Consequence relations

extending modal logic S4.3;
an application of projective unification

Wojciech Dzik

Institute of Mathematics, Silesian University, Katowice, Poland,
wdzik@wdzik.pl

coauthor
Piotr Wojtylak,
Institute of Mathematics, University of Opole, Opole, Poland,
piotr.wojtylak@gmail.com

Algebra and Coalgebra meet Proof Theory
Utrecht University, April 18-20, 2013



History, Problem

R. Bull (1966) Every normal extension of S4.3 has the FMP

Kit Fine (1971) Every normal extension of S4.3 has the Finite
Frame Property, is finitely axiomatizable and is characterized by
finite chains of clusters.



History, Problem

R. Bull (1966) Every normal extension of S4.3 has the FMP

Kit Fine (1971) Every normal extension of S4.3 has the Finite
Frame Property, is finitely axiomatizable and is characterized by
finite chains of clusters.

Problem: lift the results from theoremhood to derivability, and
describe the lattice of all consequencs relations - extending
S$4.3.
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R. Bull (1966) Every normal extension of S4.3 has the FMP

Kit Fine (1971) Every normal extension of S4.3 has the Finite
Frame Property, is finitely axiomatizable and is characterized by
finite chains of clusters.

Problem: lift the results from theoremhood to derivability, and
describe the lattice of all consequencs relations - extending
S$4.3.

Solution: - using the fact that all logics extending S4.3 enjoy
projective unification (D-W 2009).



e Syntactic and Semantic characterization of finitary (structural)
consequence relations + extending -, for L € NExtS4.3:



e Syntactic and Semantic characterization of finitary (structural)
consequence relations + extending -, for L € NExtS4.3:

e form of all (passive) rules in consequence relations +,



e Syntactic and Semantic characterization of finitary (structural)
consequence relations + extending -, for L € NExtS4.3:

e form of all (passive) rules in consequence relations +,

e If € is a class of fin. subdir. irr. S4.3-algebras characterizing
L € NExtS4.3, then for any conseq. relation - extending -, :

o | is characterized by a class of algebras of the form of the
direct products A x Hp, where A € K and H,, is so called Henle
algebra with n-atoms, i.e. - has Strongly Finite Model Property
(SFMP).

o I is finitely based (can obtained by adding finitely many rules
to ;) and it is decidable.



e Syntactic and Semantic characterization of finitary (structural)
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e form of all (passive) rules in consequence relations +,

e If € is a class of fin. subdir. irr. S4.3-algebras characterizing
L € NExtS4.3, then for any conseq. relation - extending -, :

o | is characterized by a class of algebras of the form of the
direct products A x Hp, where A € K and H,, is so called Henle
algebra with n-atoms, i.e. - has Strongly Finite Model Property
(SFMP).

o I is finitely based (can obtained by adding finitely many rules
to ;) and it is decidable.

e The lattice of all consequence relations extending S4.3 is
countable and distributive.
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Fm - modal formulas built up with {A, =, 0, T}; Fm, {p; : i < n}
—,V, <+, O, L as usual;

(Fm,A,—,0, T) the algebra of modal language, ¢: Var — Fm
substitution; A modal logic - any subset L of Fm containing all
classical tautologies, the axiom (K) : O(a — 5) — (Oa — 0p)
and closed under substitutions and

a— B« L
B — and RN : 0

Ktheleast, S4 =K+ (7T):Oa —a + (4):00a — Oa.
S4.3=54+(.3): Oa — 08) vO(O8 — Oa)

MP -

L l—)"[_

its global consequence relation; X -, a means: « can be
derived from X U L using the rules MP and RN.
Here - denotes a structural global conseq. rel. extending g4 3
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A modal algebra A = (A, A,—,0,T), O(aA b) =0OaAOb,
OT=T; Log(A)={a:v(a)=T, forall v: Var — A},
foraclass K, Log(K)=){Log(A): A€ K}, Each A
generates a consequence relation |=4:

XEaa iff (VIX]C{T}=v(a)=T, foreach v: Var — A).

=4 aiff a € Log(.A). Now, for a class K,
XEga o iff (X [Ea o, foreach Ae€K),

A class L is strongly adequate for a consequence relation - if,
for each finite X and « € Fm

XFa iff XkEpa

A conseq. rel. - has the Strongly Finite Model Property (SFMP)
if there is a strongly adequate family L of finite algebras for .
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IfA=BxC,then X E4a iff XEpa and X ¢ «,
provided that X € Sat(B) and X € Sat(C),
otherwise, X =4 « for each a € Fm.

It follows that |Ex < =4, if Ae SP(K).
FACTS:

Let K is a class of modal algebras and - is a consequence
relation such that Fx < k. Then there is a class L C SP(K)
such that - = .

If K is a class of topological BA TBA and A is a finite subdirectly
irreducible TBA, then Log(K) C Log(.A) iff A € SH(K).
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A frame § = (V, R): a set V (worlds), a binary relation R on V.

Log(%) = {a: (F,x) IF o, foreach x € V and each I} = the
logic of § = the set of all formulas that are true in §.

Complex alg. 3+ = (P(V),n,,0,V),0a={x e V: R(x) C a},

The n-element cluster is a pair n = (Vp, Rn), where
Vo={1,...,n}and R, = V;; x V,.

1, 2, 3,..., ndenote 1- , 2- , 3- ,... n-element clusters,
respectively, 11, 27, 37,..., n™ their complex algebras,

A modal algebra A is a Henle algebraif Ja= 1 foreacha# T.
Henle algebras are s.i. (simples) for S5.
nt is the Henle algebra with n generators.

Note: 1t =2 =%f ({1 T}, min,-,0), with Ja = a.
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¢ is a unifier for a formula « in a logic L if Fioe(a).

« is unifiable in L if - 7(«), for some substitution 7.

o is more general than 7, if there is a 6 such that, for x € x,
FpOoo=T

o is a mgu, most general unifier for « in L if o is more general
then any unifier for « in L;

A substitution ¢ is a projective unifier of a formula « if

(i) Fre(a)

(i) a1 e(x) > x, for each variable x € x. (project. subst.).
Projective unifier (formula) - S.Ghilardi (1999 Unification in INT)
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A logic L has projective unification, if every formula unifiable in
L has a projective unifier.

Theorem (D-W, 2009)

A modal logic L extending S4 enjoys projective unification, iff
OOy -0z)vO(@Oz —-0y)e L, ie. S43C L.

The proof - constructing unifiers (compositions); another - by
Ghilardi characterization [Best solving modal equqgtions]: a has
a projective unifier iff Mod, («) has the extension property.

Aruler : aq,...,an, /B schematic, finitary. Here r : «/f,
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r : «/Bis admissible in L, if adding r does not change (the
theorems of) L: 7(a) € L = 7(B) € L, for every substitution .

r : «/pis derivablein L, if a F; f.

A logic L is Structurally Complete, SC, if every (struct.) rule
which is admissible in L is derivable in L;

Theorem(D. Makinson). 0 is SC iff it is MAXIMAL among all
(struct.) - such that: () K0y «—=F ¢, forall .

Every |- has the SC extension 0 staisfying (e)
r : «/Bis passivein L, if a is not unifiable in L,
EXAMPLE S5 ¢ SC :
SaNO~a
P5 - 75 ,

P> admissible, not derivable: {x A O ~ x consistent not unifiable

Pé : Oa /\J_Owoz
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A logic L is Almost Structurally Complete (ASC), if every rule
which is admissible in L and is not passive is derivable in L;

Projective unification in NExtS4.3 implies:
Theorem (D-W, 2009)

Every modal logic L extending S4.3 is ASC.
L is structurally complete iff
McKinsey axiom M : O0a — 0o € L iff S4.3M C L.

For L € NExtS4.3M, -, is maximal among all consequence
relations with theorems = L;

Non-axiomatic extensions + of -, for L € NExtS4.3, can be
obtained by adding passive rules only.
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S4.3
Splitting of NExtS4.3

For L € NExtS4.3M, L — G, is a bijection (a lattice iso).
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FACT. If « is not unifiable and Var(«) C {p1,...,Pn}, then
atss (OP1 AO ~pP1) V-V (OPn A O ~ pn).
For fixed n, consider boolean atoms in Fmp:

p$(1) A /\pg(ﬂ)
where o: {1,...,n} — {0,1},and p° = p, and p' =~ p. There
are 2" boolean atoms in Fmj,, denoted by: 64,...,02n. Let -, be
the extension of t-g4 3 with the rule

Q01 A - A Obon

B

The above rule is valid in any 2" — 1 (or less) element cluster,
and it is not valid in the 2" element cluster. Hence, for n € w,
|—34'3< < Fp < < }_1 :l—s4.3 +P2 and
Fsas +P> € SC.

Each passive rule is equivalent over S4.3 to a subrule of P, to
OYA O~y
)

for some ~, d.
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Passive Rules in NExt S4.3

(Rybakov) P, forms a basis for admissible (passive) rules over
S4.3. All passive rules are consequences of P, and hence,
(see Rybakov):

The modal consequence relation resulting by extending a
modal logic L O S4.3 with the rule P; is structurally complete.

Theorem

Each consequence relation over S4.3 can be given by
extending a normal modal logic with a collection of passive

rules of the form:
001 N --- N Obg

)
2 < s < 2" and where {py,...,pn}N Var(§) =0
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Let L € NExtS4.3 and K be a class of finite s.i. S4.3-algebras
with L = Log(K). Let I- be an extension of -; with some
passive rules.

TASK: Find a class L. of algebras which is strongly adequate for
k-, i.e. such that for each finite X and each «

XFa iff XELa  (iff X Esa, foreach BeL)

Let K- ={BecK: < [=5}be the class of algebras from
K which are models for . K" is not sufficient to characterize I-.

Lemma

a Fk B iff  Oa — B € Log(K), for each o, 3

No class of s.i. S4.3-algebras can be strongly adequate for any
proper extension of -; with passive rules. To get models for -
products of s.i. algebras with Henle algebras are necessary.
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Lett- be an extension of -, for L € NExtS4.3, with some
passive rules and let K be a class of sub. irr. alg. strongly
adequate fort-,. Then

(i) F isfinitely based.

(L={Axnt: A€ S(K), n>1, - < [ xn+} is strongly
adequate for .

Moreover there are classes Ky, Ko, ..., Ky, such that

SK) 2Ky 2Kz 2 --- 2 Km and

r|—g0 < r):]LQO,

for all finite sets I' of formulas and for all ¢, where

L =K U (Km-1 \ Km) x (m—21)7) U--- U ((Kq \ Kg) x 17)
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Proof of (ii)

for each L, there is K, = S(K,) C S(K) such that

L, = Log(Kp).

We have S(K) =Ky 2 K, D K3z O --- and the sequence
terminates on, say, K. Let

L, =KpU ((K1 \Kz) x 1+>
Lpr1 =Kppq U ((Kn\Kn+1) X n+) u..-u ((K1 \Kaz) x l+)

where K; x A = {B x A : B € K;}. by induction on n show that
L, is a model for -, that is -, < bk,

Corollary

Every finitary modal consequence relation extending S4.3 has
the strongly finite model property.
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