows
from Theorem 5.0.1, Lemmas 6.2.1-6.2.4 and Lemmas 7.3.1-7.3.4. O

Corollary 8.0.1 Any intuitionistic modal logic L with a balanced calculus that consists of
G4iKg, centered rules, and modal centered rules, has uniform interpolation.

Recall that for intermediate logics, besides reproving Pitts’ theorem, the following has been
obtained.

Corollary 5.0.2 If an intermediate logic is not equal to one of the seven logics IPC, Sm,
LC, GSc, KC, Bd,, CPC, then it does not have a reductive calculus that is an extension of
G4ip by centered rules.

For intuitionistic modal logics, Theorem 8.0.1 has the following similar corollary.

Corollary 8.0.2 No intuitionistic modal logic L that does not have uniform interpolation
has a balanced calculus that is an extension of G4iKg by centered and centered modal rules.

It is not hard to see that calculi G4iKg and G4iKDg are balanced with respect to the order
defined in Section 2.5. As proved in (Iemhoff, 2017), they are equivalent to G3iKg and
G3iKDg, respectively. Therefore Theorem 8.0.1 implies the following.

Theorem 8.0.2 The logics Lgsik, and Lgsikp, have uniform interpolation.

Logic Lgsik, is equivalent to logic iK from (Simpson, 1994), where it is defined via the Hilbert
system that has as rules Necessitation and Modus Ponens and as axioms all substitution
instances of formulas valid in IPC plus the axiom O(¢ — ¢) — (Op — Ot). As mentioned
in the introduction, Lgsik, and Lgsikp, are called HKp and HDg in (Bozi¢ and Dosen,
1984; Dosen, 1985), and K' and NV' in (Litak, 2014), where Lg3ika, is called K4'. In (Wolter
and Zakharyaschev, 1999), Lgsik, and Lgsika, are denoted by IntKp and IntK4p.

For a proper treatment of transitive logics, logics that contain Rg4, the rule L1 — has to
be replaced by a corresponding implication rule:

=y ILOT,Y = A

ILOD, Op - ¢ = A

Let G4iK4g be G4iKp in which Ry is replaced by Ri4 and LO — by the rule above.
In (Temhoff, 2017) it is shown that the calculi G3iK4g (G3iKg plus Ri4) and G4iK4g are
equivalent.

Since Rg4 is a centered modal rule and the new implication rule can be given a sound
interpolant assignment, all the observations of Section 6 apply. However, it is yet unclear
whether there is an ordering on sequents under which the calculus G4iK4g is reductive, it
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certainly is not so under the ordering defined in Section 2.5. Therefore, Corollary 8.0.1 does
not apply and we do not know whether Lgsiks, has uniform interpolation or not. Since
Bilkova (2007) and Ghilardi and Zawadowski (1995) have shown that K4 and S4 do not
have uniform interpolation, one wonders whether the same holds for Lgsika,, which would
imply that the calculus G4iK4g cannot be reductive.

9 Conclusion

We have presented a uniform modular method to prove that certain intermediate and intu-
itionistic modal logics (without the diamond operator <) have uniform interpolation. Using
this method, we have proved that the intuitionistic versions of K and KD have uniform
interpolation. The modularity of the method guarantees that when G4iKg is extended by
new rules, then in order to establish that uniform interpolation is preserved in the extension
(in the case that the extension indeed has that property), only the new rules have to be
proven sound for some interpolant assignment that is standard for the rules of G4iKg.

The contraposition of these results lead to the main theorem of the paper, namely that for
any intermediate or intuitionistic modal logic that does not have uniform interpolation, it
follows that it cannot have a reductive calculus that is an extension of G4ip by centered
rules or a balanced extension of G4iKg by centered (modal) rules, respectively. Applying
this to the infinitely many intermediate logics without uniform interpolation, shows that
extensions of G4ip by centered rules are excluded as proof systems for these logics.

9.1 Future work

There are many directions for future research. Something that should be explored is the
extension of the framework to other intuitionistic modal logics, such as iGL, and to modal
logics that contain the diamond operator. Another natural continuation of the work pre-
sented here would be the extension of the method to other classes of logics, such as the
substructural logics, where one could try to develop a method similar to the one in this
paper to prove and generalize the results in Alizadeh et al. (2014). It would also be useful
to extend our method to hypersequent calculi, as there are logics with nice hypersequent
calculi that have uniform interpolation, for example KC. Moreover, not having uniform in-
terpolation would, for a given logic, exclude not only certain sequent calculi but even certain
hypersequent calculi as sound and complete proof systems for the logic.
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