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ABSTRACT. We define Sahlqvist fixed point equations and relativized fixed point
Boolean algebras with operators (relativized fixed point BAOs). We show that every
Sahlqvist fixed point equation is preserved under completions of conjugated relativized
fixed point BAOs. This extends the result of Givant and Venema [8] to the setting of
relativized fixed point BAOs.

1. Introduction

Sahlqvist equations form an important class of equations that are preserved
under canonical extensions of Boolean algebras with operators (BAOs for
short). In [15] Sambin and Vaccaro gave an order-topological proof of this
preservation result, and Jénsson [10] proved it by algebraic means. An es-
sential ingredient of Sambin and Vaccaro’s proof is Esakia’s lemma of [6],
whereas Jénsson’s proof relies on a result by Ribeiro [14]. In [4], analogues
of Sahlqvist’s preservation theorem and of Esakia’s lemma were proved for
modal fixed point logic. Modal fixed point logic is an extension of standard
modal logic with fixed point operators. This formalism is becoming increas-
ingly popular in mainstream computer science applications as it provides a
very expressive and yet decidable tool for reasoning. The current paper can
be seen as a sequel to [4], where Sahlqvist fixed point formulas are defined
and shown to be preserved under canonical extensions of modal fixed point
algebras. Here we prove another preservation result for Sahlqvist fixed point
equations (which are algebraic analogues of Sahlqvist fixed point formulas),
but this time for completions of relativized fixed point BAOs.

Similarly to canonical extensions, completions play an important role in
the theory of BAOs. Dedekind used completions of the rational numbers via
the so-called Dedekind cuts as a way of introducing the real numbers. Mac-
Neille [12] extended this construction to any poset and showed that any poset
can be embedded into a complete lattice. Using the same method, it can be
shown that a completion of a Boolean (Heyting) algebra is again a Boolean
(Heyting) algebra. But a completion of a distributive lattice may not be a dis-
tributive lattice (e.g., [1]). In [13] Monk extended the definition of a comple-
tion to BAOs. Nowadays this construction is called the Dedekind-MacNeille
completion, MacNeille completion or Monk completion. It will probably be
fair to call the completions of BAOs Dedekind-MacNeille-Monk completions



or MacNeille-Monk completions. However, to avoid confusion we will just call
them completions.

Completions of BAOs have been quite well investigated. Monk [13] proved
that every positive equation is preserved under completions. Givant and Ven-
ema [8] extended this result by showing that all Sahlqvist equations are pre-
served under completions of conjugated BAOs (see also [18]). Givant and
Venema also gave an example of a Sahlqvist equation not preserved under
non-conjugated BAOs. Thus, the condition that the BAOs are conjugated
cannot be dropped. Gehrke, Harding, Venema [7] showed that every vari-
ety of lattices with monotone operators (in particular, BAOs) that is closed
under completions is also closed under canonical extensions. In [9] Harding
and Bezhanishvili characterized the varieties of modal algebras closed under
completions.

We extend the result of Givant and Venema to Sahlqvist fixed point equa-
tions and conjugated BAOs with fixed point operators. Our semantics is ‘non-
classical’. For each BAO A we fix a set F of its elements and evaluate fixed
point operators relative to F. In other words, we evaluate the least (great-
est) fixed point operator of a given monotone function f as the meet (join)
of not all pre-fixed points (post-fixed points) of f, but of only those that
belong to F. We call the pair (A, F) a relativized fized point BAO. Comple-
tions of fixed point BAOs for classical semantics were already investigated by
Santocanale in [16]. In particular, Santocanale showed inter alia that there
exists a conjugated fixed point BAO that does not admit an embedding into
a complete fixed point BAO preserving fixed point formulas, interpreted in
classical semantics. Therefore, fixed point BAOs may not be subalgebras of
their completions, whereas relativized fixed point BAOs are subalgebras of
their completions. Thus, relativized semantics provides a workable notion of
completion for which we can prove positive (preservation) results.

We note that our proof also works for the language without fixed point
operators. Thus, we obtain the result of [8] as a corollary of our main proof.
Our proof seems to be different from the one of [8] and [18] and is similar
to the proofs of [15], [2], and [4], whereas Venema and Givant’s approach is
closer to the approach of [10]. Our proof, however, is also different (and in a
way simpler) than the proofs of [15] and [4], for a few reasons. We work with
conjugated BAOs, not arbitrary BAOs. Also the ‘minimal’ assignment used in
our proof is defined in the original algebra. In the topological terminology of
[15] and [4], this means that it is a ‘clopen’, not just a ‘closed’ assignment. As
a result, we do not need to prove an analogue of the Esakia lemma, which is
necessary in [15] and [4]. Moreover, unlike [4] (where the analogue of the Esakia
lemma is proved only for the language with the least fixed point operator), in
this paper we work with the fixed point language with both least and greatest
fixed point operators.



The paper is organized as follows: In Section 2 we introduce (relativized)
fixed point BAOs. In Section 3 we recall the main properties of completions
of BAOs and define completions for relativized fixed point BAOs. In Section 4
we define Sahlqvist fixed point equations and prove the main theorem of the
paper that Sahlqvist fixed point equations are preserved under completions of
conjugated fixed point BAOs. Finally, we conclude the paper by listing some
future work in Section 5.
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2. Relativized fixed point BAOs

In this section we recall the language of modal p-calculus and define fixed
point BAOs. We fix a countably infinite set V of variables (z,y, zo, x1, etc)
and a set L of operator symbols of any arity. The set of fized point terms is
then defined as the least set such that

e constants | and T and variables are fixed point terms,

e if t1 and t5 are fixed point terms, then ¢ A to, t1 V to, —t1 are fixed point
terms,

e for each n-ary operator f € L, and fixed point terms t1,...,¢,, f(t1,...,
t,) is also a fixed point term,

e for each fixed point term v (z,z1, ..., x,), where 2 occurs under the scope
of an even number of negations, puxy(z, z1,...,x,) and vay(x,x1, ..., zy)
are fixed point terms.

A fixed point term that does not contain any yu or v-operators will be called an
L-term. If v = pxd or v = vad’, then we will say that x is a bound variable in
~. If  does not occur in the scope of any pux or vz, it is called a free variable.
We say that a fixed point term y(z, z1, ... x,) is positive in x (negative in x) if
all the free occurrences of the variable x are under the scope of an even (odd)
number of negations.

Let (A, V,A,—,0,1) be a Boolean algebra. Recall that a map f: A™ — Ais

called a normal and additive operator if for each i <n and a,b,a1,...,a, € A
we have

(1) flar,...,a;-1,0,a;41,...,a,) =0, (Normality)
(2) flar,...,a;—1,aVbait1,...,an) = far,...,q;i—1,a,a0;41,...,0a5)

\ f(al, ey @i—1, b a4, an) (Additivity)

Recall also that a Boolean algebra with operators (BAO for short) is an
algebra A = (A,V,A,—,0,1, fA: f € L), where (4,V,A,—,0,1) is a Boolean
algebra and each f# is a normal additive operator. If it is clear from the



context we will skip the index 4. We will often use the shorthand A = (A4, f :
f € L) for denoting BAOs. For each n-ary operator symbol f € L and
fixed point terms t1,...,t, we let f%(t1,...,t,) denote the fixed point term

—f(=t1, ..., Tty).

DEFINITION 2.1.

(1) Let A= (A, fA: fecL)beaBAO and F C A. A map h from variables
to A is called an assignment. We define a (possibly partial) semantics for
fixed point terms by the following inductive definition.

it s =0and [Tli's =1,
x]ﬁ’]_- = h(z), where x is a variable,

[

[

[y A 5]??,; = [7];;47}‘ A [5]%4}7

[vV 5]ﬁf = [7];:‘,]-' v [5]?;‘,%

[ﬁ’Y]?LA,f = ﬁh’]?ﬁf,

[f(v,.-.. ,yn)];f’f = fA([fyl]ﬁ’}-, ce [’yn];i]_-), for each n-ary f € L.

For a € A and z a variable, we denote by h$ a new assignment such
that h%(z) = a and h%(y) = h(y) for each variable y # x.

If v(x, 21, ...,2,) is positive in x, then we let

[pzy(z, xq, .. ., xn)]ﬁf = /\{a € F:y(z xq,... ,J;n)]f&]_- <a},

if this meet exists; otherwise, the semantics for pry(x,x1,...,2,) is
undefined, and we let

vay(z,z1,. .., 2))hr = \/{a € F:ly(z x,... ,xn)}f;f > a},

if this join exists; otherwise, the semantics for vay(x,z1,...,x,) is
undefined.

An element a such that [y(z,zq,... ,xn)]ﬁg,f < a (respectively, [y(z,z1,

.,xn)];;‘g’}- > a) will be called a pre-fized point (resp. post-fixed point)

of .

(2) A BAO A is called a fized point BAO relative to F C A if [y]7 is defined
for any fixed point term « and any assignment h. The pair (A, F) is then
called a relativized fized point BAOQ.

(3) We say that an equation v = §, where v and § are fixed point terms, is
valid in a fixed point BAO A relative to F C A if [y]7 = [d]] for each
assignment h.

Notation: To simplify the notations instead of [y(x1,..., mn)];f]_- with h(z;) =
ai, 1 < i < n, we will write y(ay,...,a,)%. We will also skip the indexes A

and F if they are clear from the context.

Examples: Every BAO A is a fixed point BAO relative to any finite 7 C A.
Recall that a BAO A = (A, f : f € L) is called complete if A is a complete
Boolean algebra; that is, for each subset S of A the meet A S and the join \/ S
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exist. It is straightforward to see that every complete BAO A is a fixed point
BAO relative to any F C A. Locally finite BAOs are other examples of fixed
point BAOs (see [4] for details).

LEMMA 2.2. Let A be a fized point BAO relative to F C A, and aq, ...
an € A. Then for each fized point term ~y(x,x1 ..., x,) that is positive in x,

)

Y(-yat,...,a,)% is a monotone function. That is, for a,b € A,

a < b implies y(a, a1, ..., an)é <~(byas,..., an)é,

Proof. We will prove the lemma by induction on the complexity of v. We will
skip the indexes A and F. Our induction hypothesis is: 1) if y(z,z1 ..., 2,)
is positive in x, then (-, a1,...,a,) is monotone and 2) if y(z, 21 ...,x,) is
negative in x, then v(-,a1,...,a,) is antitone. The cases y = L, vy =T, v is
a variable, y =0V d,vy=d A, v=-d and v = f(b1,...,0,) are proved as
in standard modal logic (see, e.g., [5, 8]). Now let v = uyd(y, x, z1,...,2,) be
positive in & and inductively assume the result for §. Then, by the induction
hypothesis, for each a,b € A with a < b and ¢ € A we have (¢, a,ay,...,
an) < 0(e,byaq,...,a,). Soif 0(¢,b,a1,...,a,) < ¢, then §(c,a,as,...,a,) <
c. Therefore, the set {c € F : v(c,a,a1,...,a,) < ¢} contains the set {c € F :
v(e,b,a1,...,a,) < c}. But this means that uydé(y, a,a1,...,an) = A{c € F:
d(c,a,a1,...,an) <c} < AN{ce F:d(cbyar,...,an) <ct=pyd(y,b,a,...,
an). Therefore, we obtained that y(a, a1, ...,an) < y(b,a1,...,a,). The cases
of § negative in z and v = vyd(y, x, 21, ..., 2z,) are similar. |

3. Completions and conjugates

In this section we recall the notion of a completion for BAOs and extend
the definition of a completion to fixed point BAOs. We also discuss conjugates
of functions.

Let A and B be Boolean algebras such that A is a subalgebra of B. We say
that A is a dense subalgebra of B if for each 0 < b € B there exists 0 < a € A
such that a < b. It is easy to see that if A is a dense subalgebra of B then for
each b € B we have b=\/"{a e A:0<a<b}.

The MacNeille completion A of a Boolean algebra A is a complete Boolean
algebra A such that A is a dense subalgebra of A and all the joins and meets
that exist in A are preserved in A. In other words, if S C A is such that
\/A S exists, then \/A S = \/A S and if T' C A is such that /\A T exists, then

/\AT = A“T. The completion of a Boolean algebra always exists and is
unique up to isomorphism (see, e.g., [17]). We assume throughout that the
embedding of A into its MacNeille completion is the identity.

An n-ary map f on a Boolean algebra A is called completely additive in the
i-th coordinate if for each (possibly empty) S C A such that \/ S exists in A
and ay,...,a, € A we have

f(al,...,ai_l,\/S,aiH,...,an) = \/{f(al,...,ai_l,s,ai+1,...,an) :s €S}
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An n-ary operator f is called completely additive if it is completely additive
in the i-th coordinate for each i < n. A BAO A= (A,f: f € L) is called
completely additive if each f € L is completely additive.

Let A= (A, f: f € L) be acompletely additive BAO. Then for each f € L
the (lower) extension of f to the MacNeille completion A of A is defined as:

T =\ (@ :acA a<b). 1)

The algebra A = (A, f : f € L) is called the completion of A= (A, f: f € L).

The next two lemmas summarize the important properties of the comple-
tions of BAOs that will be used subsequently. We skip most of the proofs, but
give references where they could be found.

LEMMA 3.1. Let A= (A, f: f € L) be a completely additive BAO. Then
(1) A= (A, f: f€L)is acompletely additive BAO.
(2) A as a BAO is a subalgebra of A.

Proof. For the proof of (1) we refer to [13, Theorem 1.2] (see also [8, Lemma
13]). (2) follows from [17, Section 35] and the definition of f foreach f € L. O

Note that an analogue of Lemma 3.1 for fixed point BAOs in classical se-
mantics does not hold [16]. However, we will see next that for relativized fixed
point BAOs, we can prove an analogue of Lemma 3.1. Let (A, F) and (A’, F')
be relativized fixed point BAOs. We say that (A, F) is a relativized fixed point
subalgebra (or just a subalgebra, for short) of (A', F') if A is a subalgebra of

A’ in the BAO sense, and for any assignment h in A and any term v we have

[’7];?,]—' = MhA,fN

LEMMA 3.2. Let A= (A,f : f € L) be a completely additive fized point
BAO relative to a set F C A. Let also A= (A, f : f € L) be the completion
of A. Then

(1) (A, F) is a relativized fized point BAO.

(2) (A, F) is a relativized fized point subalgebra of (A, F).

Proof. (1) All we need to check is that for each v(z, x1,...,x,) positive in x
and each assignment g in A, the meet A{a € F : [y(z,21,...,2,)]ge < a} and
join \/{a € F: [y(z,@1,...,2,)]ge > a} exist in A. But this is obvious as A is
a complete BAO.

(2) Let h be any assignment in A. We prove by induction on the complexity
of each term v that Mﬁ}_ = [7}5;. By Lemma 3.1(2), we only need to consider
the cases v = uxd and v = vad. Let v = pxd. Then

Wity = AYaeF: [0, <a}
= ANaeF: [0l r<a)
= ANaeF: [ r<a)
= [va]hj}‘

[V]ﬁl,f-
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The first equation above is spelling out the definitions, the second follows from
the induction hypothesis, the third from the fact that completions preserve
existing meets, and the fourth and fifth are again spelling out of the definitions.
The case v = vad is similar. Therefore, (A, F) is a relativized fixed point
subalgebra of (A, F). 0

DEFINITION 3.3. Let A = (A4, f: f € L) be a completely additive BAO
that is a fixed point BAO relative to a set F C A. Let also A= (A, f: f € L)
be the completion of A. We call the relativized fixed point BAO (A, F) the
completion of (A, F).

Let A be a Boolean algebra. For 1 < i < n, a map f;l : A" — A is called
the i-th conjugate of a map f : A" — A if for all a,b1,...,b, € A we have
aAflbr,...,bp) =0iffF by A f7 (b1, .. bi1,a,bi41, ..., b,) = 0. We say that
f is conjugated if it has an i-th conjugate for each i < n. A BAO A is called
conjugated if each operator of A is conjugated. Conjugates are closely related
to residuals (see Claim (1) of Theorem 4.7).

LEMMA 3.4.

(1) Any conjugated n-ary map f on a Boolean algebra A is completely addi-
tive.

(2) If A= (A, f : f € L) is a conjugated BAO, then A= (A, f : f € L) is
also a conjugated BAO.

(3) If A is a conjugated fized point BAO relative to some set F C A, then
(A, F) is also a conjugated fized point BAO relative to F.

Proof. For the proof of (1) we refer to [11, Theorem 1.14] (see also [8, Lemma
19]). For (2), we first observe that by (1), A = (A, f : f € L) is completely
additive and so the completion A4 = (Z,f : f € L) exists. The result now
follows from the fact that if f;l is the i-th conjugate of f on A, then f[l is
the i-th conjugate of f on A (see [13, Corollary 1.11] and also [8, Lemma 20]).
(3) follows from (1), (2) and Lemma 3.2(1). O

4. Main results

In this section we define Sahlqvist fixed point terms and equations and prove
the main theorem of this paper that every Sahlqvist fixed point equation is
preserved under completions of conjugated relativized fixed point BAOs.

DEFINITION 4.1. A fixed point term «y is called positive if it is positive in
each variable, and v is called negative if —vy is positive.

DEFINITION 4.2.

(1) A skeleton is a term a(xy,...,x,) made from operators and A only, in
which no variable occurs twice.



(2) A Sahlqvist fixed point term is a fized point term of the form a(vy;/x; : i =
1,...,n), where a(xy,...,x,) is a skeleton and the ~; are either negative
fized point terms, or ‘boved variables’ of the form f{. Sy fork < w
and unary fi,..., fr € L.

(3) A Sahlqvist fixed point equation is one of the form v = 0 where v is a
Sahlquist fixed point term.

REMARK 4.3. If we drop the fixed point operators, this definition is es-
sentially the same as a standard one from [5], when translated from modal
to algebraic notation. As notation, we let ‘boxed-variables’ denote the set
of all terms of the form f{... fdy as above, ‘positive’ the set of positive L-
terms, and ‘negative’ the set of negative L-terms. For sets S,T of L-terms
and a set F of function symbols, we let S¥' denote the closure of S under the
symbols in F, =S = {-y: 7€ S}, SAT ={yANd:v €856 eT} and
S—>T={vVdi:veSdeT} Let @ & denote disjunction and conjunc-
tion (V,A), respectively, over terms with no variables in common, and write
L4 = {fd: f € L}. Finally, let S be the set of L-terms that are Sahlqvist fixed
point terms, as defined above. Now, phrased algebraically, [5, Definition 3.51]
defines a Sahlquist formula (in the language without fixed point operators) as
a term in the set
LYU{A,®}
Y= (({'l—7 1} U boxed-variables U negative) “{V} positive) .

Clearly, up to logical equivalence we have
(
(

= (boxed-variables U negative

-y = {T, L} Uboxed-variables U negative)*“{":V} A negative

)Lu{v,®}
LU{Vv,®}

boxed-variables U negative)““ 1"V}
YLULAVY
= ((boxed-variables U negative) “Ui"}) v}
= g{v},

It follows that any Sahlqvist formula ~ in the sense of [5, Definition 3.51]
is equivalent to a conjunction A\, —d; where the ¢; are Sahlqvist fixed point
terms as above (viewed as L-terms), and vice versa. Plainly, v being valid
corresponds to A, =d; = 1 being valid: that is, A,(d; = 0), a conjunction of
(L-equations that are) Sahlqvist fixed point equations as in Definition 4.2.

Also note that Sahlqvist fixed point equations are algebraic analogues of
Sahlqvist fixed point formulas of [4].

DEFINITION 4.4. Let A be a BAO. An L-term a(xy,...,2,) is called
conjugated in A if it defines a conjugated function in A.

Next we prove two auxiliary lemmas that will play an important role in the
proof of the main result.

LEMMA 4.5. If A is a conjugated BAO, then every skeleton is conjugated
in A.



Proof. We prove the result by induction on the complexity of . The base
case is when « is a variable and is trivial. We remark that A can be treated as
a binary operator since it is self-conjugated, normal, and additive. Let f be an
n-ary conjugated operator and let oy (z11,...,T1k,)s -y @ (Tn1y- .-, Tnk, ) be
terms written with A and operators only such that f(ai,...,a,) = a and no
variable occurs twice in «. Assume the lemma for all skeletons simpler than
«. We show that « is a conjugated term. Let h be an assignment on A. Let
also a € A and fix a variable x;;. Then obviously,

aNa]p =0 iff aA f([ai]n,---,[an]n) =0. (2)
As f is conjugated, there exists a function f;l such that (2) holds iff

[iln A f7 ([alns - [eialns @, [@igaln, - - [an]n) = 0. (3)

Note that the complexity of each «; is smaller than that of a and no vari-
able occurs twice in any of «;. Therefore, by the induction hypothesis, «; is
conjugated. So there exists a function s;; such that (3) holds iff

sij(h(zia), .. h(xig1), [ (aalns - [eialns @, [@igaln, - - [an]n),
h(xi]qu), ceey h(l‘zkl)) A\ h(ﬂ;‘”) =0.
(4)

As no variable occurs twice in «, this means that « is conjugated. a

LEMMA 4.6.

(1) Let A and B be BAOs such that A is a dense subalgebra of B. Let also
a(x1,...,Tp, Y1,--.,Yq) be a conjugated term in B, and by,..., by, ni,
...,ng € B be such that a(by,...,by,n1,...,ny) > 0. Then there are a1,
ceap € A with 0 < a; < b; (for each i < p) and a(a1,...,ap, N1, ..,
ng) > 0.

(2) Let A be a completely additive BAO and A its completion. Let also
a(T1,. oy Tp,Y1,.--,Yq) e a conjugated term in A, and let by,..., by,
ni,...,ng € A be such that a(by, ..., by, n1,...,ng) > 0. Then there are
ai,...,ap € A with 0 < a; <b; (for each i <p) and afaq,...,ap,n,...,
ng) > 0.

Proof. (1) By induction on p. If p = 0, there is nothing to prove. Assume the
result for p. We prove it it for p+ 1. As A is dense in B, bpt1 = \/B{a eA:
0 < a < bpt1}. Since « is conjugated in B, by Lemma 3.4(1) it is completely
additive in B, so
0< a(bl,...,bp+1,n1,...,nq) = \/B{a(bl,...,bp,a,nl,...,
ng):a€A 0<a<by}.

It follows that a(b1,...,bp,a,n1,...,ng) > 0 for some a € A with 0 < a <
bp+1. The result now follows by the inductive hypothesis. (2) follows from (1)
and the fact that each BAO is a dense subalgebra of its completion. O

THEOREM 4.7. (Main Theorem)
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(1) Let A be a conjugated fized point BAO relative to F C A, and let (A, F)
be the completion of (A, F). Then any Sahlquist fized point equation valid
in A relative to F is also valid in A relative to F.

(2) (Givant and Venema [8]) Let A be a conjugated BAO and A its comple-
tion. Then any Sahlquist equation valid in A is valid in A.

Proof. (1) Throughout the proof we will assume that all fixed point operators
are interpreted relative to 7. So we drop F as an index. Let a(f1, ..., Bp, 71,
..,7q) be a Sahlqvist fixed point term, where a(z1,...,Zp, Y1,.-.,Yq) IS a
skeleton, the 3; are of the form f{ ... fly, and the v; are negative fixed point
terms. Suppose a(B1,...,BpsV1,s---,7Y) = 0 fails in A. We show that «(81,
s Bpa s -+ 5 Yg) = 0 also fails in A.
That a(B1,- -+, Bp, Y15+ - -,Yg) = O fails in A means there is an assignment
h in A such that [04(51,...,Bp,fyl,...,'yq)]hZ > 0. Let b; = [5,»]5 € A and
n; = hj]fe A (for each i < p and j < ). So a(by,...,bp,n1,...,n4) >0 in
A. By Lemma 3.4(2), A is conjugated. So by Lemma 4.5, a(x1, ..., Tp, Y1, -,
y,) is conjugated in A. Hence, by Lemma 4.6(2), there exist ay,...,a, € A
with 0 < a; < b; (for each i < p) such that a(a1,...,ap,n1,...,n4) >0 in A
Let g be the assignment into A, which is called a ‘minimal assignment’,
given by

g@) =\ fita) i <p, Bi=fi . fin} (5)

for each variable z, where f~! is the conjugate of f in A, for each f € L.
Note that if x does not occur in any f;, then, according to this definition,

gy =\ =0.
Claim.

(i) [Bi]3' > a; for each i < p.
(ii) g(z) < h(x) for each variable x.
(iii) [Wj];l > n; for each j < q.

Proof. (i) First note that for each a € A and each unary conjugated operator
f we have

a< fifta, (6)
That is to say that f¢ is the right residual of f. To see this, we just need to note
that = f "1 (a)Af~1(a) = 0iff aAf-f~L(a) = 0iffa < = f—f~1(a) = f1f(a).
Now we will prove by induction that

a< flo it ). (7)

The basic step follows from (6). Now assume (7) holds for k£ — 1 and we prove
it for k. By (6) we have faf, ' fi', ... fi'(a) > fi', ... fi '(a). By the fact
that each f¢ is monotone and using the induction hypothesis we obtain

S ) > R )

> a.
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Now let 8; = fi...fle. Then [B]) = fi... flg(z) > fi.. f2(fi"-
firt (@) = a;.

(E) Let 7« < p arLd assume 3; = fld...fg;v. As a; < b; we have a; <
Bt = [fe... fla]ft = ﬁ...f,‘fh(x). By conjugation, this implies that
fk_1 e fl_l(ai) < h(z) in A. This holds for each a; and §; with §; of the
form fe...flx. So

gle) =\/{fi' - fila) i <pBi = fi .. fla} < h(x).

(iii) As each v, is a negative term for each j < ¢, from (2) of this claim
and Lemma 2.2, we have [*yj]gZ > [y;]£ = n,. Since g is an assignment in A,
it follows from Lemma 3.2(2) that [fyj];;‘ = [vj]gZ for each j < q. Therefore, we
have [y;]' > n; for each j < q. ]

Recall that « is positive and has no fixed points. Then putting everything
together we obtain:

[a(ﬁh s aﬂpv’ylv ce 7’761)];4 = O‘([Bl]g‘7 LR [Bp];‘v [71];47 L] [Vq]g‘)ﬁ
= 04([51]9"4,...,[,31,];/4, [Vl]gAL'whq];‘)A
> alar,...,ap,n1,...,ny)"
> 0.

So a(B1,..-,Bp, 71, 57g) =0 fails in A, as required.

(2) The proof is the same as the proof of (1) except that we start with any
conjugated BAO (not necessarily a fixed point BAO) and we assume that each
term is just an L-term (not a fixed point term — thus F plays no role here).

O

REMARK 4.8. We note again that the ‘minimal’ assignment g defined in
(5) of the proof of Theorem 4.7 is in the original algebra A. In the topological
terminology of [15] and [4] this means that g corresponds to a ‘clopen’, not
just a ‘closed’ assignment. Esakia’s lemma and its fixed point analogue are
essentially used in the preservation proofs of [15] and [4] to move from a ‘closed’
assignment to a ‘clopen’ assignment. As the assignment g in our case is already
‘clopen’ we do not need to use the aforementioned lemmas. This also enables
us, unlike [4] where the analogue of the Esakia lemma is proved only for the
language with the least fixed point operator, to work with the fixed point
language with both least and greatest fixed point operators.

A natural question to ask is whether in Theorem 4.7(1) we can drop the
condition that fixed point operators in A and A are computed relative to
F. One could ask whether the following is true: if the Sahlqvist fixed point
equation v = 0 is valid in A relative to A, then v = 0 is valid in A relative to
A. In other words, can we prove an analogue of Theorem 4.7(1) if we compute
fixed point operators in a standard way, as meets (joins) of all pre-fixed points

(post-fixed points)? We finish this section by constructing an example of a
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conjugated BAO (not a fixed point BAO) A and a Sahlqvist fixed point term
v such that, with the standard interpretation of fixed point operators, v = 0 is
valid in A but not in A. We leave it as an open problem to find a fixed point
BAO and a Sahlqvist fixed point term with the same property.

EXAMPLE 4.9. Let N be the set of natural numbers and R = {(n,n —
1),(n,n+1) : n > 0}. Let A be the algebra of all finite and cofinite subsets
of N. For each U C N we let (R)U = {n € N : R[n]NU # 0}, where
R[n] = {m € N: R(n,m)}. It is well known that A is a conjugated BAO. It is
called a conjugated modal algebra because of the close connection with modal
logic, see e.g., [5, Section 5]. Tt is also well known that the completion A of A
consists of all subsets of N with (R) defined as above. Observe that the only
pre-fixed point of the term § = OGCa v OL in A is the whole set N. So the
interpretation of pyaxd is equal to N = 1 4. However, the only pre-fixed points of
§ in A are N and the set E of all even numbers. Therefore, the interpretation
of pxé in A is equal to E. Finally, note that as pxd is positive, v = —pxd is
a Sahlqvist fixed point term. Thus, from the above we obtain that v = 0 is
valid in A, but v = 0 is not valid in A.

5. Conclusions and future work

In this paper we defined Sahlqvist fixed point equations and fixed point
BAOs. For each BAO A, we interpreted fixed point operators in a ‘non-
classical’ way relative to some set F C A. We proved that for each fixed
point BAO A and F C A, every Sahlqvist fixed point equation valid in A
relative to F is also valid in the completion A relative to 7. We also gave an
example of a conjugated BAO A and Sahlqvist fixed point equation that is
not preserved under the completion A provided that the fixed point operators
are interpreted in a classical way as meets and joins of all pre and post-fixed
points, respectively. We left it as on open problem to find a fixed point BAO
with the same property.

The last question is related to the following problem: Given a BAO A can
we find a fixed point BAO B such that A is a subalgebra of B and B is least
such? Obviously, the completion A is a fixed point BAO containing A as a
subalgebra. But can we find a ‘smaller’ one? In other words, can we define
fized point completions of BAOs?

In this paper we consider lower extensions of conjugated operators on a

~

BAO. We could define the upper extension of a map f on a BAO A by f(b) =
AN f(c) i ce A,c>b}. As follows from [8] (see also [9, Theorem 3.1] and [18,
Proposition 3.19]), if f is a unary conjugated operator, then f = f If f is not
unary though, then f and f may differ [8] (see also [18, Example 3.20]). We
leave it as an open problem to investigate completions of fixed point BAOs,
when we consider upper extensions of operators.
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Finally, we note that the skeleton of a Sahlqvist fixed point term is an L-
term. Fixed point operators are only allowed in the negative terms substituted
in the skeleton. Currently we are unable to extend Lemma 4.5 and the claim
of Theorem 4.7 to skeletons that involve fixed point operators (e.g., as in the
Sahlqvist fixed point formulas of [3]). We leave it as an (interesting) open
problem whether the notions of skeletons or boxed atoms could be general-
ized so that they involve fixed point operators and so that the analogues of
Lemma 4.5 and Theorem 4.7 for these terms still hold.
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