
Mathematical structures in logic
Exercise class 4
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February 25, 2016

In the following let B be a Boolean algebra and XB its dual Stone space.

(1) Let (Fil(B),⊆) be the poset of filters on B and let (Cl(XB),⊆) be the
poset of closed subsets of XB . Show that there is an order-reversing
bijection between (Fil(B),⊆) and (Cl(XB),⊆). Can you say something
similar about the poset of ideals on B?

(2) Show that there is a one-to-one correspondence between the atoms of B
and the isolated points of XB .

(Recall that in a topological space X = (X, τ) a point x ∈ X is isolated if
{x} is open).

(3) Let IXB
:= {x ∈ XB | x is an isolated point}. Show that B is atomic iff

IXB
is dense in XB .

(Recall that in a topological space X = (X, τ) a subset Y ⊆ X is dense
in X iff the topological closure of Y is X. Equivalently, Y is dense if for
every x ∈ X and every open U with x ∈ U it follows that U ∩ Y 6= ∅.)

Additional exercises

(4) (Atoms and join-irreducibles)

(a) Show that in a bounded lattice all atoms are necessarily join-irreducible.

(b) Does atoms and join-irreducible elements coincide for Boolean alge-
bras?

(5) (For people how know (or want to learn) a bit more topology)

(a) Use (2) to show that there exists atomless Boolean algebras, i.e.,
Boolean algebras without any atoms.

(b) Determine (up to isomorphism) the number of countable atomless
Boolean algebras.
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(6) For people who know (want to learn a bit more) category theory. Let Set
be the category of sets and functions and let CABA be the category of
complete atomic Boolean algebras and complete Boolean algebra homo-
morphisms. Prove that the correspondence between Set and CABA from
HW 4, exercise 1, is part of a dual equivalence Setop ∼= CABA, i.e.

(a) Show that P : Set→ CABA and A : CABA→ Set are contravari-
ant functors. (What are the action on morphisms?)

(b) Show that the this isomorphisms from HW 4, exercise 1 are natural,
i.e. show that for complete atomic Boolean algebra B the isomor-
phims ηB : B → P(A(B)) are components of a natural transfor-
mation η : IdCABA ⇒ P ◦ A and similarly, for every set X, the
bijections µX : X → A(P(X)) are components of a natural transfor-
mation µ : IdSet ⇒ A ◦ P.

So you need to show that for every complete Boolean homomorphism
f ∈ HomCABA(B,C) and every map g ∈ HomSet(X,Y ) the follow-
ing diagrams commute.

B C

P(A(B)) P(A(C))

ηB

f

P(A(f))

ηC

X Y

A(P(X)) A(P(Y ))

µX

g

P(A(g))

µY
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