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Why formal linguistics?

Cognitive Artificial Intelligence:
o Understanding humans leads to better software

o Software leads to better understanding humans
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Why formal linguistics?

Cognitive Artificial Intelligence:
o Understanding humans leads to better software

o Software leads to better understanding humans

Within formal linguistics:
o Constrains on human language can be applied in software

o Formal language theory can shine light on human language
processing
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Set of types T:
o p with p € Atoms
o a/bwitha, be T
o b\awitha, be T
o a®bwitha be T
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Set of types T: Formulas: a2 — b with a, b types
o p with p € Atoms
o a/bwitha, be T
o b\awitha, be T
o a®bwitha be T
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Lambek calculus NL

Set of types T: Formulas: a2 — b with a, b types
p with p € Atoms

o a/bwitha, be T

o b\awitha, be T

0o a®bwitha,be T

(~]

Axiom: Residuation rules:
a — a (Axiom
( . ) b— a\c
Transitivity: _—
a®b—c
a—b b— c —_
a—c a—c/b
&
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Lambek calculus NL

Set of types T: Formulas: a2 — b with a, b types
o p with p € Atoms
o a/bwitha, be T
o b\awitha, be T
0o a®bwitha,be T

Axiom: Residuation rules:
a — a (Axiom
N ( . ) b— a\c
Transitivity: —_—
a—b boc 28b—oc
a—c a—c/b
Example:
a\b— a\b
%U% Universiteit Utrecht Cognitive Artificial Intelligence Matthijs Melissen
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The yield of a formula
o yield(a ® b) = yield(a), yield(b)
o yield(a) = a in other cases
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Lambek grammar

The yield of a formula
o yield(a ® b) = yield(a), yield(b)

o yield(a) = a in other cases

Lambek grammar L(X. D, p):
o > Terminal symbols
o D Goal symbol

@ ¢ : Y — P(T) assigns types to terminal symbols
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Lambek grammar

The yield of a formula
o yield(a ® b) = yield(a), yield(b)

o yield(a) = a in other cases

Lambek grammar L(X, D, ¢):
o > Terminal symbols
o D Goal symbol
@ ¢ : Y — P(T) assigns types to terminal symbols

The language generated by a Lambek grammar L(%, D, ) is the set
of expressions t7 ... t, over the alfabet ¥ such that there is a derivable
formula with yield by ... b, — D such that b; € ¢(t;) for all i < n.
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p(Alice) = {np}
¢(sees) = {(np\s)/np}
¢(the) = {np/n,np}
©(house) = {n}
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o(Alice) = {np}
p(sees) = {(np\s)/np}
¢(the) = {np/n,np}
©(house) = {n}

With brackets: Alice @ (sees @ (the @ house))
Formula: np & ((np\s)/np) © ((np/n) & n))
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o(Alice) = {np}
p(sees) = {(np\s)/np}
¢(the) = {np/n,np}
©(house) = {n}

With brackets: Alice @ (sees @ (the @ house))
Formula: np & ((np\s)/np) © ((np/n) & n))

o ()P & (/M en) —s 0

_



Lambek—Grishin Calculus Extended to Connectives of Arbitrary Aritiy > Motivation and related work

p(Alice) = {np}

plsees) = {(np\s)/np}

o(the) = {np/n,np} r—b A—b\a
o(house) = {n} N®A—a

\E

With brackets: Alice @ (sees @ (the @ house))
Formula: np @ (((np\s),/np) @ (np/n) & n)

p—np  (P\)mp) @ ((mpfm @) = e '

w8 (np\s)/mp) & (np/m @ n)) =5 '

# Universiteit Utrecht Cognitive Atrtificial Intelligence Matthijs Melissen
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r—ab A—b

©(Alice) = {np} FroA - a /
plsees) = {(np\s)/np}
o(the) = {np/n,np} r—b A—b\a \E
o(house) = {n} N®A—a

With brackets: Alice @ (sees @ (the & house))
Formula: np & ((np\s)/np) @ ((np/n) & n))

JE

(np\s)/np — (np\s)/np (np/n) @ n — np JE

np—np  ((np\s)/np) ® ((np/n) @ n) — np\s \E
np @ (((np\s)/np) © ((np/n) © n)) — s
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r—ab A—b

©(Alice) = {np} FroA - a /
plsees) = {(np\s)/np}
o(the) = {np/n,np} r—b A—b\a \E
o(house) = {n} N®A—a

With brackets: Alice @ (sees @ (the & house))
Formula: np & ((np\s)/np) @ ((np/n) & n))

np/n— np/nn—n

(np\s)/np — (np\s)/np (np/n) @ n — np

np—np  ((np\s)/np) ® ((np/n) ® n) — np\s \E
np @ (((np\s)/np) @ ((np/n) @ n)) — s

# Universiteit Utrecht Cognitive Artificial Intelligence Matthijs Melissen
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Set of types T: p with

p € Atoms
e a/b @anb
e b\a e bva
e b®a e bda
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Set of types T: p with Residuation rules:
p € Atoms

e a/b @anb b— a\c

e b\a e bva aQb— ¢

e b®a e b®a a—c/b
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Set of types T: p with Residuation rules:

p € Atoms
e a/b @anb b— a\c 20c—b
o b\a °bwa a®b—c c—adb
e b®a e b®a a—c/b cob—a
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Lambek—Grishin calculus [Moortgat, 2007]

Set of types T: p with Residuation rules:

p € Atoms
@ a/b @adb b— a\c 20c—b
o b\a °ba a®b—c c—adb
o b®a e bda a—c/b cob—a

Grishin interactions:
(a0b)®@c— a0 (b®c) a®(boc)—(a®@b)oc
a®(boc)—bo(a®c) (a0b)®c—(a®c)ob

N
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Lambek calculus
[Lambek, 1958]
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Motivation generalized LG
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Motivation generalized LG

Arbitrary arity: useful for ‘give him the present’ and ‘coffee or tea’

i
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Motivation generalized LG

Arbitrary arity: useful for ‘give him the present’ and ‘coffee or tea’

§‘ Universiteit Utrecht Cognitive Atrtificial Intelligence Matthijs Melissen
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The types

Non-atomic types

Binary

%
N

N/
(4

S
K/

Multiplicative | Implicative
Left a®b a/b, a\b
Right adb aob,av0b

¢ Universiteit Utrecht Cognitive Artificial Intelligence
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The types

Non-atomic types

Multiplicative | Implicative
Binary Left a®b a/b, a\b
Right adb aob,ad®b
Multiplicative Implicative
Generalized, n =2 Left fe(a, b) f1(a, b), f2(a,b)
Right g+(a, b) g'.(a,b), g°.(a, b)

Universiteit Utrecht Cognitive Artificial Intelligence
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The types

Non-atomic types

Binary

Generalized, n = 2

Generalized

R

Multiplicative | Implicative
Left a®b a/b, a\b
Right ad®b aob,adb
Multiplicative Implicative
Left fe(a, b) f1(a, b), f2(a,b)
Right g+(a, b) g'.(a,b), g°.(a, b)
Multiplicative Implicative
Left | f(a1,....a,) | f.(a1,...,2n)
Right | g.(a1....,2,) | g'.(a1,..., ap)

= B = Universiteit Utrecht Cognitive Artificial Intelligence
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Identity: Transitivity:

a— a a—b b—c

a—C
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Identity: Transitivity:

a— a a—b b—c
a—C

Residuation rules:

fo(a1,...,an) — b

aj — f;(al, ceeydi—1, b, i1y a,,)

b— ge(ai,...,an)

g;(ala sey ai—la b7 ai-i-l) ey an) - ai

_
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Grishin interactions Gr(i,j) (1 </ <n, 1 <) <n):

gi)(bl, ey b;_l, f.(ah ey aj_l, b,‘, aj+1, ey a,,), b,‘+1, ey b,,) —d

fo(a1,. .., aj_l,gL,(bl, ..ybn),ajq1,.. o a0) — d
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Grishin interactions Gr(i,j) (1 </ <n, 1 </ <n):

gL,(b1, ey b,'_1, f.(al, ey aj_l, b,', aj+1, . .,a,,), b;+1, ceey b,,) — d
f.(al,...,aj_l,gL,(bl,...,b,,),aj+1,...,a,,) —d

Example: Grishin interaction for n =3, i =1, j = 2.

gi(f'(ab bla 33)7 b27 b3) —d
fo(a1, g% (b1, by, b3),a3) — d
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Grishin interactions Gr(i,j) (1 </ <n, 1 <j <n):

gL»(bh ey bi—17 f.(alv ey aj—l) bi7 aj+17 .. 'aan)a bi-i—la ey bn) —d
ft(alw"aaj717gi>(b17"'7bn)7aj+1a"'7an) —d

Example: Grishin interaction for n =3, i =1, j = 2.

fo gk,
a gl a3 fo by b3

T T
b1 by b3 air b1 a3
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Properties of the calculus

Advantages:
o Branching of arbitrary order
o At least mildly context-sensitive
o Decidability
o Complete with respect to Kripke semantics

o Derivations can be interpreted using continuation semantics

¢ Universiteit Utrecht Cognitive Artificial Intelligence Matthijs Melissen



Lambek—Grishin Calculus Extended to Connectives of Arbitrary Aritiy > The generalized LG calculus

Properties of the calculus

Advantages:

o Branching of arbitrary order

o At least mildly context-sensitive

o Decidability

o Complete with respect to Kripke semantics

o Derivations can be interpreted using continuation semantics
Disadvantage:

o Hard to find the right types

Universiteit Utrecht Cognitive Artificial Intelligence Matthijs Melissen
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Generative capacity of LG

Chomsky hierarchy:
Q Regular
O Context-free

@ Context-sensitive
@ Recursive

© Recursively enumerable

%
N
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Generative capacity of LG

Chomsky hierarchy:
O Regular
Q Context-free (Too weak for natural language)

@ Context-sensitive (Too strong for natural language)
O Recursive

© Recursively enumerable

SoZ
N
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Generative capacity of LG

Chomsky hierarchy:
O Regular
Q Context-free (Too weak for natural language)
© Mildly context-sensitive
@ Context-sensitive (Too strong for natural language)
O Recursive

© Recursively enumerable

%,
¥] =
N

¢ Universiteit Utrecht Cognitive Artificial Intelligence Matthijs Melissen

iy,
U



Lambek—Grishin Calculus Extended to Connectives of Arbitrary Aritiy > Generative capacity of LG

Generative capacity of LG

Chomsky hierarchy:
O Regular
Q Context-free (Too weak for natural language)
© Mildly context-sensitive
@ Context-sensitive (Too strong for natural language)
O Recursive
© Recursively enumerable
Complexity LG:
o At least mildly context-sensitive [Moot, 2008]
o At most recursive

o New result: stronger than context-sensitive

R

N
K/
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Any language that is the intersection of a context-free language and

the permutation closure of a context-free language can be recognized
by LG.

Examples:

o m(a"b"c") (permutation closure of context-free language)
o a"b"c"d"e" (intersection of a’b/c*d’'e™ and permutation of
(abcde)”

# Universiteit Utrecht Cognitive Artificial Intelligence Matthijs Melissen
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Spinal Ajdukiewicz—Bar-Hillel grammar AB;

AB; (spinal Ajdukiewicz—Bar-Hillel-grammar)
o Types: a and a\b where a and b atoms
@ Derivation rule: only a, (a\b) — b
o Set of goal types instead of one goal type

All derivable sequents have the following form:
a0, (a0\a1), (a1\a2), - -, (an—1\an) — an

&V%
N

N/
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Modelling of finite automata in ABq

Finite automata can be modelled in ABg
Example:
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Modelling of finite automata in ABq

Finite automata can be modelled in ABg
Example:
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Modelling of finite automata in ABq

Finite automata can be modelled in ABg
Example:

o X ={ab,c}
o D ={ql,q4}
U
& = Universiteit Utrecht Cognitive Artificial Intelligence Matthijs Melissen
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Modelling of finite automata in ABg

Finite automata can be modelled in ABg
Example:

o X ={ab,c}
o D ={ql,q4}
t | o(t)
. a q1\q2
°¥ p q2\q3
c q3\q1

§U «-; Universiteit Utrecht Cognitive Artificial Intelligence Matthijs Melissen
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Modelling of finite automata in ABg

Finite automata can be modelled in ABg
Example:

o X ={ab,c}
o D ={ql,q4}
t‘gp

alq2 ql\q2
°Y blgs  q2\g3
c q3\q1

§U «-; Universiteit Utrecht Cognitive Artificial Intelligence Matthijs Melissen
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Conversion of permutation of ABg into LG

ABg-grammar NL-grammar
@ symbols @ symbols ¥’
o goal types D o goal types D
o type dictionary o type dictionary
¥1 P2
§1‘% Universiteit Utrecht Cognitive Artificial Intelligence Matthijs Melissen
UN
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Conversion of permutation of ABg into LG

ABg-grammar NL-grammar LG-grammar
@ symbols ¥ @ symbols ¥’/ @ symbols ¥ N%/
o goal types D o goal types D o fresh goal type d
o type dictionary o type dictionary o type dictionary
¥1 Y2 ©: see below
e1(p) | wa(p) | v (p)
a (atom) c {(a20d)O© c}
a\b c {(b@a)o c}
gﬂ% Universiteit Utrecht Cognitive Artificial Intelligence Matthijs Melissen
N
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Example: permuation of a"b"c”

ABgs-grammar NL-grammar
o symbols {a, b, c} o symbols {a, b, c}
o goal types {s} o goal types {s}
o type dictionary o type dictionary

p1(a) = {a,s\a} pa(a) = {s,s\s}
p1(b) = {a\b} pa(b) = {s,s\s}
p1(c) = {b\s} pa(c) = {s,s\s}

Wiy,
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Example: permuation of a"b"c”

ABgs-grammar NL-grammar LG-grammar
o symbols {a, b, c} o symbols {a, b, c} o symbols {a, b, c}
o goal types {s} o goal types {s} o goal type d
o type dictionary o type dictionary

p1(a) = {a,s\a} pa(a) = {s,s\s}
p1(b) = {a\b} pa(b) = {s,s\s}
p1(c) = {b\s} pa(c) = {s,s\s}
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Example: permuation of a"b"c”

ABgs-grammar NL-grammar LG-grammar
o symbols {a, b, c} o symbols {a, b, c} o symbols {a, b, c}
o goal types {s} o goal types {s} o goal type d
o type dictionary o type dictionary
p1(a) = {a,s\a} p2(a) = {s,s\s}
p1(b) = {a\b} p2(b) = {s,s\s}
p1(c) = {b\s} p2(c) = {s,s\s}
(boa)©s)@((s@b)© (s\s) ®@(a05s) O (s\s)) — d

C
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Example: permuation of a"b"c”

ABgs-grammar NL-grammar LG-grammar
o symbols {a, b, c} o symbols {a, b, c} o symbols {2, b, c}
o goal types {s} o goal types {s} o goal type d
o type dictionary o type dictionary

p1(a) = {a,s\a} pa(a) = {s,s\s}
p1(b) = {a\b} pa(b) = {s,s\s}
p1(c) = {b\s} pa(c) = {s,s\s}

(a0s)o((bva)o((s@b)© ((s®@(s\s)) ®(s\s)))) — d
(boa)os)@((sob)o (s\s))®@ (a0 s)© (s\s)) — d

C a

§U «-; Universiteit Utrecht Cognitive Artificial Intelligence Matthijs Melissen
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Example: permuation of a"b"c”

ABgs-grammar NL-grammar LG-grammar
o symbols {a, b, c} o symbols {a, b, c} o symbols {2, b, c}
o goal types {s} o goal types {s} o goal type d
o type dictionary o type dictionary

p1(a) = {a,s\a} pa(a) = {s,s\s}
p1(b) = {a\b} pa(b) = {s,s\s}
p1(c) = {b\s} pa(c) = {s,s\s}

(s@(s\s)) @ (s\s) ~ (s@b)®((b©a) T ((a@d) D d))
(20s5)0((b0a)©((s@b)© ((s®(s\s)) @ (s\s)))) — d
((boa)os)@((s@b)©(s\s) @((a0s) O (s\s)) — d

C a
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Example: permuation of a"b"c”

ABgs-grammar NL-grammar LG-grammar
o symbols {a, b, c} o symbols {a, b, c} o symbols {2, b, c}
o goal types {s} o goal types {s} o goal type d
o type dictionary o type dictionary
pi(a) ={as5\a}  ¢a(a) = {s,5\s}
e1(b) = {a\b} p2(b) = {s,5\s}
p1(c) = {b\s} p2(c) = {s,s\s}

(s@(s\s)@(s\s) = (sob)d((boa)®a)
(s@(s\s))®@(s\s) = (sob)@((boa)d((avd)® d))
(aos)o((boa)o((s@b)© ((s®(s\s)) ®(s\s)))) —
(boa)os)@((s@b)© (s\s)) ®((a0©s) © (s\s)) —

b C a
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Example: permuation of a"b"c”

ABgs-grammar NL-grammar LG-grammar

o symbols {a, b, c} o symbols {a, b, c} o symbols {2, b, c}
o goal types {s} o goal types {s} o goal type d
o type dictionary o type dictionary

pi(a) ={as5\a}  ¢a(a) = {s,5\s}

e1(b) = {a\b} p2(b) = {s,5\s}

p1(c) = {b\s} p2(c) = {s,s\s}

s—s

(s@(s\s)@(s\s) = (sob)d((boa)®a)
(s@(s\s))®@(s\s) = (sob)@((boa)d((avd)® d))
(aos)o((boa)o((s@b)© ((s®(s\s)) ®(s\s)))) —
(boa)os)@((s@b)© (s\s)) ®((a0©s) © (s\s)) —

b C a
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Proof

o Any language generated by a finite automata can be recognized
by some ABs-grammar

o Any intersection of a permutation of an ABs-language and an
NL-language can be recognized by some LG-grammar

%
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Proof

o Any language generated by a finite automata can be recognized
by some ABs-grammar

o Any intersection of a permutation of an ABs-language and an
NL-language can be recognized by some LG-grammar

o Regular languages can be recognized by finite automata

o CFG languages are equal to NL-languages

o Therefore, any intersection of a permutation of a regular language
and a context-free language can be recognized by some
LG-grammar
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Proof

o Any language generated by a finite automata can be recognized
by some ABs-grammar

o Any intersection of a permutation of an ABs-language and an
NL-language can be recognized by some LG-grammar

o Regular languages can be recognized by finite automata

o CFG languages are equal to NL-languages

o Therefore, any intersection of a permutation of a regular language
and a context-free language can be recognized by some
LG-grammar

@ The permutation of context-free grammars is equal to the
permutation of regular grammars

o Therefore, any intersection of a permutation of a context-free
grammar and a context-free language can be recognized by some
LG-grammar
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Conclusions and future work

Conclusions

o We extended binary Lambek—Grishin calculus to a calculus
allowing for connectives of arbitrary arity

o The calculus has some other good properties, such as decidability,
completeness and a connected continuation semantics

o The binary calculus recognizes all languages that are the
intersection of a context-free language and the permutation
closure of a context-free language

o The generative capacity is slightly more than mildly
context-sensitivity and for this reason a good candidate for
modelling natural language
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Conclusions and future work

Conclusions

o We extended binary Lambek—Grishin calculus to a calculus
allowing for connectives of arbitrary arity

o The calculus has some other good properties, such as decidability,
completeness and a connected continuation semantics

o The binary calculus recognizes all languages that are the
intersection of a context-free language and the permutation
closure of a context-free language

o The generative capacity is slightly more than mildly
context-sensitivity and for this reason a good candidate for
modelling natural language

Future work
o Apply formalism to ‘real’ (natural) language
o Find upper bound generative complexity
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