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Abstract. The study of propositional realizability logic was initiated in the 50th of the
last century. Unfortunately, no description of the class of realizable propositional formulas
is found up to now. Nevertheless some attempts of such a description were made. In 1974
the author proved that every known realizable propositional formula has the property
that every one of its closed arithmetical instances is deducible in the system obtained by
adding Extended Church Thesis and Markov Principle as axiom schemes to Intuitionistic
Arithmetic. A. Visser calles this system Markov Arithmetic. In 1990 another attempt of
describing the class of realizable propositional formulas was made by F. L. Varpakhovskii
who proposed a calculus in an extended propositional language and proved that all known
realizable propositional formulas are deducible in this calculus. In this paper we prove
that every propositional formula deducible in Varpakhovskii’s calculus has the property
that every one of its closed arithmetical instances is deducible in Markov Arithmetic.
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81. Introduction. Recursive realizability as a semantics of arithmetical sen-
tences was introduced by S. C. Kleene [2]. It can be considered as a more precise
definition of the informal intuitionistic semantics. From the point of view of
intuitionists, a sentence is true if it is proved. Thus the truth of a sentence is
connected with its proof. In order to avoid any confusion with formal proofs, we
shall use the term “a verification” instead of “a proof”. For every true sentence
A we can consider its verification as a text justifying A. Such understanding of
the meaning of sentences leads to an original interpretation of logical connectives
and quantifiers. In particular, if A and B are sentences, then a verification of an
implication A D B is a text describing a general effective operation for obtaining
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a verification of B from every verification of A. If A(z) is a predicate with a
parameter x over a domain M given in an appropriate way, then a verification
of an universal sentence Vz A(z) is a text describing a general effective operation
which gives a verification of A(m) for every given m € M. The main idea of
Kleene was coding verifications by natural numbers and using the exact notion
of a partial recursive function instead of the vague intuitionistic concept of an
effective operation. Partial recursive functions are coded by natural numbers
by means of the Gddel enumeration. A code of a verification of an arithmetical
sentence is called a realization of the sentence. An arithmetical formula is called
realizable iff its universal closure has a realization. It was proved by D. Nelson
[4] that every formula deducible in intuitionistic arithmetic HA is realizable.

Kleene’s semantics was the main base of the constructive approach to math-
ematics worked out by A. A. Markov and his school. In connection with the
development of constructive mathematics it is of interest to study logical princi-
ples acceptable from the constructive point of view. In mathematical logic logical
principles are expressed by logical formulas. The simplest logical formulas are
propositional ones.

There are various notions of a realizable propositional formula. It would be
rather natural to define a realizable propositional formula as a formula A such
that every one of its arithmetical instances is realizable. But this definition ad-
mits several variants. First we can distinguish arbitrary arithmetical instances
and only closed ones. Second we can distinguish constructive and nonconstruc-
tive treatment of the definition depending on the existence of an algorithm giving
a realization for every arithmetical instance. Thus we have a priori four variants
of realizability for propositional formulas.

1) A propositional formula is called weakly realizable if every one of its closed
arithmetical instances is realizable. It is easy to prove that a propositional
formula is weakly realizable iff it is a classical tautology. In particular, the law
of excluded middle p V —p is weakly realizable. Thus this notion of realizability
for propositional formulas is not interesting.

2) A propositional formula is called irrefutable if every one of its (not necessary
closed) arithmetical instances is realizable. It can be proved that the formula
pV —p is not irrefutable.

3) A propositional formula A is called effectively realizable if there exists an
algorithm that for every closed arithmetical instance of A produces a realization
for it. Obviously, every effectively realizable formula is irrefutable. Any example
of an irrefutable propositional formula which is not effectively realizable is not
found until now. On the other hand, it is not known whether these two notions
coincide.

4) The fourth notion of realizability for propositional formulas means that
for any (not necessary closed) arithmetical instance of a propositional formula
we can effectively find a number realizing the universal closure of this instance.
It is rather obvious that this notion coincides with the notion of an effectively
realizable propositional formula.

It follows from Nelson’s results [4] that for every propositional formula A
deducible in Intuitionistic Propositional Calculus IPC there exists a common
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realization for all closed arithmetical instances of A. This observation leads to
the following notion.

5) A propositional formula A is called uniformly realizable if there exists a
natural number realizing every closed arithmetical instance of A. FEvidently,
every uniformly realizable formula is effectively realizable, hence irrefutable. No
example of effectively realizable propositional formula which is not uniformly
realizable is known. However it is open whether these two notions coincide.

A detailed survey of propositional realizability logic can be found in [6].

Every realizable (in any sense) propositional formula can be considered as
a constructive logical principle. Thus studying propositional realizability logic
was at first important for foundations of mathematics. Later the applications of
constructive mathematics in computer science also increased the interest in the
subject. The problem of describing the class of realizable propositional formulas
is still open. However some attempts of a description of propositional realizability
logic were made. In this paper we consider two of them.

The first one was undertaken by the author. Note that the definition of re-
cursive realizability can be formulated as a translation from the language of
arithmetic into itself. Namely for any arithmetical formula A, a formula zr A
with an additional parameter x is defined in such a way that xr A means that
x is a realization of A (see [2], [4]). The formula xr A can be constructed so
that it does not contain V and contains 3 only in the subformulas of the form
Jxy ...3dz, B, where B is a quantifier-free formula. Formulas of this kind are
called almost negative. The author [5] considered a formal system S obtained
from HA by adding the axioms A = Jz zr A for any arithmetical formula A and
the axiom scheme

Vo (A(x) V -A(x)) & =3z A(z) D Jz A(x)

called Markov Principle MP. It was proved that every known realizable propo-
sitional formula has the property that every one of its arithmetical instances is
deducible in S.

Extended Church’s Thesis ECT is the following scheme of axioms, where A(x)
is an almost negative formula, B(z,y) is an arbitrary arithmetical formula, {e}
is a partial recursive fuction with the Goédel number e:

Va (A(z) D Jy B(z,y)) D JeVz (A(x) D Jy ({e}(z) = y & B(z,y))).

The system S is equivalent to the system of “Russian” or “traditional” con-
structivism (see [1]) HA+MP+ECT. A. Visser [9] calles this system Markov
Arithmetic and denotes it by MA.

Another attempt of a description of the realizable propositional formulas was
made by F. L. Varpakhovskii [8] who proposed an axiomatic class of uniformly
realizable formulas in an extended propositional language. Namely additional
connectives called strong implication and conditional disjunction are added to
the propositional and arithmetical languages. The notion of recursive realizabil-
ity is generalized to the new connectives. The notion of an uniformly realizable
propositional formula in the extended language is defined in an obvious way.
F. L. Varpakhovskii proposed a propositional calculus in the extended language
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and has proved that any propositional formula deducible in this calculus is uni-
formly realizable. Moreover, all the known realizable propositional formulas
are deducible. F. L. Varpakhovskii observes that his calculus gives an uniform
formalization of the principles used in proving realizability of propositional for-
mulas. The problem of completeness of Varpakhovskii’s calculus is still open.

In this paper we prove that every propositional formula deducible in the Var-
pakhovskii calculus has the property that every one of its closed arithmetical
instances is deducible in Markov Arithmetic.

82. Kleene’s recursive realizability. We shall consider the first-order lan-
guage of formal arithmetic containing the constant 0, the function symbol s and
symbols for all the primitive recursive functions, the predicate symbols = and
<, the propositional connectives &, V, D, and —, and the quantifier symbols V¥
and 3. It will be assumed that each of the function symbols codes the way of
obtaining the corresponding primitive recursive function from the basic functions
by means of superposition and primitive recursion.

If A and B are formulas, then A = B is an abbreviation for the formula
(A D B)& (B D A). By writing formulas, we shall use bounded quantifiers
(Vz < t) and (Jz < t), where ¢ is a term without the variable x, considering
(Ve < t)A and (Jz < t) A as abbreviations for the formulas Vz (z < ¢t D A)
and Jx (x < t& A) respectively. The closed arithmetical formulas will be called
arithmetical sentences. Logical length of an arithmetical formula A is the number
of logical connectives and quantifiers in A.

Intuitionistic arithmetic HA is a formal system in the language of arithmetic
based on the intuitionistic predicate calculus IQC and containing Peano axioms,
defining axioms for the primitive recursive functions, and natural axioms for the
relation <.

Elements of the theory of partial recursive functions can be found in [3]. The
total partial recursive functions are called general recursive. An indexing of the
partial recursive functions is described in [3]. The unary function whose index
is  will be denoted by {x}. Note that every natural number is an index of an
unary partial recursive function.

The relation “a natural number e realizes an arithmetical sentence A” is de-
noted er A and is defined by induction on the logical length of A.

o If A is an atomic sentence ¢; = t2, then er A = [e = 0 and A is true].

Let A and B be arithmetical sentences. Then

e er (A& B) = [e is of the form 2 -3 and ar A, br B];

e er(AV B) = [e is of the form 2° - 3% and ar A or e is of the form 2! - 3°

and br BJ;

e er (A D B) = [e is an index of a partial recursive function ¢ such that for

any a, if ar A, then ¢(a) r BJ;

s er-A=ler(AD0=1).

Let A(x) be an arithmetical formula with the only parameter . Then
o erVz A(z) = [e is an index of a general recursive function f such that
f(n)r A(n) for every nl;
e erdx A(z) = [e is of the form 2" - 3% and ar A(n)].
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An arithmetical sentence A is called realizable if there exists e such that er A.
An arithmetical formula A(zq,...,z,,) with the only parameters x1,... ,z,, is
called realizable if the sentence Vzj ...V, A(z1,...,Zm) is realizable. Obvi-
ously, a formula A(z1,...,x,,) is realizable iff there exists an m-ary recursive
function f such that f(ki,...,kn)r A(k1,... kn) for every ki,..., Ekp,. In this
case, we say that the function f realizes the formula A(z1,...,zm).

The following theorem is proved by D. Nelson.

THEOREM 2.1. Ewvery formula deducible in intuitionistic arithmetic HA is re-
alizable.

PROOF. See [4]. =

83. Formalizing recursive functions in arithmetic. The notion of real-
izability can be formulated as a translation from the language of arithmetic into
itself. Obviously, we need a kind of a formalization of the theory of recursive
functions in the language of arithmetic. For this purpose we shall use specifi-
cations of recursive fuctions by ¥-formulas. Note that one can define a binary
primitive recursive function j providing a one-to-one correspondence between
the naturals and the pairs of naturals and the corresponding primitive recur-
sive inverse functions | and r in such a way that the formulas j(I(z),r(z)) = =,
l(j(z,y)) = =, r(j(z,y)) = y are deducible in HA.

Futher, an one-to-one enumeration v, of the n-tuples of natural numbers for
n > 2 can be defined inductively:

va(w1,22) = j(71,22),

Unt1(To, @1, -« oy Tn) = j(@o, Un (1, ..., Tn))-
In this case, there exist inverse functions §;* with the provable in HA property
6?(Vn+1(x0a L1y 7xn)) = T,
where n > 0, 0 <i <n. Let (xo,z1,...,2,) be vpi1(x0,21,...,Zn).
Arithmetical Ag-formulas are inductively defined as follows:
e every atomic formula is a Ap-formula;
o if A and B are Ap-formulas, then =4, (AV B), (A& B), (A D B) are
Ag-formulas;
e if x is a variable, ¢ is a term not containing z, A is a Ap-formula, then
(Vx <t) A and (3z < t) A are Ag-formulas.
Every Ag-formula is equivalent in HA to an atomic formula of the form t; = to.
It follows that if A is a Ag-formula, then the formula AV — A is deducible in HA.
Now we inductively define ¥-formulas:

e every Ap-formula is a X-formula;

e if A and B are X-formulas, then (A V B) and (4 & B) are X-formulas;

e if x is a variable, ¢ is a term not containing z, A is a Y-formula, then
(Ve <t)A, (Jz <t)A, and Iz A are X-formulas.

Every Y-formula is equivalent in HA to a formula of the form 3x A, where A
is an atomic formula.

Futher, we shall use the notion of an almost negative arithmetical formula
defined inductively as follows:
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e every X-formula is an almost negative formula;

e if A and B are almost negative formulas, then (A D B), (A& B), and -A
are almost negative formulas;

e if x is a variable, A is a an almost negative formula, then Vx A is an almost
negative formula.

Recall that there is a truth definition for the Y-formulas. Namely one can
construct a Y-formula T'rx (i, ) with two free variables ¢ and x such that for every
Y-formula A(z1,...,%n,Y1,...,Ym) with the parameters x1,...,Zn,Y1,...,Ym
there exists a term t4(y1,. .., ¥Ym) such that the formula

A(xla"'7xn7y1a"'7ym) = TTZ(tA(ylv"'vym)v <£L'1,...,$n>)

is deducible in HA (see [7] for details). We may assume that the formula T'rs (i, x)
is of the form Ju S(4, z,u), where S(i,z,u) is a Ag-formula.

Let us remember (see [3]) that every partial recursive function is represented
in HA by a X-formula in the following sense: if f is an n-ary partial recur-
sive function, then there is a ¥-formula Af(z1,..., 2, y) with the parameters
Z1,...,Tn,Yy such that for every natural numbers k1,..., k,, k

Flh, .. ko) =k < HAE Ap(ky, ... ks k).

On the other hand, a partial recursive function can be associated with every
Y-formula in the following way. Let a X-formula F'(z1,...,2,,y) of the form
Ju A(xy,...,Tn,y,u) be given, where A(x1,...,zy,y,u) is a Ag-formula. Con-
sider another Y-formula

Ju (A(xlv e Insy Y, u) & (V’U < J(ya u))_'A(xla cees Ty, |(’U), I’(’U)))

Denote it by FUv(xy,...,7,,y). We shall say that F'U» is a uniformization of the
formula F relative to the parameter 3. The formula FUv has the property that
for every natural kq, ..., k, the sentence FUs(ky,...,ky, k) is true and deducible
in HA for at most one k. Thus FUs(zy,...,7,,y) represents an n-ary partial
recursive function f defined as follows:

flki,... ky) =k & HAF FY(ky, ... ko, k).
We shall say that the function f is defined by the formula F(x1,...,2,,y).

We say that a Y-formula F(z1,...,2,,y) is uniformized relative to the pa-
rameter y if the formula F(x1,...,2,,y) & F(x1,...,2n,2) D y = z is decucible
in HA. In this case, F' and F'Yv are equivalent in HA.

Let F(z1,...,Zn,y) be a X-formula with the parameters z1,...,z,,y. Using

the property of the formula Try (i, z) with an empty list y1, ..., ym, we can find
a closed term (i.e., a natural number) ¢ such that the formula

TTZ(t; <l‘1,. .. 7$my>) = F(J?l,.. '7xnay)

is deducible in HA. Let {t} denote a partial recursive function f defined by
Trs(t,{(z1,...,2n,y)) (and, of course, by F(z1,...,2Zn,y)). The value of the
term ¢ can be considered as a code of the function f. On the other hand, for
a given natural number e let f be an n-ary function defined by the formula
Trs(e,{x1,...,2n,y)). Then {e} is just the function f. Thus for any n > 1,
every natural number is a code of an n-ary partial recursive function. It is
rather obvious that such an enumeration of the partial recursive functions is
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equivalent to the Kleene enumeration but is more convenient for an arithmetical
formalization.

Let us summarize our conventions on representing the partial recursive func-
tions in the language of arithmetic.

e The expression {e}(z1,...,2,) = y means the formula
(TTZ (6, <l‘1, <oy Ty y>))Uy .
e For every X-formula F(x1,...,x,,y) one can effectively construct a natural

number e such that the formula

{e}(z1,...,2n) =y = FUy(xl, ey Ty Y)
is deducible in HA.

o If a Y-formula F(x1,...,zy,y) is uniformized relative to the parameter y,
then one can effectively construct a natural number e such that the formula

{e}(‘xlw' '7xn) =Y = FUy(xlw' '7xnay)
is deducible in HA.

If s,t1,...,tn,t are terms, then {s}(¢1,...,t,) =t is the formula obtained by
substituting s,t1,...,t,,t for i,z1,...,2n,y into (Trs(i, (x1,- .., Zn,y))). Us-
ing the properties of the formula Trx (i, x), we obtain that for every X-formula
F(z1,...,Zn,Y,Y1,.-.,Ym) one can effectively construct a term t(y1,...,Ym)
such that the formula

{t(yla---7ym)}(3?17---7$n) :yEFUy(xlw--7mnay7y17---7yYn)

is deducible in HA. This property is an analogue of the well-known s-m-n-
theorem in the recursion theory. Note that if F(x1,...,Zn, ¥, ¥1,...,Ym) is uni-
formized relative to the parameter y, then the formula

{t(yla---7ym)}(3?17---7$n) :yEFUy(xlw--7mnay7y17---7yYn)

is deducible in HA for an appropriate term ¢(y1,. .., Ym).
The following proposition is a result of the preceding consideration.

PROPOSITION 3.1. Let F(x1,...,Tn, Y, Y1, -, Ym) be a X-formula uniformized
relative to y. Then one can effectively construct a term t(y1,...,ym) such that
the formula

{t(yl,~~.,ym)}($1,.~»,$n) =y = F(xla"'7xn7yay17"'7ym)
is deducible in HA.

§4. Formalizing recursive realizability. For the purpose of formalizing
recursive realizability we use a slight modification of Kleene’s definition. In the
original definition only the numbers of a special form could be realizations of
atomic sentences, conjunctions, disjunctions, and existential sentences. We omit
this restriction.

For every arithmetical formula A we define a formula er A by induction on
the logical length of A.

o er (1 = tg) is t1 = to for arbitrary terms tq, to.

e er(A&B)isl(e)r A&r(e)r B.
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er(Av B)is (I(e) =0&r(e)rA) v (I(e) # 0&r(e)r B).
er(AD B)isVa(ar AD Jy({e}(a) =y&yrB)).
er—AisVa—arA.
erVe A(z) is VeIy({e}(z) = y & yr A(x)).
erdz A(z) is r(e) r A(l(e)).

Note that the formula er (A V B) is equivalent in HA to the formula
(1) (Ie)=0>r(e)rA)& (I(e) #0 D r(e)r B),
the formula er (A D B) is equivalent in HA to the formula
(2) Va(ar AD Jy{e}(a) =y&Vy({e}(a) =y DyrB)),
and the formula erVz A(z) is equivalent in HA to the formula
(3) Vr(3y {e}(z) = y &y ({e}(a) = y D yr A(z))).

Notice that the formulas (1), (2), (3) and the formulas er (t; = t2), er (A& B),
and er 3z A(z) are almost negative provided that er A and er B are almost
negative. Thus for every formula A, the formula er A is equivalent in HA to an
almost negative formula. In what follows we shall use various equivalent variants
of the formula er A.

85. Markov’s arithmetic. Consider a formal system of arithmetic obtained
by adding to HA the axiom schemes

ECT:  Va (A(x) > 3y B(z,y)) > Je¥a (Ax) 5 3y ({e} (&) = y & Bz, p)),
where A(z) is an almost negative formula, and

MP: Vo (A(x vV - A(z)) & == 3z A(z) D Jr A(x).

The scheme ECT is called extended Church’s thesis and the scheme MP is called
Markov’s principle. This system plays an important role in the formalization of
constructive mathematics and is considered as a system of “Russian” or “tradi-
tional” constructivism (see [1]). A. Visser [9] calles it Markov’s arithmetic and

denotes it by MA. The following fact is rather obvious but very important for
our considerations.

PROPOSITION 5.1. In the system MA
o the formula Jeer (A D B) is equivalent to the formula

Va (ar A D Jbbr B)

and to the formula
Jaar A D Ibbr B;

o the formula Jeer (A& B) is equivalent to the formula
Jaar A& 3bbr B.
Markov’s principle plays the main role in the proof of the following proposition.

PROPOSITION 5.2. If A is an almost negative arithmetical formula, then
MAF--A= A.
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PROOF. Induction on the definition of an almost negative arithmetical for-
mula. —

Let T be an axiomatic arithmetical theory. The propositional logic of T is the
set PL(T) of propositional formulas such that every one of their arithmetical
instances is deducible in T. In [5] a formal system S obtained from HA by adding
the axiom scheme A = Jaar A and MP was considered. It was proved that all
the known realizable propositional formulas are in the logic PL(S). The system
S is equivalent to the system MA. Thus the result just mentioned means that
any known realizable propositional formula is in the logic PL(MA).

§6. Varpakhovskii’s calculus. F. L. Varpakhovskii [8] has proposed an
axiomatic class of realizable formulas in an extended propositional language.
Namely two clauses are added to the inductive definitions of propositional and
arithmetical formulas:

e if A and B are formulas, then A = B is a formula (this formula is called a
strong implication from A to B);

e if By,..., B, are formulas, # is a list of formulas Ai,...,A,,, and for
every i € {1,...,n}, 0; is a sublist A(;1),..., A(;m,) of the list 6, then
(0(601B1V ... V8,B,)) is a formula (this formula is called a conditional dis-
junction of the formulas By, ..., B, with the conditions 6,61, ...,6, and is
denoted by (0(V?_,0;B;))).

The notion of recursive realizability is generalized to the new connectives in

the following way.

Let A and B be closed arithmetical formulas. Then er (A = B) iff for any a
such that ar A the value {e}(a) is defined and for any a, if {e}(a) is defined, then
{e}(a)r B. This definition can be written by the following arithmetical formula
denoted by er (A = B):

Va((ar A D 3yfe}(a) =y) & (Vy ({e}(a) =y Dyr B)).
Obviously, this formula is almost negative.

The definition of realizability for conditional disjunction is more complicated.
We consider a slight modification of Varpakhovskii’s definition.

Let Aq,...,A,,,B1,...,B, be closed arithmetical formulas, 6,6:,...,6, be
the same as in the definition of the formula (6 (V}_,0;B;)). Let a be a list of dis-
tinct variables a1, ...,a, and a; for i = 1,...,n be its sublist a(; 1), ..., @z m,)-

m
Then ar 6 means the formula A ajrA;. The formula er (6 (V]_,6;B;)) is de-
j=1
fined as a conjunction of the following two formulas:
n
Va(arf 5 3y {67 ()Ha) = y & Vy ({7 ()} @) =y > \/ y = i &
i=1
n
& Ny =i232{57(e)}(ai) = 2)));
i=1
n
Va /\(ai r0; DOVy ({d6;'(e)}(a;) =y DyrBy)).

i=1
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Note that these formulas are almost negative.

The notion of an uniformly realizable propositional formula in the extended
language is defined in an obvious way. F. L. Varpakhovskii proposed a propo-
sitional calculus in the extended language obtained from IPC by adding the
following axiom schemes, where Ss, As, and Bs are arbitrary propositional for-
mulas, 0 is an arbitrary list of propositional formulas A1, ..., A,,, and 61,05, ...
are its sublists:

-5 D ((S= A) D A);
(S1= A1) & (S2 = As) D ((S1V S2) = (A1 V Az));

(S= A1) & (A1 D A2) D (S = Ag);

(S=A1)&(S= A2) D (S = (A1 & Ar));

(A D B)=(A(AB));

( ( Vg B; v91+1Bl+1V )) (9( . V9i+1Bi+1V9iBiV e )),
(0(6:(B’VB")YV...)) D(0(61B'V,B"V ...));

(0(01(AD B)V...)) D (6*(#1BV...)),

where 6* and 07 are obtained by adding A to 6 and 6, as the last element;
(AD Ay & (0 (V?:ﬁz'Bi)) D (0" (Vie10iBi)),

where 1 < p < m, ' and 6} are obtained from 6 and 6; by replacing A4, by
A;

10. (Bl D B) & (6(9131V .. )) D) (9(913V .. )),

11. 6 ((Vi_10;B;) V (ViL,116:(=9))) D (S = 'v1(ﬁﬁTi o B)),

e N

©

l
where 1 < r < n; all the elements of 6 are of the form —-S O \/ ——T;
t=1

or =T D S with a fixed propositional formula S; T? is a conjunction of
formulas T} chosen in one subformula from every element of the list 6;.

F. L. Varpakhovskii proves that any propositional formula deducible in this
calculus is uniformly realizable. Moreover, all the known realizable propositional
formulas are deducible. F. L. Varpakhovskii observes that his calculus gives an
uniform formalization of the principles used in proving realizability of proposi-
tional formulas. The problem of completeness of Varpakhovskii’s calculus is still
open.

87. Varpakhovskii’s calculus and MA. In this section we prove the main
result of the paper, that every propositional formula (in the ordinary proposi-
tional language) is in the logic PL(MA). The scheme of the proof is following.
If ® is an arithmetical formula in the extended language, let r & denote the for-
mula Jeer ®. Note that r ¢ is an ordinary arithmetical formula. We prove that
if a propositional formula A(py,...,p,) in the extended language is deducible
in Varpakhovskii’s calculus and ®4,...,®,, are closed arithmetical formulas in
the extended language, then the formula r A(r ®4,...,r ®,,) is deducible in MA.
In particular, this is valid for an ordinary propositional formula A(pi,...,pn)
and ordinary arithmetical formulas ®4,...,®,. Finally note that for an ordi-
nary arithmetical formula ®, the formula ® = r ® is deducible in the system
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HA+ECT (see [1, part 2, 5.8]), consequently,
(4) MAF® =r®.

This implies that if an ordinary propositional formula is deducible in the Varpa-
khovskii calculus, then every one of its closed instances in the ordinary language
of arithmetic is deducible in MA. Indeed, if A(p1,...,p,) is an ordinary proposi-
tional formula deducible in Varpakhovskii’s calculus and @4, ..., ®,, are ordinary
arithmetical formulas, then

MAFrA(r®q,...,rd,).

It follows from (4) that MA - A(r ®41,...,r®,). Using (4) again, we obtain
MAF A(®q,...,D,). This yields the main result of the paper.

THEOREM 7.1. If a propositional formula A(p1,...,pn) in the extended lan-
guage is deducible in Varpakhovskii’s calculus and ®1, ..., ®, are closed formulas
in the extended language of arithmetic, then r A(r @1,...,r ®,) is deducible in

Markov’s arithmetic MA.

PROOF. It is enough to prove the theorem only in the case when A is an axiom
of Varpakhovskii’s calculus, because modus ponens preserves the property under
proof. This follows from the fact that the formula

r(A(x®y,...,vr®,) D B(r®y,...,rd,))
is equivalent in MA to the formula
rA(xr®y,...,r®,) DrB(rPy,...,rd,)

(see Proposition 5.1).

The statement is rather clear if A(py,...,p,) is an axiom of IPC. In this case, if
®y,..., P, are sentences in the extended language, then MAF A(r ®4,...,r ®,),
and it follows from (4) that MA + r A(r @4,...,r®,,). Thus we have to prove
the statement for the proper axioms 1-11 of Varpakhovskii’s calculus. We prove
a stronger fact: if A(p1,...,pn) is a variant of one of the axioms 1-11 and
®q,...,®P, are closed formulas in the extended language of arithmetic, then
MA + r A(®q,...,D,). Obviously, this implies the statement of the theorem
if we take r®q,...,r®, as ¢1,...,P,. On the other hand, for this stronger
statement of the theorem the rule of substitution obviously holds, thus we can
consider the metavariables for formulas in the schemes 1-11 as propositional
variables.

In proving deducibility of formulas in MA we shall use the following well-known
tools:
deduction theorem: if ', ® - ¥ then ' - & D WU;
the rule (V —): if I',®; F ¥ and ', 3 - U, then I', &1 vV & - U
the rule (& —): if I'F &7 & ®o, then I' - @1 and T' F $y;
the rule (— &): if I'F &7 and I' - @9, then I' - & & Dy;
the rule (3 —): if I, ®(z) b ¥, where = is not free in ¥ and T', then
T, 32®(x) - T
the rule (— 3): if T'+ ®(¢) for a term ¢, then ' - Jz®(x);

o the rule (V —): if I' - Va®(x), then I' - ®(¢) for any term ¢;
o the rule (— V): if I' - ®(x), where z is not free in T, then I' - Vz®(x).

~

P
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Axiom 1.
-—SD((S=A) DA
Every closed arithmetical instance of this formula is of the form

=S D ((S=A)DA),

where S and A are closed formulas in the extended language of arithmetic. De-
note this formula by ®. By Proposition 5.1, the formula r ® is equivalent in MA
to the formula r =—=S D (r (S = A) D r A). By deduction theorem, it is enough
to prove that in MA
r-—S, r(S=A)FrA,
ie.,
Jaar—-—=S, Ibbr(S= A)F 3eccrA.
By the rule (3 —), it is enough to prove
ar—=8,br(S= A)F JeerA.

Note that ar——S is the formula Vy -Vx —zrS evidently equivalent in MA to
the formula

(5) ~—3JzarS.
Futher, br (S = A) is the formula

Vo ((zrS D Jy{b}(z) = y) &Vy ({b}(z) =y DyrA))
equivalent in MA to the conjunction of the following two formulas:
(6) Va (zrS D Iy {b}(z) = y);

(7) Ve iy ({b}(z) =y DyrA).

Obviously, the formula = -3z Jy {b}(z) = y is deducible from the formulas (5)
and (6). As the formula 3z 3y {b}(x) = y is almost negative, by Proposition 5.2,
we obtain that it is deducible too. By the rule (3 —), we can add the formula
{b}(z) = y to the hypothesises. It is easy to deduce the formula yr A from the
formulas {b}(x) = y and (7). Therefore Jecr A is deducible from the formulas
ar——S and br (S = A). This completes the consideration of the axiom 1.

Aziom 2.
(81 = A1) & (S2 = Asz) D ((S1VS2) = (A1 V Ag))
Every closed arithmetical instance of this formula is of the form
(S1= A1) & (S2 = Asg) D ((S1VS2) = (A1 VAg)),

where S1,S2, A1, Ay are closed formulas in the extended language of arithmetic.
Denote this formula by ®. By Proposition 5.1, the formula r ® is equivalent in
MA to the formula

Jaar(S; = A1) &3Fbbr (S = Ag) D Jeer ((S1VS2) = (A1 V Ag)).

By deduction theorem and the rules (& —), (3 —), and (— 3), it is enough to
prove that in MA

(8) ar(81 = Al), bI‘(SQ = Ag) H CI‘((S1 \Y SQ) = (A1 \/Az))
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for an appropriate term c.
Note that the formula ar (S; = A;) is of the form

Vo ((zrS: D Jy{a}(z) =y) & Vy({a}(z) =y DyrAy))

and is equivalent in MA to the conjunction of the following two formulas:
(9) Va (zrS: D Jy{a}(z) = y);

(10) VaVy ({a}(z) =y DyrAi).
The formula br (S2 = As) is of the form
Vo ((xrSe D y{b}(z) =y) &Vy ({b}(x) =y D yrAy))
and is equivalent in MA to the conjunction of the following two formulas:

(11) Vo (xrSy D Iy {b}(z) =y);

(12) Va vy ({b}(z) =y DyrAs).

Consider the X-formula

l(z) =0& 3z ({a}(r(x)) = 2&y = j(0, 2))V

Vi(z) # 0& 3z ({b}(r(2)) = z&y = (1, 2)).

It is easy to prove that this formula is uniformized relative to y. By Proposi-
tion 3.1, we can find a term t(a, b) such that the formula

(1g) (MW} =y =) =083z ({a}(r(z)) = 2Ly =j(0, )V
Vi(z) # 0& 32 ({b}(r(2)) = &y = (1, 2))
is deducible in HA. We prove that (8) holds for ¢ = t(a, b).
Note that er ((S1 V S2) = (A1 V Ag)) is the formula

Vo ((zr(S1VS2) D Iy{ct(z) =y) &Yy ({c}(z) =y Dyr(A; VAs))
equivalent in MA to the conjunction of the following two formulas:
(15) Vo (zr(S1VS2) D Iy{c}(x) =1y);

(13)

(16) VeVy ({c}(z) =y Dyr (A1 V Ag)).

Thus we have to deduce both formulas (15) and (16) from the set I’ consisting
of the formulas (9), (10), (11), and (12).

By deduction theorem and the rule (V —), in order to prove deducibility of the
formula (15) from T, it is enough to deduce Jy {c}(z) = y from I' and the formula
xr (S1V S2). Note that the last formula is equivalent in HA to the formula

(17) (I(x) =0Dr(z)rSy) & (I(x) # 0 Dr(x)rSsy)
and Jy {c}(x) = y is equivalent to the disjunction of the formulas
(18) I(z) = 0& 323y ({a}(r(2)) = 2&y = j(0, 2))
and

(19) I(z) # 0& 323y ({b}(r(2)) = z&y = j(1, 2))-

As the formula [(z) = 0V I(z) # 0 is deducible, we can consider two cases. In
the first case, we assume that the hypothesis I(z) = 0 is given. Then the formula
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r(z)rS; is derived from (17). It follows that the formula 3z {a}(r(z)) = = is
deducible from the formula (9). Thus

(20) T, zr(S1VS2), I(x) =0F 3z ({a}(r(z)) = 2.
Obviously,
{a}(r(@)) = z F {a}(r(2)) = 2&j(0, 2) =j(0,2).
Therefore, by the rule (— 3),
{a}(r(2)) = 2z F Jy ({a}(r(z)) = 2 &y = j(0, 2))
and
{a}(r(z)) = 2 F 323y ({a}(r(2)) = 2 &y = (0, 2)).
Hence, by the rule (3 —),
Fz{a}(r(x)) = 2+ 323y ({a}(r(z)) = 2 &y = j(0,2)).
Now it follows from (20), that
T, 2r(S1VSs), l(x) =0F I(z) =0& 32Ty {a}(r(z)) = z&y = j(0, 2)).

This means that the formula (18) is deducible from I" and the formula I(z) = 0.
This implies that

(21) T, 2r(S1VSa), I(x) =0F Jy{c}(z) =v.

If the hypothesis I(x) # 0 is given, we prove in the same way, using (11), that
the formula (19) is deducible from I' and I(x) # 0. This yields that

(22) I, zr(S1VSs), I(x) #0F Jy{c}(z) =v.
Combining (21) and (22), we get I' - 2 r (S1 V S2) D Jy {c}(x) = y. By the rule
(— V), the formula (15) is deducible from T', as was to be proved.

By the rule (— V) and deduction theorem, in order to prove deducibility of (16)

from T, it is enough to deduce the formula yr (A1 V As) from I' and the formula
{c}(z) = y. Note that yr (A V Ay) is the disjunction of the formulas

(23) l(y) =0&r(y)r Ay
and
(24) I(y) #0&r(y)r Az

and {c}(z) = y is equivalent to the formula (13). By the rule (Vv —), we can
divide the hypothesis (13) into two cases. In the first case, let the hypothesis

(25) I(z) = 0& 3z ({a}(r(z)) = 2&y = j(0,2))

be given. Let A be obtained from I' by adding the formulas I(z) = 0 and
{a}(r(x)) = z&y = j(0,z). Obviously, the formula {a}(r(z)) = z D zrA; is
deducible from the hypothesis (10). Therefore the formulas zr A; and y = j(0, 2)
are deducible from A. It follows that the formulas I(y) = 0, r(y) = z, and
r(y) r A; are also deducible from A. This means that the formula (23) is deducible
from A. By the rule (3 —), we have that (23) is deducible from I'" and (25).
Thus the formula yr (A; V Ay) is also deducible from I' and (25). If the second
disjunct of (13)

(26) (@) # 0& 32 ({b}(r(a) = 2 & y = j(1,2))
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is considered as a hypothesis, it can be proved, using (12), that the formula (24)
is deducible from I' and (26). Thus the formula yr (A; V As) is also deducible
from I" and (26). This means that the formula yr (A V Ag) is deducible from I"
and the formula {c}(z) = y. Therefore the formula (16) is deducible from T', as
was to be proved. This completes the consideration of the axiom 2.

Azxiom 3.
(S= A1)& (41 D A2) D (S = Ay)
Every closed arithmetical instance of this formula is of the form

(S=A1)& (A1 DA2) D(S=Ay),

where S, A1, Ay are closed formulas in the extended language of arithmetic. De-
note this formula by ®. By Proposition 5.1, the formula r ® is equivalent in MA
to the formula

Jaar(S= A1) &3bbr(A; D Ag) D 3cer (S = Ay).

By deduction theorem and the rules (& —), (3 —), and (— 3), it is enough to
prove that in MA

(27) ar(S=A;1),br(A;1 DAy)Fcr(S= Ag)

for an appropriate term c.
Note that the formula ar (S = A;) is of the form

Vo ((zrS 2 3y{at(z) =y) &Vy ({a}(z) =y Dyr A1)

and is equivalent in MA to the conjunction of the following two formulas:

(28) Vo (zrS 2 Jy{a}(z) = y);

(29) Vavy ({a}(z) =y D yrAy).

The formula br (A; D As) is of the form

(30) Ve (xrAy Dy ({b}(z) = y&yrAy)).

The formula cr (S = Asz) is of the form
Vo ((xrS D Jy{c}(z) =y)&Vy ({c}(x) =y DyrAs))

and is equivalent in MA to the conjunction of the following two formulas:

(31) Va (zrS D Jy{ct(z) =y);
(32) Vo ¥y ({c}(z) =y D yrAs).
Consider the X-formula

(33) 3z ({a}(z) = 2 & {b}(2) = v).

It is easy to prove that this formula is uniformized relative to y. By Proposi-
tion 3.1, we can find a term t(a, b) such that the formula

(34) {t(a,0)}(z) =y =3z ({a}(z) = 2&{b}(2) = v)
is deducible in HA. We prove that (27) holds for ¢ = t(a, b).

Obviously, we have to prove that the formulas (31) and (32) are deducible from
the set I' consisting of the formulas (28), (29), and (30). By the rule (— V) and
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deduction theorem, in order to prove deducibility of the formula (31), it is enough
to prove that I', zrS F Jy {c}(z) = y. Note that the formula Jy {c}(z) = y is
equivalent to the formula

(35) 3z ({a}(z) = 2& 3y {b}(2) = v)-

Using (28), we obtain that I', xrS F 3z {a}(x) = z. Thus, by the rule (3 —),
it is enough to prove that (35) is deducible from I' and {a}(x) = z. But this is
evident, because using (29) we have I', {a}(z) = 2z F zr A; and using (30) we
obtain I', {a}(z) = 2z F Ty {b}(2) = y and then

I {a}(z) = 2z - {a}(2) = 2& Y {b}(2) = y.
By the rule (— 3) we have

I {a}(z) = 2 F 3z ({a}(z) = 2& Ty {b}(2) = v)
as was to be proved.

By the rule (— V) and deduction theorem, in order to prove deducibility of
the formula (32), it is enough to prove that ', {c}(z) = y F yr As. Thus we
have to prove deducibility of the formula yr A from I" and the formula (33). By
the rules (3 —) and (& —), it is enough to prove that

[, {a}(2) = 2, {b}(2) =y -y As.

But it is rather evident. Indeed, the formula zr A; is deducible from the for-
mulas (29) and {a}(z) = %, and then the formula yr A, is deducible from the
formulas zr Ay, {b}(z) = y, and (30). This completes the consideration of the
axiom 3.

Aziom 4.
(S=A1)&(S= A2) D (S = (A1 & Ay))

Every closed arithmetical instance of this formula is of the form
(S=A1)&(S=A2) D (S= (A1&Al)),

where S, A1, Ay are closed formulas in the extended language of arithmetic. De-
note this formula by ®. By Proposition 5.1, the formula r ® is equivalent in MA
to the formula

Jaar(S= A1)&3Ibbr(S= Az) DIcer (S = (A1 & Ay)).

By deduction theorem and the rules (& —), (3 —), and (— 3), it is enough to
prove that in MA

(36) ar(S= A1), br(S=A2)Fer(S= (A1 &Ay))

for an appropriate term c.

The formula ar (S = A;) is equivalent in MA to the conjunction of the for-
mulas (28) and (29). The formula br (S = Aj) is equivalent in MA to the
conjunction of the following two formulas:

(37) Vo (zrS D 3y {b}(z) = y);

(38) VaVy ({b}(z) =y D yr As).
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The formula cr (S = (A; & As)) is equivalent in MA to the conjunction of the
following two formulas:

(39) Va (or$ > 3y {c} () = v);
(40) VeVy ({c}(z) =y D yr (A1 & Ag)).
Consider the Y-formula

(41) JuIv ({a}(z) = u& {b}(z) = v&y = j(u,v)).

It is easy to prove that this formula is uniformized relative to y. By Proposi-
tion 3.1, we can find a term t(a, b) such that the formula

(42)  {t(a,0)}(z) =y = Fu3v ({a}(z) = u& {b}(z) = v&y = j(u, v))

is deducible in HA. We prove that (36) holds for ¢ = t(a, b).

Obviously, we have to prove that the formulas (39) and (40) are deducible
from the set T' consisting of the formulas (28), (29), (37), and (38). By the rule
(— V) and deduction theorem, in order to prove deducibility of the formula (39),
it is enough to prove that I', zrS F Jy{c}(x) = y. Note that the formula
Jy {c}(x) = y is equivalent to the formula

(43) JuIv ({a}(x) = u& {b}(x) =v& Iyy = j(u,v)).
Using (28) and (37), we obtain that
IyzrSkJufa}(z) =u; T, zrSF Jv{b}(x) =v.
Thus, by the rule (3 —), it is enough to prove that (43) is deducible from the

set T/ = T U {zrS, {a}(z) = u, {b}(z) = v}. But this is evident, because
I+ 3yy = j(u,v) and then

I'F{a}(z) =u& {b}(z) =v&Iyy = j(u,v).
By the rule (— 3) we have
I+ Judv ({al(z) = u& {b}(z) =v&Iyy = j(u,v))

as was to be proved.

By the rule (— V) and deduction theorem, in order to prove deducibility
of (40), it is enough to prove that T', {c}(z) = y F yr (A; & A2). Thus we have
to prove deducibility of the formula yr (A; & As) from I' and the formula (41).
By the rules (3 —) and (& —), it is enough to prove that IV - yr (A; & Ag),
where I = T'U {{a}(z) = u, {b}(z) = v, y = j(u,v)}. But this is rather evident.
Indeed, the formula ur A; is deducible from the formulas (29) and {a}(x) = u.
The formula vr Ag is deducible from the formulas (38) and {b}(x) = v. But the
formulas I(y) = v and r(y) = v are deducible from the formula y = j(u,v). Thus
the formula

(44) l(y)r A1 &r(y)r A,y

is deducible from I'. Note that (44) is just the formula yr(A; & Ay). This
completes the consideration of the axiom 4.
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Axiom 5.
(AD B)=(A(AB))

Every closed arithmetical instance of this formula is of the form
(A D B)=(A(AB)),

where A and B are formulas in the extended language of arithmetic. Denote this
formula by ®. By Proposition 5.1, the formula r ® is equivalent in MA to the
conjunction of the formulas

(45) Jaar (A DB)D3Ibbr(A(AB))
and
(46) dbbr (A(AB)) D Jaar (A D B).

Thus we have to prove deducibility in MA of the formulas (45) and (46).
Let us prove that the formula (45) is deducible. By deduction theorem and
the rules (3 —) and (— 3), it is enough to prove that in MA

(47) ar(ADB)Fbr(A(AB))
for an appropriate term b. Note that ar (A D B) is the formula
(48) Ve (zrA D3y ({a}(z) =y&yrB))

and br (A(AB)) is the formula
Ve(zrA D3y ({I(0)}(z) =y&y=1)&Iv{r(d)}(z) =v)&
&V Vo (zrr A& {r(b)}(x) =v DvrB).
Obviously, this formula is equivalent in MA to the conjunction of the following

two formulas:

(49) Ve (zrA D {l(b)}(z) =1& v {r(b)}(z) = v);
(50) VeVo (rr A& {r(b)}(x) =v DvrB).

Consider the ¥-formula y = 1. It is uniformized relative to y. By Proposi-
tion 3.1, there exists a natural number dy such that {di}(z) =y =y =11s
deducible in HA. Trivially, {d;}(z) = 1 is deducible in HA. We prove that (47)
holds for b = j(d1,a). Evidently, we have to prove deducibility of the formu-
las (49) and (50) from the hypothesis (48). By the rules (— V) and (V —),
deduction theorem, and the rule (— &), in order to prove deducibility of the
formula (49) from the hypothesis (48), it is enough to prove that

(51) zrAD3Jy({a}(z) =y&yrB), zr A {I(b)}(z) =1
and
(52) xrA D Jy({a}(z) =y&yrB), zr A F Jv{r(b)}(z) =v).

The statement (51) follows from the fact that the formula I(b) = dy is de-
ducible in HA and the properties of the number d;. The statement (52) fol-
lows easily from the fact that the formula r(b) = a is deducible in HA. By the
rules (— V) and (V —) and deduction theorem, in order to prove deducibil-
ity of the formula (50) from the hypothesis (48), it is enough to prove that
zrA D Jy({a}(z) = y&yrB), zr A, {r(b)}(x) = v - vrB, but this follows
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easily from deducibility of the formula r(b) = a and the fact that the formula
{a}(x) = y is uniformized relative to y.

Now we prove that the formula (46) is deducible in MA. By deduction theorem
and the rules (3 —) and (— 3), it is enough to prove that in MA
(53) br(A(AB))Far (A D B)

for an appropriate term a. Let a be the term r(b). We prove that the formula (48)
is deducible in MA from the formulas (49) and (50). By the rules (— V), (V —),
and deduction theorem, it is enough to prove that Jy ({r(b)}(z) = y& yrB) is
deducible from the hypothesises

zrAD{lI(b)}z) =1&Fv{r(b)}(z) =v, zr A&{r(b)}(z) =v DvrB, ar A,

but this is rather evident. This completes the consideration of the axiom 5.

Axiom 6.
(9(9131V .. VHiBiVHiHBHlV .. VHan)) =
= (9(9131V PN v9i+1Bi+1V9iBiv PN V@an))

Here 6 is a list of propositional formulas A;,..., A, and §; (i =1,...,n)is a
sublist A; 1), .., A@i,m,) of 0; B1, Ba, ..., B, are propositional formulas. Every
closed arithmetical instance of this formula is of the form

(@(91B1V e V@iBN@iHBiHV e V@an)) =
= (@(@1B1V .. V@iHBiHV@iBiV. .. VG)an)),

where © is a finite sequence of arithmetical sentences Ai,...,A,, in the ex-
tended language; ©; (i = 1,...,n) is a subsequence A 1),...,Aq m,) of ©;
B4, Bs, ..., B, are arithmetical sentences in the extended language. Let us de-

note this formula by ®. By Proposition 5.1, it follows that the formula r ® is
equivalent in MA to the conjunction of the following two formulas:

(54) Jaar (®(®1B1V .. .V@iBiVG)iHBHlV. .. VG)an)) D)
Ddbbr (®(®1B1V .. .V@iHBHlV@iBiV. .. VG)an)),
dbbr (@(91B1V .. .V@i+1Bi+1v@iBiv . V@an)) D
Ddaar (®(®1B1V Ce V@iBiVG)iHBHlV e VG)an))

It follows from the deduction theorem and the rules (3 —) and (— 3) that for
proving deducibility of (54) in MA it is enough to prove that in MA

ar (@(91B1V e v@iBiv@iJrlBiJrlv N V@an)) -

Fbr (@(®1B1V AN V@HlBHlV@iBiV AN V(‘)an))

for an appropriate term b.
Note that ar (0(0:B1V...VO,;B;VO,;;1B;11V...V0O,B,)) is the conjunc-
tion of the formulas

(55)
(56)

n

Vx(xr© > 3v ({05 (a)}(x) =v& V v=j&
(57) n =1
& A v=723uidf(a)}x;) =w))
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and
n

(58) vx Vo (N (x;r0; & {87 (a)}(x;) = v D vrB;))
j=1
and br(0(01B1V...V0,;;1B;4:1VO,;B;V...V0O,B,,)) is the conjunction of the

formulas
v (xr© > Fw ()} x) = wh V w=j&

(59) n 3=t
& 4/=\1( =7 2 Fu{d}(b)}(x;) =u)))

and

(60) Vx Vw /\ (x,r@, & {87 (0)}Hx)) = w D wrC;)),

where O} is ©; if j # i,i +1; O] is ©;41; O], is O;; X is a list of variables of
the same length as the list of formulas ©; C; is B; if j # 4,i + 1; C; is Biyq;
Ci+1 is Bi.

Consider the X-formula

o ({3 (@)} ) = v &
&Lv=i&ky=i+1lVv=i+l&y=iVv#i&kv#i+1&y=n1)).

Clearly, it is uniformized relative to y. By Proposition 3.1, there exists a term
d(a) such that the formula

(61) {d(a)}(x) =y =T ({d5(a)}(x) =v&
(v=i&y=i+1Vv=i+l&y=iVo#£i&kv#i+1l&y="1))
is deducible in HA. Now let b be the term
<d(a’)a 5?(0’% e 75'7 1( )a 5?—1—1(0’)’ 5?(0‘)7 6?—}-2(0‘)7 ceey 6:2(0‘»
We prove that (56) holds. Evidently, we have to prove deducibility of the for-
mulas (59) and (60) from the hypothesises (57) and (58). By the rules (— V),

(V —) and deduction theorem, in order to prove deducibility of the formula (59)
from the hypothesises (57) and (58), it is enough to prove that the formula

w{SG 0} x) =w& \[w=j& )\ (w=7j>3u{s®)}x;)=mu)
j=1 j=1

is deducible from the hypothesises xr © and
xr® D

S ({F ()} x) =v& \/v=7& N\@=j>3u{()}x)=u).
j=1 j=1
Note that the formula 6§ (b) = d(a) is deducible in HA. Therefore we have to
prove deducibility of the formula

(62)  Fw{d@)}(x)=w& \/ w=j& /\ =7 2 3u{0}(0)}(x;) = u))
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from the hypothesises under consideration. As the formula

Fo {55 (@)}(x) =v& \[v=7& N (v=17D3u{s}(a)}x;) =u)
j=1 j=1
is deducible from these hypothesises, by the rule (3 —), it is enough to prove
deducibility of the formula (62) from the hypothesises

(63) {d¢ (a \/ v =7 /\ (v =172 Fu{d}(a)}(x;) = u).

First we show that the formula Jw {d(a)}(x) = w is deducible from the hypoth-
esises (63). Note that this formula is equivalent in MA to the formula

I ({5 (a)}(x) =v&
CIww=i&kw=i+lVv=i+l&w=iVo#£i&kv#i+1l&w="1)).
By the rule (— 3), it is enough to prove deducibility of the formula

{05 (a)}(x) =v&
&Iww=i&kw=i+1Vv=i+l&w=iVv#£i&kv#£i+1&w=)
from the hypothesises (63). The first conjunct {d3(a)}(x) = v is obviously

deducible. Deducibility of the second conjunct

Jwv=i&kw=i+1Vv=i+1l&w=iVo#£i&v#i+1&w =)

n
is proved by using the hypothesis \/ v = j and considering the cases v = j for
j=1
j=1,...,n. In any case, by the rule (— 3), it is enough to prove the formula
v=i&t=i+1Vv=i+1&t=iVv#i&kv#i+1&t=wvfor an appropriate
term t. Obviously, we can let t be i + 1 if j =4, ¢ if j =i+ 1, and j in other
cases. Now we can use an additional hypothesis Jw {d(a)}(x) = w in proving
deducibility of the formula (62). By the rules (3 —) and (— 3), it follows that
it is enough to prove deducibility of the formula

64)  A{d(@)}(x)=w& \Jw=j& /\(w=7j>u{50)}x,) =u)

j=1 j=1
from the hypothesises (63) and {d(a)}(x) = w. The first conjunct in (64) is obvi-
ously deducible. Taking into account the structure of the formula {d(a)}(x) = w
and the rule (3 —), we can use the hypothesises {{(a)}(x) = v and

(65) v=i&w=i+1Vuv=i+l&w=iVo#i&v#i+1l&w=v
in proving deducibility of the second and the third conjuncts in (64). The formula

\/ w = j is deduced by using hypothesises \/ v = 7 and (65) and considering
Jj=1 Jj=

the casesv =j for j =1,...,n. If j =i, then the formula w = i+ 1 is deducible
from (65); if j = i + 1, then the formula w = 1 is deducible; in other cases,

the formula w = v is deducible, therefore w = j is deducible. In any case,
n

the formula \/ w = j is deducible from the hypothesises under consideration.
j=1

In order to prove deducibility of the third conjunct in (64), it is enough to
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deduce Ju {67 (b)}(x;) = u (j = 1,...,n) from the hypothesis w = j and other
hypothesises. Let j be fixed. If j =i+ 1, then the formula 67 (b) = 6 (a) is
deducible in HA and v = i is deducible from (65). Thus we have to deduce the
formula Ju {67*(a)}(x;) = u, but this is evident because the formula

v=14D2 Ju{ol(a)}(x;) =u

is deducible from the hypothesises (63). Other values of j are considered in a
similar way. Thus we have proved that the formula (62) is deducible from the
hypothesises (63).

Now we prove that (60) is deducible from (57) and (58). By the rule (— V)
and deduction theorem, it is enough to prove deducibility of the formulas wr C;
from the hypothesises (57), (58), x;r©’, and {6} (b)}(x}) = w for j = 1,...,n.
Let j = i. Then the formula 67(b) = 07 ,(a) is obviously deducible, ©} is
Oit1, x;- is the list of variables of the same length as the list of formulas ©,1,
and C; is the formula B;1;. Thus we have to deduce the formula wrB;;q
from the hypothesises (57), (58), X/ r©;11, and {47, ;(a)}(x}) = w, but this is
evident because x r 0;11& {37, ;(a)}(xj) = w D wrBii1 is deducible from the
hypothesis (58). Other values of j are considered in a similar way.

We have proved deducibility of the formula (55) from the formula (54). As
the situation is absolutely symmetric, deducibility of the formula (54) from the
formula (55) is proved too. This completes the consideration of the axiom 6.

Aziom 7.
(0(01(B' v B")V02B5V ...V0,B,)) D (0(61B'V61B"V0:B,V ...V0,B,))

Here 0 is a list of propositional formulas Ay,...,A,, and 6; (i = 1,...,n) is
a sublist Ag; 1),..., A@m,) of 0; B, B"”, By, ..., B, are propositional formulas.
A closed arithmetical instance of the axiom 7 is of the form

(@(Ql(B/ V B/,)V(‘)QBQV .. VG)an)) D)

D (@(91B/V@1B"V@2B2V . V@an))

Let us denote this formula by ®. Here O is a finite sequence of arithmetical
sentences Aq,...,A,, in the extended language; ©, (i = 1,...,n) is a subse-
quence Ag1y,. .., Agm,) of ©; B',B” By,..., B, are arithmetical sentences in
the extended language. By Proposition 5.1, it follows that the formula Jeer ®
is equivalent in MA to the formula

Jaar(©(01(B'VB")VO,B,V...VO,B,)) D

(66) S 3bbr(0(01B'VO,B"VO,B,V ... VO,B,)).

By deduction theorem and the rules (3 —) and (— 3), for proving deducibility
of (66) in MA it is enough to prove that in MA

ar(©(01(B'VB") VOB,V ...VO,B,)) -

(67) - br (B(6:B'VO,B"VO,B,YV ... VO,B,))

for an appropriate term b.
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Note that ar (©(01(B' v B”")VO:B2V...VO,B,,)) is the conjunction of the
formulas

Vx (xr© 5 F ({F(@)}hx) = v& V v=j&
(68) n =1
& /:\ (v =72 Ju{d}(a)}(x;) = u)))

Jj=1

and
Vx Vo ((x1r01 & {67 (a)}(x1) =v Dvr(B'VB")) &
(69) & A (5708 {57 (a)}x5) = v D wrBy)
=
and br (©0(0;B'VO;B"VO,B2V ...V6O,,B,)) is the conjunction of the formulas
n+1
vx (xr® 2 Jw ({570} (x) = w Vw=j&
(70) i =t
& 4/\1 (w=j 2 Fu{df T (B)}x)) = u)))
Jj=
and
n+1
(71) Vwa(/\(x}r@}&{é?“(b)}(x}) =w D wrCj)),
j=1
where ©7 and ©3 are ©1; O’ is ©;_; for j =3,...,n + 1; x] and x5 are x1; X

isxj_1 for j=3,...,n+1; C; is B’; Cq is B”; CjisBj_qforj=3,...,n+1.
Consider the Y-formula

Jv ({05 (a)}(x) =v& (v=1&Fu({0T(a)}(x1) =u& (l(u) =0&y =1V
Vi(u) #0&y=2) Vo #1&y=v+1)).

Clearly, it is uniformized relative to y. By Proposition 3.1, there exists a term
d(a) such that the formula

(72) {d(a)}(x) =y = Fv ({05 (a)}(x) = vé& (v =1&Fu({d](a)}(x1) = u&
&((uw)=0&y=1VI(u) #0&y=2)Vv#1&y=v+1))

is deducible in HA.

Consider the E-formula Jv ({07 (a)}(x1) = v&(v) = 0& y = r(v)). Clearly, it
is uniformized relative to y. By Proposition 3.1, there exists a term dj(a) such
that the formula

(73) {di(a)}(x1) =y = Fv ({7 (a)} (1) = v&l(v) = 0 &y = r(v))

is deducible in HA.

Consider the X-formula Jv ({07 (a)}(x1) = v&(v) # 0& y = r(v)). Clearly, it
is uniformized relative to y. By Proposition 3.1, there exists a term daz(a) such
that the formula

(74) {d2(a)}(x1) =y = v ({07 (a) }(x1) = v&I(v) # 0 &y =r(v))
is deducible in HA.
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Now let b be the term (d(a), d1(a),d2(a), 05 (a),. .., 67 (a)). We prove that (67)
holds. Evidently, we have to prove deducibility of the formulas (70) and (71)
from the hypothesises (68) and (69).

By the rules (— V), (V —) and deduction theorem, in order to prove deducibil-
ity of the formula (70) from the hypothesises (68) and (69), it is enough to prove
that the formula

n+1 n+1

Fw{FGFHO}x) =wk \ w=j& A (w=j>3u{50)}) = u)

j=1 j=1
is deducible from the hypothesises xr © and
xr© D

S W{F@}x) =v&k \v=j& \@=7>3u{s(a)}(x)=u).

j=1 j=1
Note that the formula 65 (b) = d(a) is deducible in HA. Therefore we have to
prove deducibility of the formula

n+1 n+1

(75)  Fw({d(@)}(x) =w& [ w=j& A (w=j>3u{s" 1)} =u)
j=1 j=1
from the hypothesises under consideration. As the formula

Fo ({05 (@)}x) =v& \v=7& (=72 3u{s(a)}(x)=mu)

Jj=1 Jj=1

is deducible from these hypothesises, by the rule (3 —), it is enough to prove
deducibility of the formula (75) from the hypothesises

n n

(76) {5(@}(x) =0, \/ v=1, /\(v =7 2 Fufdf(a)}(x;) = u).

j=1
First we show that the formula Jw {d(a)}(x) = w is deducible from the hy-
pothesises (76). Note that this formula is equivalent in MA to the formula
Fv ({05 (a)}(x) =v&Fw (v =1& Fu({T(a)}(x1) =u&
&((u)=0&w=1VI(u) #0&w=2))Vv#1&w=v+1)).
By the rule (— 3), it is enough to prove deducibility of the formula
{60(a)}(x) =v&Tw (v =1& Fu({0T(a)}(x1) =u &
&(l(u)=0&w=1VI(u) #0&w=2))Vv#1l&w=v+1)
from the hypothesises (76). The first conjunct {6§(a)}(x) = v is obviously
deducible. Deducibility of the second conjunct

Jw (v =1&Ju({07(a)}(x1) =u&k

(77) & (I(u) = 0 & w =1V I(w) £ 0&w=2) Vo £ 1&w=0+1)

n
is proved by using the hypothesis \/ v = j and considering the cases v = j for
j=1
j=1,...,n.
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If j = 1, we note that the formula Ju {67 (a)}(x}) = u is deducible from the
hypothesises (76) because x) is x;3. Thus by the rule (3 —), we can use an
additional hypothesis {67 (a)}(x]) = u. As l(u) = 0V I(u) # 0 is deducible in
HA, consider two cases. First let the hypothesis |(u) = 0 be given. Then the
formula

{67(a)} (X)) =u& ((u) =0&1=1VI(u) #0&1 = 2)
is deducible. It follows that the formula

v=1&Fu{(a)}(x]) =u&
&((u)=0&1=1VI(u)#0&1=2))Vo#1&l=v+1))

and then (77) are also deducible. In the case of the hypothesis I(u) # 0, the
formula

{67 (a)}(x) =u& ((u) =0&2=1VI(u) #0&2 = 2)
and then (77) are deducible.

If j = 2,...,n, it is evident that the formulav # 1 & j+1 = v+1 and then (77)
are deducible.

Thus we have proved deducibility of the formula Jw {d(a)}(x) = w from the
hypothesises under consideration. Now we can use this formula as an additional
hypothesis in proving deducibility of the formula (75). By the rules (3 —) and
(— 3), it follows that it is enough to prove deducibility of the formula

n+1 n+1
(78)  {d(a)}(x) =w& \/ w=j& /\ (w =72 3u{s; " (0)}(x)) =u)

from the hypothesises (76) and {d(a)}(x) = w. The first conjunct in (78) is obvi-
ously deducible. Taking into account the structure of the formula {d(a)}(x) = w
and the rule (3 —), we can use the hypothesises {0§(a)}(x) = v and

v=1&Ju{i(a)}(x1) =u& (l(u) =0&w=1VI(u) #0&w = 2))V
Vo #l&w=v+1

in proving deducibility of the second and the third conjuncts in (78). The formula

n+1 n

\V w = j is deduced by using the hypothesises \/ v = j and (79) and consider-

j=1 j=1

ing the cases v =j for j =1,...,n. If j =1, then the formula w =1V w =2 is

deducible from (79) by considerations like those used above in proving deducibil-

ity of the formula Jw {d(a)}(x) = w; if j = 2,...,n, then the formula w = j +1
n+1

is deducible. Thus the formula \/ w = j is deducible from the hypothesises
j=1

(79)

under consideration.

In order to prove deducibility of the third conjunct in (78), it is enough to
deduce Ju {5?“(())}()(}) =u (j=1,...,n+1) from the hypothesis w = j and
other hypothesises. Let j be fixed. If j = 1, then the formula
v=1&Ju{dT(a)}(x1) =u& ((u) =0&1=1VI(u) #0&1=2))V

Vo#1&l=v+1

is deducible from the hypothesis (79). This gives us the formula
(81) Fu({67(a)}(x1) = u&l(u) = 0).

(80)
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Note that the formula §77*(b) = d;(a) is deducible in HA. Thus we have to
deduce the formula Ju {d;(a)}(x}) = u. Taking into account (73) and the fact
that x} is x;, we see that it is enough to deduce the formula

Fu Jv ({07 (a) }(x1) = v&I(v) = 0&u = r(v)),

but this is rather evident because the formula (81) is deducible.
If j = 2, then the formula

(82) Fu({o7 (a)}(x1) = u&l(u) # 0)

is deducible from the hypothesis (79). Note that §51(b) = da(a) is deducible
in HA. Thus we have to deduce the formula Ju{ds(a)}(x5) = u. Taking into
account (74) and the fact that x/, is x;, we see that it is enough to deduce the
formula

Fu Jv ({07 (a) }(x1) = v&I(v) # 0& FJuu = r(v)),

but this is rather evident because the formula (82) is deducible.

If j = 3,...,n+1, then the formula 67'(b) = 67", (a) is deducible in HA
and the formula v = j — 1 is deducible from the hypothesis (79). Taking into
account the fact that x} is x;_1, we see that it is enough to deduce the formula
Ju {67 4 (a)}(x;j-1) = u, but this evident because this formula is deducible from
the third hypothesis in (76). Thus we have proved that the formula (70) is
deducible from the hypothesises (68) and (69).

In order to prove deducibility of the formula (71) from the hypothesises (68)
and (69), it is enough for any j = 1,2,...,n + 1 to prove that the formula
x;re& {6?+1(b)}(x;) =w D wrC; is deducible from these hypothesises.

If j =1, then C; is B, X/ is x1, © is ©1, and 5;”1(()) = dy(a) is deducible in
HA. Thus we have to prove deducibility of the formula

x1r01& {di(a)}(x1) =w D wrB'.

By the deduction theorem and the rule (& —), it is enough to prove that
wrB’ is deducible from the hypothesises (68), (69) and the formulas x; r ©1,
{d1(a)}(x1) = w. Note that {di(a)}(x1) = w is the formula

T ({67 (@)} (x1) = v &1(v) = 0 &y = r(w)).

By the rule (3 —), we can use the formula

(83) {01 (a)}(x1) =v&l(v) =0& w = r(v)
as an additional hypothesis. Note also that the formula
(84) x1r01 & {6} (a)}(x1) =v Dvr(B'VB")

is deducible from the hypothesis (69). Obviously, the formulas I(v) = 0, w = r(v),
and vr (B’ v B”) are deducible from the formulas (83), (84) and the hypothesis
x1r©71. Recall that vr (B’ v B”) is the formula

(I(v) = 0&r(v)rB) Vv (I(v) # 0 & r(v)r B”).

Now it is evident that the formula w r B” is deducible from the hypothesises under
consideration.
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If j = 2, then C; is B”, x; is x1, O} is ©1, and 5?+1(b) = da(a) is deducible
in HA. Thus it is enough to prove that wrB” is deducible from the hypothe-
sises (68), (69) and the formulas x;r©1, {d2(a)}(x1) = w. As in the previous
case, we prove that the formulas I(v) # 0, w = r(v), vr (B’ VB") and then wrB”
are deducible from the hypothesises under consideration.

If j =3,...,n+1, then C; is B;_1, x} is x;_1, @;- is ©;_1, and the for-
mula §?+1(b) = ;"1 (a) is deducible in HA. Thus we have to prove deducibility
of the formula x;_1r©;_1 & {07_,(a)}(xj-1) = w D wrB;_1 from the hypothe-
sises (68), (69), but this formula is evidently deducible from (69). This completes
the consideration of the axiom 7.

Aziom 8.

Here 6 is a list of propositional formulas A;,..., A, and §; (i =1,...,n)is a
sublist A 1),..., A@,m,) of 0; A, B, Ba, ..., B, are propositional formulas; 6" is
the sequence Ay,..., Ap, A; 07 is the sequence Ay 1y,..., A¢1,m,), A. A closed
arithmetical instance of the axiom 8 is of the form

(0(O1(A D B)VO,B,V ... VO,B,)) O (0°(01BVEO,B,V ... V6O,B,)).

Let us denote this formula by ®. Here O is a finite sequence of arithmetical
sentences Aq,...,A,, in the extended language; ©; (i = 1,...,n) is a subse-
quence A1y, ..., A m,) of ©; A;B,Ba,...,B, are arithmetical sentences in
the extended language; ©* is the sequence Aj,...,A,,, A; ©F is the sequence
Aq s A@,my), A. By Proposition 5.1, it follows that the formula Jeer® is
equivalent in MA to the formula

Jaar(©(0:(A D B)VO:B, V... VO, B,)) D
5 3bbr(0*(0:BVO,B,V ... VO,B,)).

It follows from the deduction theorem and the rules (3 —) and (— 3) that for
proving deducibility of the formula (85) in MA it is enough to prove that in MA

ar(0(61(A D B)VO,B,V...VO,B,)) -
Fbr(0*(©;BVO,B,V ... VO, B,))

(85)

(86)

for an appropriate term b.
Note that ar (©(01(A D B)VO2B,V...VO,B,,)) is the conjunction of the
formulas

Vx (xr© 5 F ({F(@)}x) = v& V v=j&
(87) n =1
& A (v=7>Fu{d}(a)}(x;) =u)))

=1

Vx Yo ((icl rO, & {t(a)}(x1)=vDuvr(ADB))&
(88) & A (xir0; & {57 (a)}(x;) = v D vrBy))
j=2
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and br (0*(©7BVO3B,V...VO,B,)) is the conjunction of the formulas

n

VX, T (XFO & Ty r A D Jw ({65 (D)} (%, Tms1) =w& V w=j&

7j=1
(89) & (wn: 1D Ju{d(d)} (X1, Tmy1) =u) &
& A (w=5 52030} x) =)
and
VX, Tymt1 YW ((xlnr 01 & Tpm1 r A& {07(b)} (X1, Timt1) =w DwrB)&
(90) & A (70, & {57 ()}x;) = w D wrBy)).
j=2

Consider the ¥-formula {6f (a)}(x) = y. Clearly, it is uniformized relative to y.
By Proposition 3.1, there exists a term dy(a) such that

(91) {do(a)}(x, 2m11) =y = {07 (a)}(x) =y
is deducible in HA.

Consider the Y-formula 3z ({67 (a)}(x1) = z& {2z} (@m+1) = y). Clearly, it is
uniformized relative to y. By Proposition 3.1, there exists a term dj(a) such
that the formula

(92) {di(a)}(x1,2mi1) =y =32 ({07 (a)}(x1) = 2& {2} (@m11) = v)
is deducible in HA.

Let b = (do(a),di(a),d5(a),..., 00 (a)). We prove that (86) holds. Evidently,
we have to prove deducibility of (89) and (90) from (87) and (88).

By the rules (— V), (V —) and deduction theorem, in order to prove deducibil-
ity of the formula (89) from the hypothesises (87) and (88), it is enough to prove
that the formula

S0 (5 O}k 2msr) = w0 \ w =&
j=1
&(w=12Fu{oTd)}Hx1,Tmt1) =u)&
& A =55 Fuf50))(x) = )
j=2
is deducible from the hy}jf)othesis (88) and the formulas xr©, x,,,4+1r A, and

xr® D Jv{f(a)}(x)=v& \/v:j&

J=1

& A\ =323 {5 @) = w).

Note that the formula 6§ (b) = do(a) is deducible in HA. Therefore we have to
prove deducibility of the formula

Fuw ({do(a)}(x, 2mr1) =w& \fw=j& [\ (w=j>3u{s}()}x;) = u))

j=1 j=1
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from the hypothesises under consideration. As the formula
n n
Fo {5 @}x) =v& \/v=j& N\(=7j>2u{s(a)}(x;) =u))
j=1 j=1
is deducible from these hypothesises, by the rule (3 —), we can add the formulas

(93) {0} x) = v, \/v=1j, \(v=323u{5}(a)}x;) = u)
j=1

J=1

to the hypothesises.

First we show that Jw {do(a)}(x,Zm+1) = w is deducible from (93). Note
that this formula is equivalent in MA to the formula Jw {0§(a)}(x) = w. Now
its deducibility from the hypothesises (93) is evident. Moreover, we see that it is
enough to prove deducibility of the formulas (v =1 D Ju {67(b) } (X1, Tim+1) = u),

n n

V v=j,and A (v=7j D Ju{d}(b)}(x;) = u) from the hypothesises (93). De-
Jj=1 Jj=2

ducibility of the second of them is evident. Note that ¢7 (b) = 6} (a) is deducible
in HA for j = 2,...,n, therefore deducibility of the third formula is evident.
Consider the first formula. It is enough to deduce Ju {67 (b)} (X1, Tm+1) = u
from the hypothesis v = 1 and other hypothesises. Obviously, the formula
3z{67(a)}(x1) = =z is deducible from the hypothesises (93) and v = 1. By
the rule (3 —), we can add the formula

(94) {07 (a)}(x1) = 2

to the hypothesises. Note that the formula 67 (b) = d; (a) is deducible in HA. Thus
we have to deduce the formula Ju{d;(a)}(x1) = u. Taking into account (92),
by the rule (— 3), it is enough to deduce the formula Ju{z}(xm4+1) = u.
Now we use the hypothesises xr O, z,,41rA, and (88). Evidently, the formula
x1r01 & {07 (a)}(x1) = z D zr (A D B) is deducible from the last one. As the
formula x; r ©4 is deducible from xr O, taking into account the hypothesis (94),
we obtain deducibility of the formula zr (A D B). Now deducibility of the for-
mula Ju {z}(xm+1) = v immediately follows from the hypothesis 2,41 r A and
the definition of the formula zr (A D B). We have proved that (89) is deducible
from (87) and (88).

In order to prove deducibility of the formula (90) from the hypothesises (87)
and (88), it is enough to prove that the formulas

X1 101 & 1 rA& {67 (D)} (X1, Zmy1) =w DwrB

and

x;r0; & {07 (b)}(xj) =w D wrB;
for 7 = 1,2,...,n are deducible from these hypothesises. Consider the first
of these formulas. Note that the formula §7(b) = di(a) is deducible in HA.

Thus, by deduction theorem, it is enough to deduce the formula wrB from the
hypothesises

X1 101, Ty rA, {di(a)}(x1, Tmy1) = w.
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Using (92), we get that 3z ({07 (a)}(x1) = 2 & {2z} (®m+1) = w) is deducible from
the hypothesises under consideration. By the rule (3 —), we can use the for-
mula {07 (a)}(x1) = 2& {z}(rm+1) = w as an additional hypothesis. Note that
x1r©1 & {07 (a)}(x1) = 2 D zr (A D B) is deducible from the hypothesis (88).
Thus we have deduced the formulas z,, 41 r A, {z}(zm+1) = w, and zr (A D B).
Now deducibility of the formula wrB immediately follows from the definition
of the formula zr (A D B). We have proved that (90) is deducible from (87)
and (88). This completes the consideration of the axiom 8.

Axiom 9.
(A ) Ap) & (e(v?:ﬁiBi)) ) (9/( i:leéBi))

Here A is a propositional formula; 6 is a finite sequence of propositional formu-
las Ay,..., Am; 1 <p<m; 0; (i =1,...,n) is a subsequence A 1),..., Axm,)
of 6; ¢ and 0, are the sequences obtained by replacing in 6 and 6’ the formula
Ap by A; By, ..., B, are propositional formulas. A closed arithmetical instance
of the axiom 9 is of the form

(A A,) & (B(VI,0:B)) O (6/(VIL,0/B))).

Let us denote this formula by ®. Here A is an arithmetical sentence in the
extended language; © is a finite sequence of arithmetical sentences Aq,..., A,,
in the extended language; ©; (i = 1,...,n) is a subsequence A(; 1),..., A(; ;) of
©; © and O are the sequences obtained by replacing in © and ©' the formula
A, by A; By,...,B,, are arithmetical sentences in the extended language. By
Proposition 5.1, it follows that the formula Jeer® is equivalent in MA to the
formula

(95)  Jaar(ADA,)&Ibr(O(VE,0;B;)) D Icer (0 (VI ,0B;)).

It follows from the deduction theorem and the rules (& —), (3 —), and (— 3)
that for proving deducibility of (95) in MA it is enough to prove that in MA

(96) ar(ADA,), br(0(VL,0,B))) - cr (0/(V™,0.B,))

for an appropriate term c.
Note that ar (A D Ap) is the formula

(97) Vo (zrA D3y ({a(z) =y&yrA,)),

br(©(V™,0,B,)) is the conjunction of the formulas

V(A @irAi D F0 (O} = vk Vo=j&
(98) =1 Jj=1
& A (v=7j>23u{d}0)}(x;)=1u)))

j=1

>3

(99) VXVU(_/:\I(xj r0; & {07(b)}(x;) = v DvrBy)),
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and cr (©'(V™,0!B;)) is the conjunction of the formulas

Vx (( '/ib\l 2irAy) & zpr A D Jw({IF(0)}(x) =w&k '\Zw =j&
(100) i%p ) =
& A (w=3753u{85(0Hox) = w)
and
(101) WV '/Z\l(xj (O & {87(0)} (x;) = w D wrBy).

Consider the Y-formula

3z ({a}(zp) = 2& {(52(6)}(3:1, ey Tpe1, 2y Tptls - Tm) = Y)-

Clearly, it is uniformized relative to y. By Proposition 3.1, there exists a term
¢o(a, b) such that

(102) B éCO(G)}(X) =Yy =
= 32 ({0} @) = 2& DUV H 1, 1 Tyt 20 Tpi1s o Zm) = 9)
is deducible in HA.
Forj=1,...,nlet ¢j(a,b) be 67 (b) if p & {(j, 1),...,(4,m;)}. In the converse
case, if p = (j,1), consider the X-formula

3z ({a}(%) =z& {53;(5)}(3?(]‘,1)7 ey T(Gi—1)s 2y T(Git1)s - - - ,fﬂ(j,mj)) =y).

Clearly, it is uniformized relative to y. By Proposition 3.1, there exists a term
¢;(a, b) such that

o) {eabix) =y =3 ({a)ay) = 2 &
& {(5%(())}(.23(%1), e ax(j,i—1)7 z, x(j’H,l)’ e ,J,‘(j,mj)) = y)

is deducible in HA.

Let ¢ = (co(a,b),ci(a,b),...,cn(a,b)). We prove that (96) holds. Thus we
have to prove deducibility of (100) and (101) from (97), (98), and (99).

By the rules (— V), (V —) and deduction theorem, in order to prove deducibil-
ity of the formula (100) from the hypothesises (97), (98), and (99), it is enough
to prove that the formula

30 (B0 =wie \ w=j& \w=7>3u{F©}6x) = w)

n

is deducible from (97), (99) and the formulas A x;rA;, z,rA, and

j=1
J#p
m
A xirA; D
(104) _ n

S IO} =v& Vo=j& A@=j23ul{d®)}x)=w).

J=1 Jj=1
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Note that the formula 67 (c) = ¢o(a,b) is deducible in HA. Therefore we have to
prove deducibility of the formula

(105) 3w ({eo(@ D)} =w&e \/w=j& A\ (w=j>3ul5(©}x;) = u)

from the hypothesises under consideration. Obviously,
Jz({a}(xp) = z&zr Ap)

is deducible from the hypothesises (97) and x,r A. By the rule (3 —), we can
add the formulas

(106) {a}(zp) = 2z, 2T A,
to the hypothesises. The formula

Fo ({66 0)Her, -y Tp—1, 2, Tpt1s -, Tm) =0V & \/ v=j&

& N@=32 3 BH6) = )

where x;- 1S T(j)s e s T k—1)s 2 TG kt1)s - - T(jomy) i P = (J, k) and x; else, is
deducible from (106) and (104). By the rule (3 —), we can add the formulas

{600) (1, o Tp—1,2, Tpt1s- -, Tm) =, \/ v =7,
(107) =t
, 1(’0 =j 2 Fu{}(b)}(x]) = u)

J

>3

to the hypothesises.

Now we prove deducibility of the formula (105) from the hypothesises under
consideration. First we show that the formula Jw {cy(a,b)}(x) = w is deducible
from the hypothesises. Note that this formula is equivalent in MA to the formula

Jw 3z ({a}(xp) = 2& {60V @1, - .o, Tp1, 2, Tpi1y -y Tn) = W).
Now its deducibility from the hypothesises (106) and (107) is evident. Moreover,

we see that it is enough to prove deducibility of the formulas \/ v = j and
j=1

/n\ (v =7 D Ju{d}(c)}(x;) = u) from the hypothesises. Deducibility of the first
j=1

i)f them is evident. In order to prove deducibility of the second formula, note that
the formula 67 (c) = ¢;(a, b) is deducible in HA for j = 1,...,n. Thus it is enough
for j =1,2,...,n to deduce the formula Ju {c;(a, b)}(x;) = u from the hypoth-
esis v = j and other hypothesises. Let j be fixed. If p & {(4,1),...,(j,m;)},
then c;(a,b) = 07 (b), x} is x;, thus we have to prove deducibility of the formula
Ju {67 (b)}(x;) = u from the hypothesises v = j and (107), but this is evident.
If p=(j,k) for some k € {(4,1),...,(j,m;)}, then Ju{c;(a,b)}(x;) = u is the
formula

Juiz({a}(zp) = 2 & {6%(b)}(x(j,1)v e T(5i—1)5 25y TG4l - - 7:C(j,mj)) =u).
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This formula is evidently deducible from the hypothesises (106) and (107) be-
cause X i8 T(j 1), -+ T(ji-1)s 2, T(jit1)s - - - » T(j.m;)- We have proved that (100)
is deducible from the hypothesises (97), (98), and (99).

In order to prove deducibility of the formula (101) from (97), (98), and (99), by
the rule (— V), deduction theorem, and the rule (& —), it is enough to prove that
the formulaw rB; for j = 1,2, ..., n is deducible from the hypothesises (97), (98),
(99), x; r©}, and {67 (c)}(x;) = w. Let j be fixed. Note that 67 (c) = c;(a,b) is
deducible in HA. If p € {(j,1), ..., (j,m;)}, then ¢;(a,b) = 07(b), x| is x;, O, is
©;. Thus we have to prove deducibility of the formula wr B; from the formulas
x;r0®;, {07(b)}(x;) = w and other hypothesis, but this is evident in view of
the hypothesis (99). If p = (j, k) for some k € {(j,1),...,(j,m;)}, then O] is
AGays - AGi—1) A AGas1)s - AGimy)s Xy r@;- is equivalent to the formula

n

(108) ( /\ xirAy) & zpr A,
&
x;- 18 T(i1)s s T(Gk—1)s s Tkt 1)s - - -5 T(Gimy), and {67 (c)}(x;) = w is the for-
mula
(109) 3z ({a}(zp) = 2&{8],(0)}z}) = w).

Thus we have to prove deducibility of the formula wr B; from the formulas (97),
(98), (99), (108), and (109). By the rule (3 —), we can replace the hypothe-
sis (109) by the formulas

(110) {a}(zp) = 2, {F(0)}(a]) = w.
Obviously, the formula zr A, is deducible from the hypothesises (108), (110),

and (97). It follows that the formula x’ r©; is deducible from (108). On the
other hand, the formula

X;r0; & {67 (b)}(x]j) =v D vrB,

is deducible from the hypothesis (99). Thus we have deducibility of the formula
{07(b)}(xj) = v D vrB;. Using (110), we obtain deducibility of the formula
wrB;. We have proved that (101) is deducible from (97), (98), and (99). This

completes the consideration of the axiom 9.

Axiom 10.
(B1 D B)& (6(61B1V02:B2V ...V, B,,)) D (0(01BV0:BV ... V0, B,,))
Here 6 is a list of propositional formulas A;,..., A, and §; (i =1,...,n)is a

sublist A(; 1), ..., A(i,m,) of 0; B, Bi, ..., By, are propositional formulas. A closed
arithmetical instance of the axiom 10 is of the form

(B1 O B)& (B(©,B1VO:B,V ... VO, B,)) O

Let us denote this formula by ®. Here © is a finite sequence of arithmetical sen-
tences Ai,..., A, in the extended language; ©; (i = 1,...,n) is a subsequence
Ay Amy) of ©; BBy, ..., B, are arithmetical sentences in the extended
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language. By Proposition 5.1, it follows that the formula Je e r ® is equivalent in
MA to the formula

Jaar(By O B)&3bbr(0(0;B1VO,B,V ... VO,B,)) O

(111) S Jeer (B(0:BVO:B.Y ... VO,B,)).

It follows from the deduction theorem and the rules (& —), (3 —), and (— 3)
that for proving deducibility of (111) in MA it is enough to prove that in MA

ar (B1 D) B), br (@(91B1V@2B2V . V@an)) H

(112) Fer(©(0:BVO,B,V ... VO,B,,))

for an appropriate term c.
Note that ar (B; D B) is the formula

(113) Ve (zrB; D Jy {a}(z) = y&yrB)),
br(©(01B1VO2.B2V...VO,B,,)) is the conjunction of the formulas

x (xr® 5 J ({FFO}E) =v& Vv=j&
(114) n =1
& /:\ (v =72 Ju{d}()}(x;) =u)))

Jj=1

and
(115) vxw(l/z\l(xjr@j&{(s;l(b)}(xj) — v urBy)),

and ¢r (0(0:BVO3B.V ... VO,B,,)) is the conjunction of the formulas

Vx ((xr® 5 Fw ({05} (x) =w& V w=j&
(116) n =1
& 4/:\1(11) =J D Ju{d}(c)}(x;) = u)))

and

anVw ot ()} (x1)) =wDwrB&
& A (xr0;&{07(c)}(x;) = w D wrBy)).

Jj=2

(117)

Consider the Y-formula

({07 (0)} (1) = z&{a}(z) = y).

Clearly, it is uniformized relative to y. By Proposition 3.1, there exists a term
c1(a, b) such that

(118) {e1(a,0)}(x) =y = I ({07 (1)} (x1) = 2 & {a}(2) = y)

is deducible in HA.
Let ¢ = (6§(b), c1(a, b), 05 (b), ..., o7 (b)). We prove that (111) holds. Thus we
have to prove deducibility of (116) and (117) from (113), (114), and (115).
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By the rules (— V), (Vv —) and deduction theorem, in order to prove de-
ducibility of the formula (116) from the hypothesises (113), (114), and (115), it
is enough to prove that the formula

Fu ({5} x) = wk \/ w=j& N\ w=j>Iu{or()}hx;) = u)))

j=1 j=1
is deducible from (113), (115) and the formulas xr© and
xr© > w({dg(0)}(x)=v& Vv=j&
(119) n =t
& A (w=7 350} x) =)
j=

Note that the formula 6§ (c) = 6§ (b) is deducible in HA. Therefore we have to
prove deducibility of the formula

(120)  Fw{FFO}x) =wk \/ w=j& /\(w=7j>Iu{s()}x;) = u))

j=1 j=1
from the hypothesises under consideration. Obviously, the formula
n n
Fo {50} x) =v& \/v=7& A\(v=72Iu{sf®)}x)=u)
j=1 j=1

is deducible from these hypothesises. By the rule (3 —), we can add the formulas
(121) {5} =v, \/v=4, N(v=32 {50} (x;) = u)
j=1 j=1

to the hypothesises. Obviously, deducibility of the formula (120) from the hy-
n

pothesises will follow from deducibility of the formulas {7 (b)}(x) = v, V v =j,
j=1

and A (v =j D Ju{d}(c)}(x;) = u). The first two formulas are obviously de-
=1

j=
ducible from (121). In order to prove deducibility of the third one, it is enough
to prove deducibility of the formulas

v=7 > Fu{5}x) =u

for j = 1,...,n. This is evident if j # 0 because ¢} (c) = ¢} (b) is deducible
in HA and v = j D Ju{d}(b)}(x;) = u is a conjunct in the third formula
in (121). Consider the case j = 1. Note that the formula §7(c) = c¢i(a,b) is
deducible in HA. By deduction theorem, it is enough to deduce the formula
Ju{ci(a,b)}(x1) = u from v = 1 and other hypothesises. By (118), we have to
prove deducibility of the formula

(122) Fu Iz ({07(b)}(x1) = z& {a}(z) = u).

Obviously, the formula 3z {67 (b)}(x1) = 2z is deducible from (121) and the hy-
pothesis v = 1. By the rule (3 —), we can add the formula

(123) {07 (D)} (x1) = 2
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to the hypothesises. As the formula x;r©; is deducible from the hypothe-
sis xr©, using the hypothesis (115), we obtain deducibility of the formula
zrBi. Now, using the hypothesis (113), we have deducibility of the formula
Ju ({a}(z) = u& urB). By the rule (3 —), we can add the formula

(124) {a}(z) =u&urB

to the hypothesises. Deducibility of (122) from (123) and (124) is evident. We
have proved that (116) is deducible from the hypothesises (113), (114), and (115).

In order to prove deducibility of the formula (117) from the hypothesises (113),
(114), and (115), by the rule (— V), deduction theorem, and the rule (& —), it
is enough to prove that

1) the formula wrB is deducible from the hypothesises (113), (114), (115),
x1 101, {07 (c)}(x1) = w;

2) the formula wrB; for j = 1,2,...,n is deducible from (113), (114), (115),
x; 16, {07 (0)}(x;) = w.

Let us prove 1). As the formula 67 (c) = ¢1(a,b) is deducible in HA, by (118),
we can replace the hypothesis {67(c)}(x1) = w by

3z ({07 (D)} (x1) = z & {a}(2) = w)

and then, by the rule (3 —), by the formula
(125) {01 (0)}(x1) = 2&{a}(2) = w.

The formula zrB; is obviously deducible from (115), x; r©1, and (125). Now
we have deducibility of wrB using the hypothesises (113) and (125).

The statement 2) is evident, because if j = 1,2,...,n, then 07 (c) = 07(b) is
deducible in HA.

We have proved that (117) is deducible from (113), (114), and (115). This
completes the consideration of the axiom 10.

Before considering the next axiom we introduce a new notion. A propositional
(an arithmetical) formula is called ST-formula if it is of the form

1
(126) =S5 \/ -,
t=1
or
(127) =Ty O S,
where S, T4, ...,T; are propositional (arithmetical) formulas.
Azxiom 11.

0((Vi_10:Bi)V (Vi 10:(=9)) D (S = \/ (-=T" > By))
i=1
Here 6 is a sequence of propositional formulas Ay, ..., A, of the form (126)
or (127) with a fixed propositional formula S; 6; (i = 1,...,n) is a subsequence
Ay -+ Aimyy of 05 By, ..., B, are propositional formulas; T (i=1,...,7)
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is a conjunction of formulas 7T; chosen in one subformula from every element of
the list 8;. A closed arithmetical instance of the axiom 11 is of the form

O((Vi10:B)V (Vi 116:(-S)) D (S = \/ (-—T" 2 By)).
i=1
Let us denote this formula by ®. Here © is a list Ay,..., A,, of arithmetical
sentences of the form
1

(128) -S> \/ T,
t=1
or
(129) -T1 DS
with a fixed sentence S; ©; (i = 1,...,n) is a sublist Ay 1),...,Agm,) of ©;
Bi,...,B, are arithmetical sentences; T* (¢ = 1,...,r) is an arithmetical in-

stance of the propositional formula T°.

By Proposition 5.1, it follows that the formula Jeer ® is equivalent in MA to
the formula

T
(130)  JaarO((Vi_y©:B;)V(ViL, 10:(—=S)) D Ibbr(S = \/(ﬂﬂTi D B))).
i=0
It follows from the deduction theorem and the rules (3 —) and (— 3) that for
proving deducibility of (130) in MA it is enough to prove that in MA
(131) arO((Vi_g0:B;)V(Vi,,10:(=S)) Fbr(S = \/(—mTi D B)))
i=1

for an appropriate term b.

Note that ar©((Vi_,0;B;)V(ViL, ,10:(=S)) is equivalent in MA to the con-
junction of the formulas

Vx (xr© 5 F ({F(@)}x) = v& V v=j&
(132) n =t
& /:\ (v =72 Ju{d(a)}(x;) = u)))

Jj=1

and
Vx Vo ( ;\ (x;r0; &{07(a)}(x;) =v D vrBy) &
(133) =1
& 4:/\+1(Xj r0; & {0} (a)}(x;) = v D vr=8)),
and

br(S= \r/(ﬂﬂTi o By))

is a conjunction of the formulas

(134) Vs(srS D Ju{b}(s) =u)
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and

(135) VsVu ({b}(s) = u D ur \/(~=T" 5 By)).

i=1
For every natural £k > 1 and every j € {1,...,k} we define a term fj ;(2)
inductively: f1.1(2) is z; fit1,;(2) is (0, f; ;(2)) if 1 < j <iand (1,2)if j =i+ 1.
Note that for a given k we have a concrete sequence of terms fr 1(2),. .., fr.x(2).
If a number z is fixed, then the values f ;(z) have the following property: for
every i € {1,...,k}, if z realizes an arithmetical formula C;, then f ;(z) realizes

k
the formula \/ C;. Moreover, the formula
j=1

k
zrC; D fk,i(z) r \/ Cj

j=1
is deducible in HA.

Consider the X-formula
T
Vi@ =i&y= i)
i=1
Clearly, it is uniformized relative to y. By Proposition 3.1, there exists a number
f such that

T
(136) {fHz,2)=y= \/(l‘:i&y:fhi(z))
i=1
is deducible in HA.

For every j =1,...,m, i =1,...,n let l;; be the term f; x(0) if the formula
Aj; is of the form (128) and is contained in ©;, and Ty (1 < k <) is a conjunct
in T%; otherwise let l;; = 0. Note that for every fixed arithmetical instance of
Axiom 11 [;; are fixed terms. The terms l;; have the following property: if the
formula A; is of the form (128) and is contained in ©;, then in MA

!
(137) Or==Tg tlyr \/ ~=T,.
=1
Consider the Y-formula y = s. Clearly, it is uniformized relative to y. By
Proposition 3.1, there exists a term [s] such that

(138) {[sl}(z) =y=y=s

is deducible in HA.
Let j € {1,...,m} be such that A; is of the form (126). Consider the X-

formula
n

Fo ({ul(w) =v& \/ (v =i&y=1y)).

i=1
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Clearly, it is uniformized relative to y. By Proposition 3.1, there exists a term
g;(u, s) such that

(139) {gi(u,)}@) =y = Fo({u}(u) =v& \/ (v = i&y = lij))

i=1
is deducible in HA. If j is such that A; is of the form (127), consider the X-
formula y = [s]. Clearly, it is uniformized relative to y. By Proposition 3.1,
there exists a number g;(u, s) such that
(140) {gj(u,9)}(z) =y =y =[s]
is deducible in HA. Thus for every j = 1,...,m a term g;(u, s) is defined. Let
g(u, s) = v, where v is the list v1,..., v, denote the formula

m
/\ g;(u, 8) = v;.
j=1

Note that for every j = 1,...,m and every term ¢

(141) srSkgi(t,s)rA;

holds. Indeed, if j is such that A; is of the form =S D \/ ——Ty, then VovrA;

is evidently deducible from srS. It follows that g;(t, s) rA is also deducible. If
A; is of the form =T D S, then g;(¢,s) is the term [s], and g;(t,s)rA; is the
formula

Yy (yr—T1 D Fo ({[s]}(y) = v&srS)).
Deducibility of this formula from the hypothesis srS is rather evident because
by (138), the formula {[s]}(y) = s is deducible in HA.
Consider the ¥-formula
{40 (a)}(g(u,5)) = y.
Clearly, it is uniformized relative to y. By Proposition 3.1, there exists a term
e(a, s) such that

(142) {e(a, s)}(u) =y = {6¢ (a) }&(u,s)) = y)
is deducible in HA.
Consider the Y-formula {e(a,s)}(e(a,s)) = y& \/ y = i. Clearly, it is uni-

formized relative to y. By Proposition 3.1, there ex1sts a term h(a) such that

(143) {h(a)}(s) =y = {e(a,s)}(e(a,5)) = y & \/ y=i

i=1
is deducible in HA.
Consider the Y-formula

Fz({h(a)}(s) = 2 & V(z =i&
& 3w ({07 }(gi(e(a, s),5)) = w&{f}(i, [w]) = y))).
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Clearly, it is uniformized relative to y. By Proposition 3.1, there exists a term
b(a) such that

(144) (b(@)}(s) =y =3 ({h(@)}(s) = 2& V (z=i&

=
&3w ({67 }(gi(e(a, 5),8)) = w& { f}(i; [w]) = y)))
is deducible in HA.

We shall prove that (131) holds if b is the term b(a). That is we prove de-
ducibility of the formulas (134) and (135) from the hypothesises (132) and (133).
Obviously, for proving deducibility of (134) it is enough to prove that the formula
Ju {b}(s) = u is deducible in MA from the formulas (132), (133), and srS.

It follows from (144) that Ju {b}(s) = u is equivalent to

T 3 ({h(a)}(s) = 2 &
M5 & V(2 = i & 3w ({07} @ilela, 5), ) = w& Fu { £}, [w]) = w))).

=1

First we prove deducibility of the formula 3z {h(a)}(s) = z. By (143), this
T

formula is equivalent to 3z ({e(a,s)}(e(a,s)) = z& \ z = i). Let us prove
i=1

deducibility of 3z {e(a, s)}(e(a, s)) = z. By (142), this formula is equivalent to
3z {0y (a)}(g(e(a, s),s)) = z. By (141) with e(a, s) as ¢, for every j = 1,...,m
the formula g;(e(a,s),s)rA; is deducible from the hypothesises under consid-
eration. This means that the formulas g(e(a,s),s)r© and g;(e(a,s),s)rO;
(t=1,...,n) are also deducible. Therefore the formula

3 ({85 (@) Heela,5), 8) = 2& V2= j&
(146) n =1
& A (2= 35 (@) g (0. 5).5) = )

is deducible from (132). By the rule (3 —), we can add the formulas

{63 (@)} glela,5).5) = 2, V/ 2=,
(147) . i=
A (2= 53 {57(@) & (e(a.5).5)) = v)

to the hypothesises. Obviously, the formula 3z {e(a, s)}(e(a, s)) = z is deducible

from (147). Now for proving deducibility of the formula 3z {h(a)}(s) = = it
T

is enough to deduce \/ z = i. By the rule (V —), using (147), we can con-

i=1
sider the cases z = j for j = 1,...,n. If j = r+1,...,n, then the formula

Ju {6} (a)}(g;(e(a,s),s)) = u is evidently deducible from (147). On the other
hand,
{07 (a)}(gj(e(a; 8),5)) = uDur=S
is deducible from (133). It easily follows that the formula Juwr —S is deducible,
but this contradicts to the hypothesis srS. Thus the hypothesis z = j for j =
T

r—+1,...,n leads to a contradiction, and we have that the formulas \/ z =i and
i=1
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{h(a)}(s) = z are deducible. Now for proving deducibility of the formula (134)
it is enough to prove that the formula

T
V (z =& 3w ({5} }(g;(ea, 5), ) = w& Tu{f}(j, [w]) = u))
i=j
is deducible from the hypothesises under consideration. By the rule (V —),
using deducibility of the formula \/ z = i, we can consider the cases z = j for

j=1,...,r. Let j be fixed. We have ro prove deducibility of the formula

Sw ({67} (g (e(ar 5), ) = w & Fu {F}(j [w]) = w).
The formula 3w {07 }(g;(e(a, s),s)) = w is evidently deducible from (147). By
the rule (3 —), we can add the formula {47 }(g;(e(a, 5), s)) = w to the hypothe-
sises. Obviously, it is enough to prove deducibility of the formula Ju {f}(j, [w]) =
™
u. By (136), this formula is equivalent to the formula Ju \ (j = i&u =
i=1

fri([w])). Thus it is enough to deduce Juu = f, ;([w]), but this is evident be-
cause fr ;([w]) is a term. Thus we have proved deducibility of the formula (134)
from the hypothesises (132) and (133).

In order to prove deducibility of the formula (135) from the hypothesises (132)

r ,
and (133), it is enough to prove that ur \/ (=—=T" D B;) is deducible in MA

i=1
from these hypothesises and the formula {b}(s) = u. By (144), the hypothesis
{b}(s) = u is equivalent to
Fz({h(a)}(s) = z& \/(z =i&
i=1
& 3w ({07 Haile(a, 5), 5)) = w & { f}(0; [w]) = u))).
By the rule (3 —), we can add the formulas {h(a)}(s) = z and

(148) \/ z=1& 3w ({5} }(gi(e(a, 5),5)) = w& {[}(i, [w]) = w))

to the hypothesmes By (143), the formula {h(a)}(s) = =z is equivalent to

{e(a,s)}(e(a,s)) =z& \/ z = 1. Thus we can use additional hypothesises (148),
i=1

{e(a,s)}(e(a,s)) = z, and \/ z = 4. Using the last one, by the rule (V —), we

can consider the cases z = z for ¢ = 1,...,r. Let i be fixed. The formula
Jw ({67 }(gi(e(a, s),)) = w&: {f}(, [w]) = u) is evidently deducible from (148).
By the rule (3 —), we can add the formulas {67}(gi(e(a,s),s)) = w and
{f}(@,[w]) = wu to the hypothesises. We prove deducibility of the formula
[w] r (~=T" D B;). Obviously, it is enough to prove that Iy ({[w]}(z) = y & yrB;)
is deducible from the formula x r -—T* and other hypothesises. Recall that T* is
a conjunction Ty, &...& T;,, where T;; is a subformula in A; (j = 1,...,m).
It is easy to prove that the formula

(149) 0r——T,,
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is deducible from 2 r =—T*. Then for every j such that A; is contained in Oy, the
1
formula g;(e(a, s), s) r A; is deducible. Indeed, if A; is of the form -S D \/ =Ty,
t=1

then the formula g;(e(a, s), s)rA; is equivalent to

l
Vo (zr=S > 3y ({g;(e(a, s),9)}(z) = y&eyr \/ ==Ty)).

t=1

By (139), the formula {g;(e(a, s), s)}(z) = y is equivalent to

3z ({e(a, s)}(e(a,s)) = z& \/(z =i&y=1y)).

i=1
Note that {e(a,s)}(e(a,s)) = i& \ i = k is deducible from the hypothesises
k=1

under consideration. Thus we have only to prove deducibility of the formula
l
lijr \/ ==T; but this is evident by (137) and deducibility of the formula (149).

t=1
If A; is of the form (129) and is contained in ©;, then A; is the formula —=T;; O S.
In this case, the formula g;(e(a, s), s) r A; is obviously deducible from (149). Thus
we have proved that the formula g;(e(a, s), s) r A; is deducible if A; is contained
in ©;. This means that the formula g;(e(a,s),s))r©; is deducible from the
hypothesises under consideration. Now the formula w r B; is obviously deducible
from (133). It is evident that

(150) [w] r (-=T% D B;)

is also deducible from the hypothesises. As the formula {f}(i,[w]) = u is a

hypothesis, it follows from deducibility of (136) that the formula v = f,;([w])

is deducible from the hypothesises under consideration. Now it follows from

deducibility of the formula (150) and the property of the term f, ;(Jw]) that the
T

formula ur \/ (==T% D B;) is deducible from the hypothesises {b}(s) = u, (132)
i=1

and (133). This completes the consideration of the axiom 11. 4
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