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Abstract

We define analogues of modal Sahlqvist formulas for the modal mu-
calculus, and prove a correspondence theorem for them.

1 Introduction

The modal mu-calculus provides a perspicuous way of isolating essential laws of
induction and recursion generalizing computational logics such as PDL, CTL,
and CTL*. This paper adds one more strand to its exploration, going back
to a traditional modal concern: frame correspondence theory. It was observed
in [5] how the usual method for obtaining frame correspondents for Sahlqvist-
type axioms can be applied to non-first-order axioms like Lob’s Axiom whose
antecedents have a special ‘PIA syntax’ supporting a minimal valuation that is
definable in the classical fixed-point language FO+LFP. It is then natural to
look for a balance on both sides, in terms of generalized Sahlqvist forms in the
language of the modal mu-calculus that support this style of analysis. Such a
generalization is found in this paper, by employing additional notions and tech-
niques from [6]. We will use only semantic standard models here, but the latter
paper also considers generalized models for the mu-calculus with restrictions on
the predicates that are available in the process of fixed-point approximation.

We will not look into completeness versions of Sahlqvist’s Theorem in this
paper, except for a few remarks on the existence of proof systems that match
semantic frame correspondence arguments. However, this research is part of
a larger project on analyzing special-purpose logics based on the modal mu-
calculus, and finding general techniques for their completeness proofs, which are
still lacking today. An important bridge in obtaining completeness from corre-
spondence results for Sahlqvist axioms has been the celebrated Esakia Lemma
[12] tying modal semantics to topological spaces. This is just one of the many
strategic points in research on modal logic and beyond where Leo Esakia has
shown the way to so many of us. We are happy to dedicate this article to the
memory of this great teacher, colleague, and friend.



2 Preliminaries

Before we start, we briefly go through the background material and notation
needed for the paper. Our terseness is due to lack of space.

2.1 Modal mu-calculus

We fix disjoint sets P of propositional atoms and V of fixed point variables. We
write p, q, s, . . . for propositional atoms, and X,Y, Z, ... for fixed point variables.

Any element of PUYV is a modal mu-formula, as are T, L. If ¢, are modal
mu-formulas then so are =@, @ A, @ V1, Op, Op, and if X € V and every free
occurrence of X in ¢ is positive (in the scope of an even number of negations),
then uX¢ and vX¢ are modal mu-formulas. We use the usual abbreviations
—,4>. An occurrence of X in ¢ is said to be bound if it is in the scope of a
uX or vX, and free, otherwise. For convenience, occurrences of propositional
atoms will also be called ‘free’ occurrences. A sentence is a modal mu-formula
with no free fixed point variables.

We write o(p1, ..., Pn, X1, .., Xm) to indicate that the atoms and free vari-
ables in ¢ are among p1,...,p, and Xy, ..., X,,, respectively. It will be implicit
that p1,...,pn, X1,..., X, are pairwise distinct. For modal mu-formulas ¢ and
¥, and £ € PUV, p(1/€) denotes what we get by replacing all free occurrences
of £ in ¢ by .

A frame is a pair F = (W, R), where W is a non-empty set and R C W x W.
An assignment into F is amap h: PUYV — p(W). For £ e PUV and U C W,
we write hg for the assignment that agrees with h on all symbols other than
¢ and whose value on & is U. We define [¢], € W by induction on ¢; the
frame F is implicit in the notation. For ¢ € P UV we put [¢]), = h(p).
[Tlh =W, and [L]n = 0. We put [-¢]n = W\ [¢ln, [¢ A¥ln = [e]n N [,
[o Vel = [eln U [¥ln, [00]n = {a € W : 3b(R(a,b) Ab € [¢]n)}, and
[Beln = {a € W : ¥b(R(a,b) — b € [g]n)}- Finally, for a mu-formula ¢
and X € V with only positive free occurrences in ¢, we note that the map
frp(W) = p(W) given by f(U) = [¢],y is monotonic (this can be proved by
induction on @), and define

[ Xeln = MU CSW: ¢y U},
[vXeln = WUCSW: ¢y 2U}

By the Knaster—Tarski theorem [24], these are (respectively) the least and great-
est fixed points of f. As alternative notation, for a mu-formula ¢ we write
(F,h),a E ¢ iff a € [¢]n-

Let ¢ be any modal mu-formula. It can be checked by induction that if
S CPUV and no £ € S occurs free in ¢, then [¢], = [¢]n for all assignments
g, h into the same frame that agree except perhaps on symbols in .S. We say that
@ is positive (negative) if every atom and free fixed point variable in ¢ occurs
under an even (odd) number of negations. Suppose that 7 is positive and ~
negative. It can be checked by induction that 7 is monotonic and v antitonic:



that is, if h,h’ are assignments into the same frame and h(§) C h/(€) for all
& e PUV, then 7] C [7]n and [¥]n C [Y]n-

We say that ¢ is valid in a frame F = (W, R) if [¢]n, = W for every
assignment h into F, and wvalid if it is valid in every frame. We let ‘=’ denote
logical equivalence: ¢ = ) iff ¢ <> 1 is valid.

The dual operators to A,V,00, O, u,v are V, A, O, 0, v, u, respectively. As
well as the usual (o AY) = —p V —h, Oy = O, ete, it can be checked that
puXp(X) =vX-p(-X/X) and vXp(X) = pX (- X/X).

2.2 First-order logic plus fixed points (FO+LFP)

We will be very brief here, since first-order logic plus fixed point operators is a
well known and well understood system. We broadly follow [11] and we refer
the reader to this for much more information. We will use ‘FO+LFP’ to stand
for first-order logic augmented by least and also greatest fixed point operators.
We work in the signature with a binary relation symbol R and unary relation
symbols P, X for each p € P and X € V. The atomic formulas of FO+LFP are
x =y, R(z,y), T, L, P(x), and X (x), for any variables z,y, and p € P, X € V.
If ¢, 1) are formulas then so are -, YA, V1), Vrp, and Jxp. If ¢ is a formula,
x a variable, and S a unary relation symbol (arising either from P or V) all of
whose free occurrences in ¢ are positive, then [LFP(S,x)¢] and [GFP(S, )]
are formulas with the same free first-order variables as ¢, but in which S is
now bound. The semantics is as usual; in particular, if all free occurrences of
S in o(x,y1,...,Yn,S) are positive, then M = [LFP(S,z)¢](a,b1,...,by) iff
a is in the least fixed point of the (monotone) map f : pM — M given by
flU) ={ce M : M [ ¢(c,br,...,b,,U)}. Semantics of [GFP(S,x)p] are
defined similarly, using greatest fixed points. Occasionally we will take fixed
points of higher-arity relations.

We will also be taking ‘simultaneous’ fixed points. For more information,
see [11, §8.1-8.2]. Let w;(zi,y1,---sYn,S1,-.-,m) (1 <i < m) be FO+LFP-
formulas positive in Sq, ..., S;,. Fix a structure M and by, ...,b, € M. For each
1 <i < mdefine F*(S1,...,Sn) ={c€M: M pi(c,by,...,bn,S1,...,8m)},
for S1,...,8n € M. Let (T1,...,T,,) be the simultaneous least fixed point of
the sequence (F,..., F™) of maps. Very slightly varying [11]’s notation, we
then write

M = [S-LFP(i, 21,51, -« s Ty S ) @15 -« - s ©m) (@, b1, ... by)

if a € T;. This is expressible in standard FO+LFP.
As in the mu-calculus, = will denote the relation of logical equivalence. Any
formula positive in P is monotonic in P as well.

2.3 Standard translations

For a first-order variable x, every modal mu-formula ¢(p1,...,pn, X1, .., Xm)
has a standard translation ST,(p): a formula ¢'(x, Py,..., Py, X1,..., X;) of
FO+LFP defined as follows:



1. ST, (p) = P(x), ST(X) = X(z), ST,(T) =T, and ST, (L) = L,
2~ To(~p) = 2STwp, STu(p A) = STo(p) A STo (), and ST, (o V ¢) =
To(p) vV STu(¥),

3. ST(Op) = Fy(R(z,y) A STy(p)), for some variable y # z,

4. ST, (Op) = Vy(R(x,y) = ST,(p)), for some variable y # z,

5. STy (nXp) = [LFP(X, x)STup],

6. ST, (vXy) =|GFP(X,z)ST,p].
For any frame F = (W, R), any assignment h into F, any a € W, and any modal
mu-formula @(p1,...,Pn, X1,..., Xm) with ST, = ¢'(x, Py,..., Py, X1,...,

Xm), we have (F,h),a E ¢ iff F = ¢'(a,h(p1),.. .,h(pn),h(Xl)7 e h( X))
Note that if ¢ is positive in p; then ST, (¢) is positive in P;.

3 Sahlqvist’s theorem and the mu-calculus

Here we will describe the existing work that led us to the position recorded in
this paper.

3.1 Classical Sahlqvist correspondence

Sahlqvist formulas originated in [22]. In spite of (or perhaps because of) their
importance in modal logic today, there seems to be no universally agreed modern
definition of them. We will adopt the following simple definition.

DEFINITION 3.1 [Sahlqvist formula]

1. Any positive formula is a Sahlqvist formula.

2. Any formula of the form —[0"s (a negated ‘boxed atom’) is a Sahlqvist for-
mula, where n > 0, 0% = ¢, 0" 1y = ("), and s is a propositional
atom.

3. If p, 1 are Sahlqvist formulas then so are ¢ V¢ and .

Many commonly arising modal axioms are equivalent to Sahlqvist formulas. To
illustrate, the formula Cp — p is equivalent to —Up V p, which is constructed
from the negated boxed atom —p (clause 2) and the positive formula p (clause
1) using V (clause 3). It is common to include ¢ A ¢ in clause 3 above — for
example, the definition of Sahlqvist formulas in [7, definition 3.51] boils down
to this. We do not allow A in clause 3 for two reasons. First, any formula
obtained by adding A to clause 3 is in any case equivalent to a conjunction of
Sahlqvist formulas as defined above, because any occurrence of A can be moved
up through the Vs and Os using distributivity. Second, the argument coming up
in a moment is simpler without A in clause 3. But when we come to Sahlqvist
mu-formulas, we will want to include A.
Sahlqvist formulas have two key properties:



Correspondence. For any Sahlqvist formula ¢, there is a first-order sentence
X, called the frame correspondent of ¢, that is true in an arbitrary Kripke
frame iff ¢ is valid in that frame. Moreover, x,, can be computed from ¢
by a simple algorithm. A stronger ‘local correspondent’ expressing validity
of ¢ at a given world is also obtained. This can also be done in our work,
but we leave it to the reader.

Completeness. For any Sahlqvist formula ¢, the basic modal logic K aug-
mented with ¢ as an extra axiom is sound and complete for the class of
frames defined by x..

These properties are of course related, and further algebraic properties of Sahl-
qvist formulas have been established (e.g., [15]). The celebrated ‘Esakia lemma’
[12] is used in a key step in the proof of completeness (e.g., [23]). In this paper we
are concerned only with correspondence, and we confine our discussion to that
topic. There are several proofs of Sahlqvist correspondence in the literature:
e.g., [22, 2, 23, 7]. But the idea can be simply explained, as follows. It will
be familiar to many readers, but we (briefly) go through the steps because we
intend to generalise them later.
Let ¢ be a Sahlgvist formula and F = (W, R) a Kripke frame.

Step 1. Assume that ¢ is not valid in F. This says that there is a model
M = (F,h), for some assignment h of atoms into F, and some world a € W,
such that M, a | —¢. Now —¢ is plainly equivalent to a formula of the form

0(717"'7777747517"'75774)7 (1)

where o(p1,...,Pm,q1,---,qn) is a formula made from distinct atoms py, ...,
Dms q1,---,qn using only A and ¢ (the duals of the operations in clause 3
of definition 3.1); each of q,..., ¢, occurs exactly once in o; v1,...,%n are
negative formulas; f,..., 5, are boxed atoms; and (1) is shorthand for the
result
o(y1/P1s -y Ym/Pms Br/ a1, - -, Bn/Gn)

of simultaneously replacing each atom p; in o by ~; and each g; by 3;. So ¢ is
not valid in F iff there are a, h with

(Jrvh)aa):U('Vla"'v'ymaﬂlw-wﬁn)' (2)

Step 2. Now we observe the following critical fact. Let x be any first-order
variable.

LEMMA 3.2 The standard translation STy(o0(p1,---sPm,q1y---,qn)) Of O is
equivalent to a formula o' (x, Py,..., Py, Q1,...,Qn) of the form

Hyl...yn(z/)(x7P1,...,Pm7y)/\1<é\<an(yj))a (3)

for some first-order formula (x, Py, ..., Pm,g) positive in each of Py,..., Py,
where § = (y1,.-.,Yyn) is a tuple of distinct variables different from x.



The proof is a simple induction on the structure of o, and it can be done precisely
because (as a result of clause 3 of definition 3.1) ¢ only involves A and ¢, and
each ¢; occurs exactly once in o. If we allowed A in clause 3, ¢’ would be more
complicated: a disjunction of formulas of the form (3).

With (3) at hand, we see that (2) literally says that for some a, h,

() there are by,...,b, € W, standing in a certain relation to a and to each

other specified by v (formally, by F b= th(a, [11]ns - [mlns b1, -, bi)),
and such that (F,h),b; |= 8; for each 1 < j < n.

Step 3. The next critical step is to observe that without loss of generality we
can replace h by a ‘minimal assignment’ h°, satisfying h°(s) C h(s) for every
atom s occurring in ¢. In fact, h° is the assignment where each h°(s) is as small
as possible subject to the condition that (F,h°),b; = §; for 1 < j < n. The
definition of h° is uniform in bq,...,b,.

To find h°, for each atom s we collect up all the boxed atoms j3; involving s.
To illustrate, suppose that there are just two of them: B3 = O%s, and 87 =
0% = 5. (So f31, B, etc., are boxed atoms involving other atoms than s.) Then
(x) states that (F,h),bs = O%s and (F,h),b; = s. This will be preserved if
we replace h by an assignment g with g(s) = {w € W : F = 3z(R(bs,2) A
R(z,w))} U {by}. This is the ‘minimal’ assignment satisfying (F,g),bs3 = 0?s
and (F,g),br E s. Any assignment ¢’ making S5 true at b3 and 7 at by must
plainly satisfy g(s) C ¢’(s), and in particular, we have g(s) C h(s). Let h° be
the ‘minimal assignment’ that assigns the minimal value ¢(s) to each atom s as
just explained. If s does not occur in any §; then h°(s) = 0.

Now h°(s) C h(s) for all atoms s. Consequently, by antitonicity of negative
formulas, [v:]n C [vi]pe fori=1,...,m. Since P,..., Py, occur only positively
in ¢, the truth of ¥(a, [v1]n,---s [¥m]nsb1,---,bn) in () is unaffected by our
replacing h by h°.

So if (x) holds for some assignment h, then it holds for h°. Since if () holds
for h° then it certainly holds for some h, we conclude that ¢ is not valid in F
iff (*) holds for some a and for h°.

We now make one final observation: it is automatic that (F, h°),b; = B; for
each 1 < j < n, since h° is defined precisely to achieve this. We conclude that
® is not valid in F iff:

(%) there are a,by,...,b, € W with F = ¥(a, [v1]ne,-- -, [Ym]re, b1, -, bn),
where h° is defined as above.

Step 4. The final critical step is to notice that for each atom s, the value
h°(s) is first-order definable with the parameters by, ..., b,. We have

h°(s) ={ce W : F = ds(c,b1,...,by)},

where ds(z,y1,...,yn) is a certain first-order formula in the frame language,
and one that we can explicitly construct. In the example above, we had h°(s) =



{c e W : F |= 32(R(bs, z) N R(z,c¢))} U{br} — this is definable as {c € W :
F Eds(c,b1,...,by)}, where

ds(z,y1, -, yn) = F2(R(ys, 2) A R(z,2)) V& = y7.

Summing up. In the light of (x*) and step 4, we see that ¢ is not valid in F
iff

F = 32y 6(2, 7), (4)
where 6 denotes the result of replacing each subformula of ¥(z, Py, ..., Py, 7)
of the form P;(t) (for some 1 < ¢ < m and some variable ¢) by: the formula
obtained from STi(v;) by replacing each subformula S(v) (for an atom s and a
variable v) by 05(v/x,y1, ..., yn) (which is the definition of h°(s)). By construc-
tion, (4) means exactly the same as (*x) and is equivalent to ¢’s failing to be
valid in F. Consequently, the negation Vzg—6(z,y) of the first-order sentence
in (4) is our desired frame correspondent for .

We would like to generalise this argument, eventually to the mu-calculus.

3.2 PIA formulas

In [4], van Benthem showed how to generalise steps 3 and 4 to a wider class
of modal formulas than boxed atoms, at the cost of ending up with a frame
correspondent not in first-order logic but in FO+LFP: first-order logic plus the
least and greatest fixed point operators.

What step 3 needs is the existence of a minimal assignment that makes a
formula B true at a given world y of a Kripke frame, given that there exists
at least one assignment making (3 true at y. As we saw, if 8 is a boxed atom
O%s then there is indeed a minimal assignment to s, namely, {w € W : F |=
R(y,w)}, where R(y,w) is y = w and R*™1(y,w) is I2(R(y,2) A R%(z,w)).

[4] studied first-order sentences ¢(S) (for a unary relation symbol S corre-
sponding to the atom s) that admit such a minimal assignment, in the sense
that in any first-order structure M there is a minimal S C M with M = ¢(S5).
It was shown that a sufficient condition for ¢(S) to admit a minimal assign-
ment is that it has the intersection property (IP): namely, that for any M,
index set I, and subsets S; C M (i € I), it M = ¢(S;) for each ¢ € I then
M = o(N;er Si)- The minimal assignment to S that makes ¢(S) true is then
simply ({S C M : M = ¢(S)}. It was also proved that ¢(S) has IP iff it is
equivalent to a sentence of the form

Yy (S, y) = S(y)),

where (S, y) is positive in S. Such sentences have the form ‘positive implies
atomic’, or for short, ‘PIA’.

This is for first-order logic, and no similar characterisation of the modal
version of IP was given. Nonetheless, [4] did exhibit a modal analogue of ‘PTA
implies IP implies minimal assignment exists’. This arises by considering modal



formulas ¢(s) that we will call semantically PIA formulas, whose standard trans-
lations ST, (¢(s)) are equivalent to PTA formulas of the form

Yy(¥(S,z,y) = S(y)), (5)

for v positive in S. Boxed atoms are examples: ST, (%) = Vy(R%(z,y) —
S(y)), which is of the required form (5). But there are many more. First, any
atom s is a semantically PIA formula, since its standard translation ST, (p)
is S(x) — this is equivalent to Vy(y = = — S(y)), which is of the form (5).
Second, it can be verified that the semantically PIA formulas ¢(s), for a fixed
atom s, are closed under A and O (though not under V). Third, if (s) is
semantically PTA and x(s) is positive in s then 7(s) — ¢(s) is also semantically
PIA. Since for Sahlqvist purposes we would like a syntactically defined class of
semantically PTA formulas, we say that a modal formula ¢(s) is syntactically
PIA if it is obtained from s by applying A, O, and w(s) — -, where 7(s) is
positive in s. Boxed atoms are plainly (very) special cases of syntactically
PIA formulas. By the above, every syntactically PIA formula is semantically
PIA. Any syntactically PTA formula, and indeed any semantically PIA formula,
admits a minimal assignment to s as required by step 3 of the correspondence
proof in section 3.1.

For step 4, we also need that the minimal assignment is definable in first-
order logic. The minimal S satisfying (5) need not be first-order definable.
However, it is definable in FO+LFP. This is because the minimal S satisfying
(5) (in a frame F = (W, R), for a given z € W) is the intersection of all S
satisfying (5). By the Knaster—Tarski theorem, this intersection is the least
fixed point of the monotone map fy . : (W) — (W) given by fy .(S) = {a €
W :FEu(S x,a)}, for S C W. It is therefore defined by the FO+LFP-formula
(LEP(S, )6)(z, y)-

The astute reader will have noticed that step 3 also required that we can take
the union of the minimal assignments to a given atom s from all of the boxed
atoms f; involving s, obtaining a single (definable) minimal assignment that
still satisfies all these ;. This is true for syntactically PIA formulas, for much
the same reason that they are closed under A, but properly it is a consideration
for the ‘clause 3’ structure of the Sahlqvist formula.

We conclude that we can allow negated syntactically PIA formulas in clause
2 of definition 3.1, if we do not mind the frame correspondent being in FO+LFP
instead of first-order logic.

3.3 PIA mu-calculus formulas

The main contribution of the current paper now begins. As suggested in [4], if
we are willing to admit frame correspondents in FO+LFP, why not go further
and consider formulas of the modal mu-calculus, whose standard translations
automatically lie in this language? Let us say that a modal mu-calculus formula
B(s) is semantically PIA if its standard translation STy () is equivalent to a



FO+LFP-formula of the form

Vy(b(S,z,y) = S(y)), (6)

where ¢ is positive in S. There will always be a FO+LFP-definable minimal
assignment to s making 8 true at a world @ in a frame F, namely, {c: F |
¥ (a,0)}, where ¥ (z,y) = [LFP(S, y)¥](z,1).

This definition of PIA formula is semantic. As before, we now have the
task of defining a wide syntactic class of semantically PTA mu-formulas. Start-
ing from an atom s and fixed-point variables, we can close under A, [, and
7(s) — - as before, where 7(s) is now a modal mu-sentence positive in s. As
we will see below (section 4), we can also close under the greatest fixed point
operator v. Any sentence ¢(s) obtained using these four operations admits a
minimal assignment to s that makes ¢ true at a world z of a frame; the minimal
assignment is definable in FO+LFP. So we could allow the negations of such
formulas in clause 2 of definition 3.1.

We can even go further and handle several atoms at once (cf. [4, §4.4]). It
will be shown that if 8(s1,...,s¢) is any sentence obtained from atoms and
fixed point variables using A,[J, v, and m — - for a positive modal mu-sentence
7, then ST,(B) is equivalent to A&_, Vyr(¥r(S1, ..., Se, 2, yx) — Sk(yx)) for
some FO+LFP-formulas v, ...,%; positive in Si,...,S;. We can then extract
a minimal assignment to Si,...,S; using simultaneous fixed points, which are
well known to be expressible in FO+LFP: see §2.2.

3.4 Clause 1

In step 3 of the correspondence proof, we noted that the negative formulas kept
their truth values when we replaced the original assignment h by the minimal
one, h°. All that was needed for this was antitonicity, which still holds if we
allow positive mu-calculus formulas in clause 1 of definition 3.1.

3.5 Clause 3

Sahlqvist formulas were defined as the closure of positive formulas and negated
boxed atoms under V,[0. We have seen how we can generalise boxed atoms
(to PTA mu-formulas) and positive formulas (to positive mu-calculus formulas).
Now we would like to generalise the ‘clause 3’ structure: the closure operations
v, O.

All we required of these operations was that, when dualised to A, , they
allow lemma 3.2 to be proved. If we include V here as well, a form of the lemma
involving a disjunction of formulas of the form (3) can be proved. We would
like to add pu, and to leverage this powerful operator we would like to have both
A and V available. (For example, we can already express ¢(p A g) using A and
0, so we would like to express its ‘reflexive transitive closure’ version ¢*(p A q),
by o1(p,q) = pX((p Aq) v 0X). This requires A and V.)



It turns out that a disjunctive form of lemma 3.2 can be proved for any
formula o(p1,...,Pm,q1,--.,qn) built using only V, O, u, where the formula
in (3) is now in FO+LFP of course.

To allow A as well, we have to make restrictions. For example, the standard
translation ST, (o2) of the formula o2(q1,¢2) = uX(q1 V (g2 A 0X)), express-
ing ‘go until ¢;’, is not equivalent to a disjunction of formulas of the form
Fyrye(V(z,y,2) A Q1(y1) A Q2(y2)) given in (3). A sufficient restriction is to
allow o A 7 only if (i) o and 7 have no atoms from ¢, ..., g, (corresponding to
the boxed atoms) in common, and (ii) if either has a free fixed point variable
then the other is a sentence not involving ¢, ..., q,. This restriction allows o
but not os.

Now lemma 3.2 was only a tool for the correspondence proof. What is the
effect of the restrictions on A in ¢ on actual Sahlqvist formulas? The effect of
(i) is nil, since we can meet it by simply using fresh atoms in 7 — this doesn’t
matter since in (1) we substitute formulas for the atoms of o anyway. The effect
of (ii) is that for ¢ V4 to be a Sahlqvist formula, if one of ¢, is not a sentence
then the other must be a sentence not involving any negated boxed atoms/PIA
formulas — i.e., a positive sentence.

The ‘reason’ why lemma 3.2 can be proved for such formulas ¢ is that they
are completely additive in each gy. Formally, if F is a frame, h; (i € I # ()
are assignments into F that agree on all atoms other than ¢i, and h is the
assignment given by h(p) = J,;c; hi(p) for each atom p, then for any world a of
F we have (F,h),a = o iff (F,h;),a = o for some i € I. The restrictions on A
are to ensure that this holds.

Suppose for example that o only involves the atom ¢, and ST, (o) = ¢¥(x, Q),
say. Let ¢o(x), ¥1(z,y) denote the result of replacing each subformula Q(v) of
¥ by L and v = y, respectively. Then by complete additivity,

STy (o) = o(z) V Iy(Pr(z,y) A Qy)).

This form is close enough to (3) for the correspondence proof to work. If o
involves multiple atoms, the argument can be iterated. So we can replace clause
3 of definition 3.1 by a construction allowing (the duals of) V,{, u, and the
restricted A as just explained.

The trouble-maker is clearly A. If whenever A is used in o(p1, ..., Pm,q1,-- -,
qn), one of the conjuncts is a sentence not involving ¢1, . . . , g,, then we can prove
a stronger form of complete additivity. Passing to the dual operations A, O, v,
this becomes a strong form of ‘complete multiplicativity’ analogous to the inter-
section property (IP), which we will use to show that A,0,v and POS — - can
be applied to PIA formulas with multiple atoms while preserving the existence
of a definable minimal assignment.

3.6 Sahlqvist formulas in the mu-calculus

Let us formalise the position we have arrived at. All formulas below are of the
modal mu-calculus.
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DEFINITION 3.3 [PIA formulas] We define the PIA formulas as follows.
1. Any atom is a PIA formula.
2. Any fixed point variable is a PTA formula.

3. If B,~ are PIA formulas then so are § Ay, O, and v X3 (for any fixed
point variable X).

4. If B is a PIA formula and 7 is a positive modal mu-sentence, then T —
is a PIA formula.

In the end we are only interested in PIA sentences. These may not look of the
form ‘positive implies atomic’, but we will see that their standard translations
are equivalent to conjunctions of formulas of this form, so we feel the term ‘PIA’
is justified.

DEFINITION 3.4 [Sahlgvist mu-formula]
1. Any positive sentence is a Sahlqvist mu-formula.
2. Any negated PIA sentence is a Sahlqvist mu-formula.
3. Any fixed point variable is a Sahlqvist mu-formula.

4. If p, 1 are Sahlqvist mu-formulas then so are p A ¢, Oy, and vX¢ (for
any fixed point variable X).

5. If v, ¥ are Sahlqvist mu-formulas, and if one of them is not a sentence then
the other is a positive sentence, then ¢ V v is a Sahlqvist mu-formula.

A Sahlquist mu-sentence is a Sahlqvist mu-formula that is a sentence.

In summary, a Sahlqvist mu-sentence is any sentence obtained by applying A, [,
and v to fixed point variables, positive sentences, and negated PIA sentences;
V can also be applied so long as if one of the disjuncts is not a sentence then
the other is a positive sentence. See section 5 for examples. In the next section
we will prove a correspondence theorem for Sahlqvist mu-sentences.

4 Correspondence theorem
This section contains the formal proofs of the paper. We will prove a correspon-

dence theorem for Sahlgvist mu-sentences (theorem 4.13 below). The initial
sections contain preliminaries.
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4.1 Skeletons

Our main technical tool will be formulas that we call skeletons, because they
will support the negative formulas and PIA formulas (generalising the boxed
atoms) in Sahlqvist formulas, as in (1). (In this role, they are analogous to the
universal prefix that is extracted in the ‘Sahlqvist—van Benthem algorithm’ in
[7]. Skeletons allow a richer Sahlqvist syntax, including, for example, negative
formulas in antecedents — ¢(—p AOp) — - - is fine.) We will also use them to
show that our PIA formulas really are semantically PIA.

Recall that P is our fixed set of atoms, and V the set of fixed point variables.

DEFINITION 4.1 [Q-skeleton] Let @ C P be arbitrary.

1. Any atomic mu-formula (i.e., an atom, a fixed point variable, T, or L) is
a O-skeleton.

2. If o, 7 are Q-skeletons then so are oV 7, Qo, and uXo (for any fixed point
variable X).

3. If 0 is a Q-skeleton and 7 is a positive sentence involving no atoms from
Q, then o A 7 and 7 A o are Q-skeletons.

REMARK 4.2 Any OQ-skeleton is a Q’-skeleton for every Q' C Q: increasing
Q strengthens the restrictions on Q-skeletons. However, if o is a Q-skeleton and
Q' is a set of atoms not occurring in o, a simple induction shows that o is a
Q U Q’-skeleton.

The main semantic property of skeletons is a form of complete additivity, as
we will see in proposition 4.4. Fix a frame F = (W, R).

DEFINITION 4.3 Let H be a set of assignments into F.

1. Write |J#H for the assignment g given by g(§) = U{h(§) : h € H} for each
atom or fixed point variable &.

2. Let Q@ C P be a set of atoms. We say that H is Q-variant if h(p) = 1’/ (p)
for all atoms p € P\ @ and all h,h’ € H. (Important: there are no
restrictions on the values of h € H on fixed point variables.)

PROPOSITION 4.4 Fix Q CP. Let o be a Q-skeleton and H a non-empty
Q-variant set of assignments into F. Then [o]y = U{[o]n : h € H}.

Proof. We prove the proposition by induction on o. We write ¢ = JH. If
o € PUV then [o], = g(o) = U{h(o) :he H} = U{[o]n: h € H}. If o = L,
the result is trivial. If o = T, then because H # () we have [T], = U{[T]x :
heH}.

We pass to the inductive steps. First suppose that o = 7V &, where 7, & are
Q-skeletons. Then [o], = [7]4U[{],. By the induction hypothesis, [7],U[¢]4 =
U%Hh th e HYUU{EEDn - he Hy = U{Irln U Eln - h e H} = U{llo]n = b €
H}.

12



Next let ¢ = 7 for some Q-skeleton 7. Let w € W. Then w € [o], = [07],
iff there is v € [7], with R(w,v). Inductively, [7], = U{[7]n : h € H}. So the
above holds iff there are h € H and v € [r];, with R(w,v). This is iff there is
h € H with w € [07]n = [o]n: Le., iff w e J{[o]n: h € H}, as required.

Next suppose that o = 7 A ¢ for some Q-skeleton 7 and positive! sentence &
involving no atom in Q (the case { A7 is handled similarly). As #H is Q-variant,
for each h € H, g, h agree on all free symbols in &, and so [£], = [£]n for each
h € H. Now [o], = [7]4 N [€]y- By the induction hypothesis, this is equal to
ULIrIn + b e MY TEly = ULIPn N [€L,  hoe MY = ULIrla 0 el < hoe 1y =
U{lo]n : h € H}.

Finally, suppose that ¢ = pX7. By monotonicity it is plain that [, 2 [o]n
for each h € H, so we have [o], D U{[o]xr : h € H}. For the converse, we recall
that

[olg = (U S W :[r],y CU}

and

Ul = U N W Iy U}

heH he
Let w € W and suppose that w ¢ |, cy[o]n. Then for each h € H there exists
U, C W such that [[T]]huh CUpand w ¢ Up. Let H' = {h)U(“ :h € H} and
X
g = UH . Clearly, H' is also Q-variant. So by the induction hypothesis, we
obtain [r]y = U{[r]w : ' € H'}. As [r], v, C Uy for each h € H, we have
X
U{lrlw : W € H'} € Upey Un = V, say. But plainly, ¢ = g%. Thus, we
obtained that [r],v € V. Now w ¢ V, as w ¢ Uy for each h € H. Thus,
w¢ (WU CW:[rlyy CU} = [o], U

A related theorem was proved using games in [13, proposition 5.5.4]. We will see
that proposition 4.4 has consequences for standard translations of Q-skeletons.
In fact it is fundamental to what follows.

NOTATION 4.5 We will frequently be working with skeletons of the form

a(plv"' apmaQI7"'7Q7l)a

and the following notation will be repeatedly useful. We will write N =
{1,...,n}. Fix pairwise distinct first-order variables z,y1,...,y,. For U C

V C N, we will write
UU/V(x,yiaPh--mean : ZEUaJGN\V) (7)

for the FO+LFP-formula obtained from ST, (c) by replacing every atomic sub-
formula Q(v) (where k € V and v is a variable) by the formula

{U:yk, ifkel,

1, otherwise.

Note that o/ is a FO+LFP-formula, not a mu-formula.

IThis assumption is not used here.

13



COROLLARY 4.6 Let Q = {q1,...,qn} and let o(p1,...,Dm,q1s---,qn) be
a Q-skeleton sentence. Then ST, (o) is logically equivalent to

U*:UQ/N(valw"?PWl)v \/ Elyk(g{k}/N(I',yk,Pl,,Pm)/\Qk(yk>)
1<k<n

Proof. Let F = (W, R) be a frame, and take any assignment ¢ into F, and
a € W. It is enough to show that

ac [[U]]g — F ): U*(aag(pl)a v ag<pm>7g(QI)a v 7g(qn)) (8)
Let H be the set of all assignments h into F such that for some k € N:

® h(gk) € g(gr) and |h(qr)| <1,
e h(q) =10 for each I € N\ {k},

o h(&) =g(&) for every £ € (PUV)\ Q.

Note that H # 0, H is Q-variant, and |JH = g. Now we prove (8). The
right-hand side holds iff 7 = oy/n(a,g(p1),...,9(pm)) or there are k € N
and b € g(qx) with F |= oy n(a,b,9(p1),--.,9(pm)). By definition of oy )y
and H, this is iff a € [o]p for some h € H. By proposition 4.4, this is iff
a € [o]yn = o]y, as required. O

Corollary 4.6 will be useful for PIA formulas, but to rewrite Sahlqvist formu-
las as we did in (1), we need to extend it to formulas that may not be {q1,...,
qn }-skeletons, but are only {g¢; }-skeletons for each i = 1,...,n. Because of this
weaker assumption, we have to settle for a more complicated conclusion, but
the family resemblance should be clear.

COROLLARY 4.7 Suppose that o(p1,...,Pm,q1,---,qn) s a {g;}-skeleton
for eachi=1,...,n. Then ST,(0) is logically equivalent to

UN:Hylyn \/ (UU/N(x7y17"'7ynuP17"'7P’m)/\ /\ Qk(yk))
UCN keU

We remark that if o is normal in ¢ — that is, o(L/q;) = L — then all
disjuncts with k ¢ U are equivalent to L and can be deleted.

Proof. The proof is by induction on n. The case n = 0 is trivially true, since
then, o™ = 09 = ST, (0). Let n > 0 and assume the result for n— 1. Treating
Q. as a P and applying the inductive hypothesis to the atoms ¢1, . .., ¢,—1, with
N’ ={1,...,n— 1}, shows that ST, (o) is equivalent to

o =Tyr .y \/ <0U/N/(2E,y1,-~~7yn—17P,Qn) A /\ Qk(yk)), 9)
UCN/ keU
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where we write P for (Py,...,P,,). As o is a {g, }-skeleton, corollary 4.6 tells
us that ST, (o) is also equivalent to

0@/{n}(x7P7Q17 o ~7Qn71) \ 3yn(‘7—{n}/~[n}('r7yna—p7Q17 cee 7Qn—1) A Qn(yn))

Using (9) and the definitions of 0/¢,} and o, /(n}, the first disjunct of this is
equivalent to

1 Yn—1 \/ (UU/N(xayly--~7yn—1,p)/\ /\ Qk(yk))v

UCN keU
ngU

and the second to

E RS \/ (UU/N(ﬂc,y1,...,yn,P)A /\ Qk(yk)).

UCN keU

ST, (c) is equivalent to the disjunction of these, and so to oV, which completes
the induction. O
4.2 Skeletons and PIA formulas

In this section we will prove that any PIA sentence has a standard translation
equivalent to a conjunction of ‘genuine’ PTA (positive implies atomic) formulas
of FO+LFP.

DEFINITION 4.8 Let Q C P and let o be a O-skeleton.

1. o is said to be normal if the formula obtained by replacing every free
occurrence of every £ € QUV in o by L is logically equivalent to L. (Q is
understood tacitly here. Atoms in P\ Q are not altered in o.)

2. We write 02 (the ‘dual’ of o) for the formula obtained from —¢ by replac-
ing each free occurrence of each £ € QU V by —£. Atoms in P\ Q are
unchanged and hence become negative in ¢<.

The following is as we would expect when taking duals.
LEMMA 4.9 Let 0,071,092 be Q-skeletons. Then

1. (01 Vo9)? =02 Nog,

2. (00)2 =009,

3. (uXo)2e =vXo<.

Proof. We prove only the last case. Let o(p,q, X,Y) be given, where p are
atoms not in Q, ¢ are atoms in Q, and X, Y are fixed point variables. Then in the
obvious notation, (uX0)2 = —uXao(p,~q, X,~Y) = vX-0(p,~q,~X,~Y) =
vXo<. U
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This gives us the following alternative view of PIA formulas. In the lemma,
formulas may have free fixed point variables but we do not display them.

LEMMA 4.10 Let S1,...,81,q1,---,0n € P be pairwise distinct atoms, and
Q = {q,---,qn}. For a mu-formula ¢, let ©* = @©(s1/q1,...,80/qn) be the
result of simultaneously replacing every atomic subformula q; of ¢ by s; (1 <
i <n). Let B(s1,...,s,) be a PIA formula. Then 3 = (09)* for some normal
Q-skeleton o(quy -y qn, S1y--+,Sn)-

Proof. By induction on 8. If 3 is an atom s;, we have s; = (02)* where
o = ¢; (a normal Q-skeleton). if 3 is a fixed point variable X, then X = (¢<)*
where 0 = X (again, X is a normal Q-skeleton). Suppose that 8, = (¢2)* and
Bo = (O'QQ)*, for normal Q-skeletons o1, 9.

e Let 0 = 01 Voo — plainly a normal Q-skeleton. By lemma 4.9, 81 A B2 =
(@2)" A (02)" = (0f No)* = (01 V 02)9)" = (09)".
e By lemma 4.9, 08, = O(02)* = ((001)2)*, and (o, is normal.

e For a fixed point variable X, let o be the Q-skeleton pXoy. It is clearly
normal. By lemma 4.9, vX 3 = vX (02)* = (uX01)2)* = (¢9)*.

e Finally we tackle the case m — 31 where m(s1,...,5s,) is a positive modal
mu-sentence. Now 7 involves no atoms from Q. So o = m Ao is a normal
Q-skeleton, and 7 — ) = 1 — (02)* = (1 = 02)* = (—~(7 A —0o2))* =
(mAa1)9) = (09)".

This completes the induction and the proof. O

COROLLARY 4.11 Let 5(s1,-..,5,) be a PIA sentence. Then ST,(5) is
equivalent to a ‘PIA system’ of FO+LFP of the form

A k(& un, St Sn) = Sk(ui), (10)
1<k<n
where each & is positive in Sy,...,5S5,.

Proof. Write S for Si,...,S,. By lemma 4.10 we have 8 = (¢2)* for some
normal Q-skeleton sentence o(q1,...,qn, S1,.-.,S,). By corollary 4.6,

ST, (o) = \/ Fyk (o ey /N (@, Yk S) A Qr(yr))-
1<k<n

(By normality, the disjunct o,y in the corollary is equivalent to 1 and we can
dispense with it.) So, extending —* to standard translations in the obvious way,

ST(8) = STo((09)) = (= Flogy vl ) A Qi) )
1<k<n

- \/ Fyr (o ey /v (@, Yi, S) A =Sk (yi))

1<k<n
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= /\ Yy (o gy /N (@, Yk, S) — Sk(yr)),
1<k<n

which is in the required form. O

We conclude that the standard translation of a PIA sentence (s, ..., sy,)
is equivalent to a conjunction of FO+LFP-formulas in PIA form, one for each
atom sq, ..., S, but whose positive antecedents potentially involve all of 51, ...,
Sn. We will be able to compute a minimal assignment as in the usual PIA case,
but using simultaneous fixed points.

4.3 Skeletons and Sahlqvist formulas

The definition of Sahlqvist formula is chosen so that we can view Sahlqvist
formulas in terms of skeletons, by the following analogue of lemma 4.10.

LEMMA 4.12 Let ¢ be a Sahlquist formula whose free variables are among
X1,...,X¢. Then there are a formula o(p1,...,Pmsq1y- - qn, X1, ..., X¢) that
is a {q;}-skeleton for each i =1,...,n, negative sentences v1,...,Ym, and PIA
sentences 1, ..., Bn (not necessarily distinct), such that

Y= _‘U(Vl/plv cee 7’7m/pm361/q17 <. ~;5n/Qn7_‘X1/Xl> .- '7_'Xt/Xt)' (11)

Proof. By induction on . If ¢ is a positive sentence then ¢ = —o(—p/p) where
o = p. If ¢ is a negated PIA sentence —f then ¢ = -0 (5/q) where o = q. If
® is a fixed point variable X, then ¢ = —o(=X/X) for 0 = X. Assume (11);
then (11) holds with ¢ replaced by Oy and o by ¢o. Also, taking vX; as an
example,

vXip

VXl_‘J(’yl/pla v 7’Ym/pma 61/(]17 o 7ﬂn/Qn7 _‘Xl/Xla ceey _'Xt/Xt)
_‘/'LXlo-(’yl/plv cee 7Bn/qn7X1; _'XQ/XQa cee _‘Xt/Xt)7

which is of the form (11).
Suppose in the obvious notation that

¢ =-0(y/p,B/0,~X/X), ¢ =-0'(¥/P,B/T,-X"/X"),

where o(p,q, X) is a {q}-skeleton for every ¢ in ¢, and o’ (p', ¢, X') is a {¢'}-
skeleton for every ¢’ in ¢. We can suppose without loss of generality that no
atom in ¢ occurs in ¢’ and no atom in ¢’ occurs in o. By remark 4.2, o, o,
and hence o V o’ are {q}-skeletons and {¢'}-skeletons for every ¢ in ¢ and ¢’
in ¢, and clearly, p A @' = —(o Vo) (7/p,7 /P, B/3, B |7,~-X/X,-X"/X') as
required. This covers the case ¢ A ¢'.

Now suppose that ¢ V ¢’ is a Sahlqvist formula. Certainly, ¢ V ¢’ =
-(oc Na7/D,A' /P, B/3, BT, -X/X,~X'/X"). But we need to check that
(e No') (PP, 47, X X') is a {¢}-skeleton for each atom & in Gq'.
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If p, ¢’ are both sentences, then we can suppose that o, ¢’ are too. For each
atom ¢ in g (resp., ¢’ in ¢’), it is plain that o’ (resp. o) is a positive sentence
not involving it. So o A ¢’ is a {{}-skeleton for each £ in g’

Suppose instead that ¢ is not a sentence (the other case is similar). Then
(see definition 3.4) ¢’ is a positive sentence and consequently we may assume
that o/ = p (as in the base case above) and ¢’ is empty. Now for each ¢ in g, o’
is a positive sentence not involving g, so (o A o’)(pp’, 7, X X') is a {q}-skeleton.
This completes the proof. O

4.4 Sahlqvist correspondence for mu-calculus

We are now ready to prove our main result.

THEOREM 4.13 Any Sahlquist mu-sentence ¢(s1,...,8;) has a FO+LFP
frame correspondent — a sentence X, of FO+LFP with the property that for
any frame F, we have F |= x, iff ¢ is valid in F. The correspondent x, can
be computed from ¢ by an algorithm.

Proof. We follow the same steps as in our original account in section 3. Let
F = (W, R) be any Kripke frame.

Step 1. Assume that ¢ is not valid in F. This is the case iff there are an
assignment h into F and a € W with (F,h),a E —p. Now by lemma 4.12,

0 =a(1/P1s- Y/ Pms> Bi/Q1s -5 Bn/an),

where o(p1,...,DPm,q1,---,qn) is a sentence that is a {g; }-skeleton for each 1 <
i < n, and ~1,...,7%, are negative sentences and f,..., 5, PIA sentences
written with the atoms sq,...,s;. So

(‘/_:’ h)7a ': U(Vl/ph cee 7’Ym/pma ﬂl/QM s 7ﬂn/qn) (12)

Step 2. By corollary 4.7, ST, (0(p1y- -+ Pm,q15- - -5 Gn)) is logically equivalent
to

Fyr-un (UU/N(xvpla-~-7Pm7y1a-~-7yn)/\ A Qk(yk))'
UCN keU

So by (12), we see that ¢ is not valid in F iff there are an assignment h into F,
a,by,...,bp, e Wyand U C N ={1,...,n} with

FEoun(a, [nln, - [vmln b1, ... bn) and /\ (bx € [Brln)- (13)
keU

Step 3. We now plan to replace A by a ‘minimal’ assignment h°, preserving

(13). This assignment will depend uniformly on by, ..., b,, as before, and it will
also depend on U.
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Each Bk(s1,...,8:) (1 < k < n) is PIA, so by corollary 4.11 its standard
translation STy, (fk) is equivalent to a FO+LFP-formula of the form in (10):

N\ Va@f(ye, 2, 5) = Si(z1)), (14)
1<i<t
where we write S for ‘Sy,...,S;’, and each 1/){“ is positive in Sy, ...,S;. So the
last part of (13) says precisely that
(F, h(s1), ..., h(s)) EVa@F (b, 21,8) — Si(21)) (15)

for each [ = 1,...,t and each k € U. This condition is plainly equivalent to
(F,h(s1),...,h(s)) E /\keUVzl(¢lk(bk,zl,S) — Si(%)) for each 1 <1 <t, and
so to:

(]:a h(sl)v ) h(st)) ’: vzl(plU(zlvbla coes bn, S) - Sl('zl))
for each 1 <1<t, (16)

where - B
plU(Zhylv"'?yn’S): \/ d)lk(yk’zlvs)' (17)
keU
Now each plU is positive in S1,...,S:. So (16) is in ‘simultaneous PTA’ form,

and a minimal assignment to each s; exists. Call this assignment h°. As we
said, it depends on by, ..., b,, and U (this is not explicit in the notation h°).
For s € P\ {s1,...,s:} we have h°(s) = 0.

If we replace h by h° in (13), the condition by € [B]ne for each k € U is auto-
matic — h° is by definition the minimal assignment that ensures this. Moreover,
h°(s) C h(s) for all atoms s. By antitonicity, [v:]n C [Vi]ne for each 1 <1 < m.
As oyyy is positive in P, ..., Py, we have F = oy/n(a, [vi]ne,- -, [Ym]ne,
b1, ... bp).

We conclude from (13) that ¢ is not valid in F iff there are a, b1, ...,b, € W,
and U C N such that with the above h°,

.F':CTU/N(G, [h/l]]hoyn-aﬂ’}/m}]h"ablw“abn)- (18)

Step 4. Moreover, the minimal assignment h° satisfying (16) is definable in
FO+LFP: for each atom s; (1 <1 <t), h°(s;) is the set of all ¢ € W that satisfy
the FO+LFP-formula 1/ (¢, by, .. .,by,), where

771U(Zl»y17~~79n) = [S_LFP(lvzlaSh"°7Zt7St)p[1J7"‘7p7€]](zl7y17"'ayn)' (19)

See §2.2 for ‘S-LFP’. The nY are well formed since the p{’ from (17) are positive
in Sl,...,St.
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Summing up. Let wy(z,y1,...,yn) be the formula obtained as follows. We
take oy n (2, P1y. .., P, y1,- -, yn) and replace each atomic subformula P;(v)
(1 < j < m, v a variable) by the formula obtained from ST,(v;) by replac-
ing each atomic subformula S;(z) (for some 1 < [ < t and variable z) by
nY(z/z1,91,- -, yn) from (19) (the parts of 5 are given in (17) and (14)).
Then (18) is equivalent to F = wy(a,bi,...,by,), and ¢ is not valid in F iff
there are a,by,...,b, € W and U C N such that this holds. We conclude that
the original statement that ¢ is not valid in F is equivalent to

FlEJy oy \ wol@yn,. .. oum)
UCN

Thus we obtain our correspondent X, as the negation of this. O

5 Examples

We will now give a few examples concerning frame correspondents. We explained
the algorithm that constructs the correspondents in full detail in section 4, and
in spirit in section 3. In the examples, we will take an informal approach true
to the spirit of the algorithm. The reader may like to apply the algorithm to
the examples following the precise steps of the preceding section. One more
example will be given in footnote 2 below.

5.1 Lob’s formula, O(Op — p) — Op

We simply state the correspondence: F,z = O(Op — p) — Op iff (1) R is
transitive from z, and (2) R is conversely well-founded at z. Note that the
antecedent ((Op — p) is PIA, and we can see that its minimal valuation stated
as a fixed-point by our general procedure amounts to the set {y : Vz(R*yz —
Rzz) Ano infinite sequence starts from y}. Substituting this into the consequent
gives the above frame-equivalent.

Now that we have PIA forms, we can go back to earlier work on non-first-
order correspondence and see what was going on. For instance, the modal axiom
(Op AO(p — Op)) — p discussed in [3] has a PIA conjunct O(p — Op) in its
antecedent. Its corresponding frame property is easily determined.

5.2 Axioms of propositional dynamic logic (PDL)

Consider the axioms of PDL, treating complex program expressions as new re-
lation symbols. For instance, the characteristic axiom for composition, [a; b]p <>
[a][b]p, may be viewed as [c]p <> [a][b]p. This axiom consists of two implications
that are clearly Sahlqvist forms. Computing their frame equivalents via the
usual algorithm yields R, = R, o Ry, where o is composition of binary rela-
tions. Now consider the two axioms for Kleene star: (i) [a*]p — p A [a][a*]p,
(ii) p A [a*](p = [a]p) — [a*]p. These may be viewed as (i) [b]p — p A [a][b]p,
(it) p A [b](p — [a]lp) — [b]p. Of these, the first is standard first-order Sahlqvist.
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What it says is that Id C R, and R, o Ry C Rp. The second principle has
an antecedent that is PIA by the rules of our syntax. Suppressing a precise
calculation here, in conjunction with the preceding two inclusions it says that
the relation Ry is equal to the reflexive-transitive closure R.

53 ¢ =0%s—s

Here, 0% s abbreviates v X(s A X), which defines the ‘transitive closure’ of [J.
We could treat (; as a classical Sahlqvist formula in a modal signature with the
box O with accessibility relation RT, calculate its correspondent by the clas-
sical method (§3.1) as VzR*(z,z), and then replace R*(x,z) by its FO+LFP
definition [LFP(Q,z,y).R(z,y) V 3z(R(x,2) A Q(z,y))|(x,z), or y(y = x A
[LFP(P,z) . R(z,y) V 32(R(z, 2) A P(2))](z, ).

Alternatively, we can use our algorithm. Written out in the mu-calculus,
p1 is vXO(s A X) — s. Tt is valid in a frame F at a world z iff (F,h),z |
vXO(s A X) — s for all assignments h into F.

Let H be the set of assignments h (into F) with (F,h),z = vXO(s A X).
We will show that there is a ‘smallest’ A° (with minimum A(s)) in H. Then ¢
is valid in F iff (F,h),x |= s for all h € H. Since s is positive, this holds iff
(F,h°),z = s.

We calculate h° using PTA methods. Clearly, vXO(s A X) = [-uXO(s V
X)](—=s/s). As pXO(sV X) is normal and completely additive in s, its standard
translation ST, at z is equivalent to Jv(A(v,x) A S(v)), where

A(v,2) = [LFP(X, x) . 3y(R(z, y) A (y = vV X (y))))(v, 2).

So
ST, (vXO(s A X)) =VYo(A(v,z) = S(v)). (20)

This is in PTA form. The minimal assignment to s with respect to z is given by
LFP(S,v) applied to the antecedent A(v,z). This is equivalent to A(v,x), as S
does not occur free in A. ((20) is ‘CIA’” — ‘constant implies atomic’.)

So the ‘minimal’ h° € H is given by h°(s) = {v € F : F = A(v,2)}, and ¢
is valid in F at z iff (F,h°),z = s, iff F = A(z/v, ). Consequently, ¢ is valid
in a frame F iff F = Ve (z/v, z): ie.,

F [V ([LFP(X,z) . 3y(R(z,y) A (y = 2 V X ())](2)).
This is our frame correspondent.

5.4 gy =5 = vX(O(X As) V(05 A O5')

This can be checked to conform to definition 3.4, if we replace the initial ‘s —’
by ‘-s V. The skeleton associated with ¢; above was just p A ¢. For @9, the
skeleton is nontrivial: 5 is equivalent to the Sahlqvist mu-formula

—a(n/p,s/q,5'/4q),
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where (clearly) s, s’ are PIA formulas, v = —(0s A {s’) is negative, and

o(p,q,q¢) =qApX(pAO(d VX))

is a {q}-skeleton and a {¢'}-skeleton. (It is not a {p}-skeleton, because in
p A O(¢" V X), the right-hand conjunct is not a sentence but the left-hand one
involves p. Nor is it a {g¢, ¢'}-skeleton.) The second conjunct of ¢ is equivalent
to a strict form of pUq’. So ¢ = s = =([=(0s A Os')|US).

We calculate the frame correspondent of p,. We will suppress some paren-
theses to aid readability. Note that o is normal in ¢ and ¢/, so (as we mentioned
between the statement and proof of corollary 4.7) ST, (o) is equivalent to the
rather simple formula

Jyy' (x =y A [LFP(X,z). Px A 3z(Rzz A (2 =y V Xz))]
ANQyAQY). (21)

We now take ST, (v) = ~(Fv(RzvASv)ATFv(RzvAS'v)) and replace references to
S, S" by the minimal valuations for them, which are {y}, {y'}, respectively. We
obtain =(Fv(RzvAv = y) AJv(RxvAv = y')), which simplifies to ~(RzyARzy').
This is substituted for Pz in (21) and the conjuncts Qy, @'y’ are deleted since
they will automatically be true under the minimal assignment. We obtain

Jyy'(z = y A [LFP(X,z).~(Ray A Rey') A 32(Rzz A (2 = ¢ V X2))]),

and this holds at a world z iff @9 is not valid at x. So our frame correspondent
for o expresses the negation of the above for all , which boils down to:

Vayy' (z =y — GFP[X,a][Vz(Raz — (2 # Yy A X2)) V (Rzy A Rzy')]).

The correspondent plainly ‘says’ that for any path x = zgRz1R... Rx, =y in
the frame, with n > 0, there is ¢ with 0 < i < n such that Rx;x and Rx;y.

This raises some interesting connections with PDL. We do not believe that
there is any PDL formula without tests that is valid in the same frames as @2,
but g is valid in the same frames as

w3 = pA{((?q;a)")p" = ((?q;a)")(Op A OD),

where ¢ is a new atom and a is a program with accessibility relation R. The
idea is roughly that if (F,h),z = p A {(?q;a)*)p’, then there is y with R*zy at
which p’ holds, and a path from z to y along which ¢ holds. The minimal values
of p,p’,q are now z, y, and the path, respectively. The consequent now states
that some world ¢t on the path is R-related to worlds satisfying these minimal
values of p,p’ : i.e., Rtz and Rty.

In general, the minimal value of ¢ (the path) is not unique, and considering
automorphisms shows that it is not going to be definable in terms of =,y in any
logic at all. So such PDL-formulas seem to be (possibly much) more powerful
than Sahlqvist mu-formulas. On the other hand, Sahlqvist mu-formulas allow
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rather free use of fixed points, and in expressive power may go beyond even
PDL-formulas with tests. Consider for example pXX. As is well known, this
defines the well-founded part of any model. This property appears not to be
definable in PDL. The exact relationship between the two formalisms is to be
the object of further study.

5.5 McKinsey’s axiom: OOp — OUp

Of course, not every modal mu-formula, or even every modal formula, has a
frame correspondent in FO+LFP. It was mentioned in [4] that McKinsey’s
axiom @ = Op — OUp has no such correspondent and that this can be proved
using the Lowenheim—Skolem property for LFP (joint work by van Benthem
and Goranko).

Here, we give a little more detail of the proof. It is based on [2]; see also [1,
theorem 21] and [16, theorem 2.2]. Note first that ¢ is equivalent to O(OpVvO-p).
Let F be the frame whose set of worlds consists of three disjoint parts: a
root r; the natural numbers; and the infinite sets X of natural numbers. The
accessibility relation R of F relates r to every X, X to every member of X,
and each natural number to itself; these are the only instances of R. It can be
verified that ¢ is valid in F, because for any assignment of p into F, there must
be an infinite set X of natural numbers all having the same truth value for p,
and Op V O-p is consequently true at such an X. Hence ¢(Op vV O-p) is true
at the root. Truth of ¢ at all other worlds of F is easy to check.

Suppose for contradiction that y is a (global) frame correspondent of ¢
in FO+LFP, so that F = x. It follows from the proof of the downward
Léwenheim—Skolem property for FO+LFP in [19, theorem 2.4] that there is
a countable elementary substructure Fy < F containing all the natural num-
bers and with Fy | x, and so ¢ is valid in Fy. To see that this is impossible,
enumerate the sets of natural numbers in Fy as Xy, X1, ..., and select by induc-
tion distinct natural numbers xg, yo, 1,91, ... in such a way that z,,y, € X,
for each n (this is possible because X, is infinite). Now assign p to {xo,z1,...}.
Every set X,, in Fy contains a point (z,,) satisfying p and a point (y,,) satisfying
—p, so Op vV O—p is false at every X,,. Hence, ¢ is false at the root.

6 Related work

This paper has focused on one particular line in Sahlqvist-style frame corre-
spondence for modal fixed-point logics, going back to earlier work of the first
author. However, we are by no means the first to put this area on the map, and
there are other systematic takes on modal principles like Lob’s Axiom or the
PDL Induction Axiom. Here are two important earlier approaches.

One approach, going back to [14], uses a second-order correspondence lan-
guage with general techniques of Skolemization and quantifier elimination to
deal with a large variety of modal axioms. Outcomes for concrete modal axioms
may then simplify to pure first-order or FO+LFP because of special syntactic
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features of these axioms. This line of work was inspired by the search for generic
automated theorem proving with a wide spectrum of modal logics, making the
axioms an input parameter of the system through a translation algorithm SCAN.
Another paper systematizing reductio methods in this line is [10]. An elegant
extended approach using a recursive version of Ackermann’s Lemma is found
in [21]. The latter paper may well be the first source for modal correspondence
theory into FO+LFP.

A second main line, and closer to the more purely modal approach in this
paper, is the work by Goranko, Vakarelov, and others on extending the modal
syntax for which systematic correspondence arguments can work. A key refer-
ence is [18]. The authors discuss the idea of correspondence from modal logic to
FO+LFP, and identify a large class of ‘regular modal formulas’ that are proved
to have correspondents in FO+LFP. This program and especially, its algorith-
mic aspects, has been taken further, e.g., in [9]. The paper presents a recursive
extension of the algorithm SQEMA for translating a large class of modal formu-
las (including the mentioned regular ones) into a fragment of the hybrid modal
mu-calculus, which itself translates into FO+LFP. A good general source for
placing these results in context is [17].

There are many obvious questions about the relation between the present
work and the results in the mentioned traditions. In particular, how does our
generalized mu-calculus Sahlqvist syntax relate to the above regular modal for-
mulas? and their extension to formulas having correspondents in hybrid mu-
calculi that are fragments of the full FO+LFP? Also, how does the algorithm
presented in our text relate to the SQEMA algorithm with its recursive ex-
tension? Finally, how do our fixed-point logic oriented proofs relate to the
second-order logic-based style of the first-mentioned tradition, and can one find
a link with second-order quantifier elimination methods?

We cannot pursue these issues here for lack of space, but they suggest a
natural follow-up project doing justice to all existing approaches. Putting ideas
together should enable us to see better where we stand with modal correspon-
dence theory for fixed-point languages.

7 Conclusions and future work

We conclude with a discussion of further possible directions for future work.
Strengthening the modal base. In this paper we consider only the basic modal

language extended with fixed point operators. However, there is room for further

expansions involving hybrid modal languages, or the Guarded Fragment with

2As an appetizer, consider the inductive formula Dy = s1 A O(0s1 — Os2) — OOs2 of [18,
example 35], which is stated as being ‘not a Sahlqgvist formula, nor. . . tautologically reducible
to one’. It is equivalent to the Sahlqvist mu-formula =8 V 7, where 8 = s1 A O(0s1 — Osa)
is PIA and 7 = (Q0sz is positive. Corollary 4.11 yields that ST, = Vyi(z = y1 — S1y1) A
Vy2 (Fu(Rzxu A Fv(Ruv A S1v) A Ruya) — Say2). As in theorem 4.13, we obtain minimal
assignment S1y1 <> y1 = z and (hence) S2y2 <> Ju(RzuA Ruz A Ruysz). Using this value of Sa
in ST, yields our final correspondent of D1: Va3y(Rxy AVz(Ryz — Ju(Rzxu A Rux A Ruz))),
as in [18].
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fixed point operators. Extensions of classical Sahlqvist correspondence to these
languages have already been studied in, e.g., [8]. We think our approach can be
generalized in the same way.

Fragments of the mu-calculus. One can also look into an opposite direction,
at languages weaker than mu-calculus, and examine the consequences of the
Sahlqvist correspondence developed in this paper. One obvious candidate is
propositional dynamic logic (PDL), which has already played a large role in our
examples.?

The fized-point correspondence language. We now turn to the other end of
our Sahlqvist correspondence: the logic FO+LFP. It is of course of interest
to know how much power of this logic we are really using. In other words, in
what subfragment of FO+LFP do the correspondents of Sahlqvist mu-formulas
‘land’? For the classical Sahlqvist correspondence this question has been an-
swered by Kracht [20, 7]. But for the modal mu-calculus this question is wide
open.*

Proof-theoretic aspects. Semantic correspondence arguments can be formal-
ized in axiomatic proof-theoretic calculi. What often suffices are weak fragments
of full monadic second-order logic, or of the full fixed-point logic FO+LFP. We
intend to study these proof-theoretic aspects of our new results in more detail.
Of special interest here is the greater deductive power of the p-calculus as such.
For instance, it can prove in purely modal syntax that Lob’s Axiom is equiva-
lent to well-foundedness (up Op) plus the K4-axiom O — O0¢. Thus, a richer
modal logic formalizes correspondence facts about a poorer one.

Further questions. Of course one could also ask for analogues for the mu-
calculus of other famous definability results, such as the Goldblatt—Thomason
theorem, which gives necessary and sufficient condition for a class of frames to
be modally definable. Another example is Fine’s theorem, which states that
every elementarily definable modal logic is canonical. There are different ways
to formulate canonicity for modal mu-logics, and a useful framework for this
might be the admissible semantics of modal mu-calculus used in [6].

To sum everything up, we hope to have shown that the mu-calculus provides
a natural new take on many traditional issues in modal definability, and that
there is a lot of interesting syntactic and semantic structure awaiting further
exploration.

Acknowledgement We thank the referee for very useful comments that
greatly helped to improve the paper.

3Tontaine [13, §5.5] characterizes PDL-formulas (with the restriction that these formulas
may contain only one atom) as a certain subfragment of the mu-calculus.

4Mu-calculus formulas retain all the bisimulation-induced key semantic properties of modal
ones, such as preservation under generated subframes, p-morphic images, disjoint unions. Can
we find some further syntax restrictions?
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